Lecture Notes 



Geometric Wave Equations 



Stefan Waldmann 

Department Mathematik 
Friedrich-Alexander Universitat Erlangen-Nurnberg 
Cauerstrasse 11 
91058 Erlangen 
Germany 

Contact : Stefan . WaldmannOmath .fau.de 
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Introduction and Overview 



The theory of linear partial differential equations can be divided into three principal parts: the first 
is the elliptic theory of equations like the Laplace equation, the next is the parabolic theory being the 
habitat of the heat equation, and the third is the hyperbolic theory. All three differ in their behaviour, 
concepts, and applications. 

It will be the hyperbolic theory where the wave equation 



on IR™ provides the first and most important example. While for the elliptic theory the boundary 
problem is characteristic, for the hyperbolic situation the main task is to understand an initial value 
problem: for time t = one specifies the solution u(0,x) and its first time derivative ^(0, x) for all 
x G R n_1 and seeks a solution of the wave equation with these prescribed initial values. Of course, 
also for the wave equation one can pose boundary condition on top of the initial value problem. 
Together with the question of how (continuous) the solution depends on the initial conditions this 
becomes the Cauchy problem for hyperbolic equations. 

The relevance of the wave equation as coming from the science and in particular from physics 
is overwhelming; we indicate just two major occurrences: on a phenomenological level it describes 
propagating waves in elastic media in a linearized approximation. This approximation is typically well 
justified as long as the displacements are not too big. Then the wave equation provides a good model 
for many everyday situations like water waves, elastic vibrations of solids, or propagation of sound. 
The constant c in the wave equation is then the speed of propagation and a characteristic quantity of 
the material. On a more fundamental level, and more important for our motivation, is the appearance 
of the wave equation in various physical theories of fundamental interactions. Most notable here is 
Maxwell's theory of electromagnetic fields. In this context, the wave equation appears as an exact 
and fundamental equation describing the propagation of electromagnetic waves (light, radio waves, 
etc.) in the vacuum. Remarkably, it is a field equation not relying on any sort of carrier material like 
the hypothetical ether. The constant c becomes the speed of light, one of the few truly fundamental 
constants in physics. But even beyond Maxwell's theory the wave equation and its generalizations 
like the Klein-Gordon equation provide the linear part of all known fundamental field theories. 

Needless to say, it is worth studying such wave equations. But which framework should be taken 
to formulate the problem in a mathematically meaningful and yet still interesting way? 

A short look at the wave equation shows that it is invariant under the affine pseudo-orthogonal 
group 0(1, n — 1) K IR™ in the sense that the natural affine action of 0(1, n — l)x IR™ on R n pulls 
back solutions of the wave equation to solutions again. In more physical terms we have the invariance 
group of special relativity, the Poincare group. This already indicates to take a geometric point of 
view and interpret the wave equation as coming from the d'Alembert operator □ corresponding to 
the Minkowski metric r] = diag(+l, — 1, . . . , —1). Indeed, this point of view opens the door for various 
generalizations if we replace rj and R n by an arbitrary Lorentz metric g on an arbitrary manifold M: 
we still have a d'Alembert operator (coming from g) and hence a wave equation. In more physical 
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terms we pass from special to general relativity. But even if one is not interested in geometry a priori, 
generalizations of the wave equation like 



with coefficient functions A %3 , B l , and C on R n such that the matrix (A 13 (x)) has signature (+, —,...,—) 
at every point x £ IR™, can be treated best only after a geometric interpretation of the functions A lJ . 
Otherwise, it will be almost impossible to get hands on the Cauchy problem of such a wave equation 
with non-constant coefficients. In fact, the first naive idea would be to find adapted coordinates 
on order to bring ^ to the form ([!]), at least concerning the second order derivatives. However, 
generically this has to fail since the typically non-zero curvature of the metric corresponding to the 
coefficients A 13 is precisely the obstruction to get constant coefficients in front of the leading orders 
of differentiation by a change of coordinates. This brings us back to a geometric point of view which 
we will take in the following. 

The Geometric Framework 

The wave equations we will discuss are located on a Lorentz manifold, i.e. on a smooth re-dimensional 
manifold M equipped with a smooth Lorentz metric g. We choose the signature (+, —,...,—) as 
common in (quantum) field theory but probably less common in general relativity. The notions of 
light-, time-, and spacelike vectors, future and past, causality, etc. which we will develop in the sequel, 
have their origin in the theory of general relativity which is the main source of inspiration in Lorentz 
geometry. In particular, the notion of a spacetime will be used synonymously for a Lorentz manifold. 

The metric allows to speak of the d'Alembert operator □ acting on the smooth functions on M. 
While this gives already many interesting wave equations there are still two directions of generalization: 
first, we would like to incorporate also lower order terms of differentiation as in ((2J). Second, many 
application like e.g. Maxwell's theory require to go beyond the scalar wave equations and need 
"multicomponent" functions u a instead of a single, scalar one. These components may even be coupled 
in a non-trivial way. 

Both situations can be combined into the following framework. We take a vector bundle E — > M 
over M and consider a linear second order differential operator D acting on the sections of E with 
leading symbol being the same as for the scalar d'Alembert operator. Such a normally hyperbolic 
differential operator will have the local form 



where the section u = u a e a is expressed locally in terms of a local frame {e a } of E and we use local 
coordinates {x 1 } on M. Here g lJ are the coefficients of the (inverse) metric tensor g while B 1 ^ and C? 
are coefficient functions determined by D. In this expression and from now on we shall use Einstein's 
summation convention that pairs of matching coordinate or frame indexes are automatically summed 
over their range. 

A differential operator D like in ^ makes sense even on any semi-Riemannian manifold. For the 
formulation of the Cauchy problem we need the Lorentz signature and two extra structures beside the 
metric. The first is a time orientation which separates future from past. This will allow for notions 
of causality and thus for the notions of advanced and retarded solutions of the wave equation. From 
a physics point of view such a time orientation is absolutely necessary to have a true interpretation 
of (M,g) as a spacetime. The second ingredient is that of a hypersurface S in M on which we 
can specify the initial values. Thus £ corresponds to "t = 0" in this geometric context. At first 
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sight any spacelike hypersurface might be suitable. However, already in R n the t = hypersurface 
has additional properties: it divides R™ into two disjoint pieces, the future and the past of t = 0. 
Moreover, every inextensible causal curve has to pass through this t = hypersurface in precisely 
one point. Physically speaking, this means that knowing things on £ allows to compute the entire 
time evolution in a deterministic way. This is the main idea behind an initial value problem. Thus 
we can already anticipate that this feature will turn out to be crucial for a good Cauchy problem. In 
general, a spacelike hypersurface £ will be called a Cauchy hypersurface if it satisfies this condition: 
every inextensible causal curve passes in exactly one point through S. It is a non-trivial and in fact 
quite recent theorem that the existence of such a smooth Cauchy hypersurface is equivalent to the 
notion of a globally hyperbolic Lorentz manifold. Moreover, having one such Cauchy hypersurface 
allows already to split M into a time axis and spacelike directions, i.e. M = R x S, in such a way 
that also the metric becomes block-diagonal. We will have to explain all these notions in more detail. 

The Analytic Framework 

After setting the geometric stage we also have to specify the analytic aspects properly in order to 
obtain a complete formulation of the Cauchy problem. Handling linear partial differential equations 
allows for various approaches. Most notably, one can use Sobolev space techniques or distribution 
theory. In the sequel, we will exclusively use the distributional approach for reasons which are not 
even that easy to explain. Nevertheless, let us try to motivate our choice: 

At first, physicists are usually more adapted to the notions of distributions, at least on a heuris- 
tic level, than to Sobolev spaces and their usage. Moreover, and more important, the solution to 
the Cauchy problem using distribution theory relies on the notion of Green functions also called 
fundamental solutions. These are particular distributional solutions of the wave equation with a <5- 
distribution as inhomogeneity. The collection of all these Green functions can be combined into a 
single operator, the Green operator. Very informally, this will be an "inverse" of the differential opera- 
tor D. Now these Green operators allow for a very efficient description of the solutions to the Cauchy 
problem and are hence worth to be studied. Finally, and this might be the most important reason 
to choose the distributional approach, these Green operators appear as fundamental ingredients, the 
propagators, for every quantum field theory build on top of the classical field theory described by the 
wave equation. Even though we do not enter the discussion of quantizing the classical field theory we 
at least provide the starting point by constructing the Poisson algebra of the classical theory. The 
Poisson bracket is then defined by means of the Green operators and will allow us to view the time 
evolution of the initial values as a "Hamiltonian system" with infinitely many degrees of freedom. 
The interest in this Hamiltonian picture is the ultimate reason for us to favour the distributional 
approach over the Sobolev one. Even though we do not discuss this here, there is yet another reason 
why the distributional approach is interesting: it is within this framework where one can discuss the 
propagation of singularities most naturally by means of wavefront analysis. 

Within the distributional approach we will have an interplay of very singular objects, the distribu- 
tional sections of vector bundles, and very regular ones, the smooth sections of the corresponding dual 
bundles. Here smooth stands for C°°, i.e. infinitely often differentiable. However, at many places we 
will pay attention to the number of derivatives which are actually needed. This will result in certain 
"finite order" statements. Even though there is also a well-developed theory of real analytic wave 
equations and their solutions we will exclusively stick to the C°°- and C fc -case. 

Throughout this work, we will avoid techniques from Fourier analysis and stay exclusively in 
"coordinate space". It is clear that in a geometric framework there is no intrinsic definition of a global 
Fourier transform. In principle, one can pass to a microlocal version of Fourier transform between 
tangent and cotangent spaces. However, we shall not need this more sophisticated approach here, 
even though this will lead to some deeper insights in the nature of the singularities of the Green 
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operators by means of a wavefront analysis. As this text should serve as a first reading in this area 
we decided to concentrate on the more basic formulations. 



A User's Guide for Reading 

This text addresses mainly master and PhD students who want to get a fast but yet detailed access to 
an important research topic in global analysis and partial differential equations on manifolds of great 
recent interest. The reader should have some background knowledge in differential geometry. We use 
the language of manifolds, vector bundles, and tensor calculus without further explanations. Some 
previous exposure to locally convex analysis and distribution theory on K" might be useful but will 
not be required: all relevant notions will either be explained in detail or accompanied with explicit 
references to other textbooks for detailed proofs. Knowledge in Lorentz geometry is of course useful 
as well, but we will develop those parts of the theory which are relevant for our purposes, essentially 
the notions of causality. We assume that the reader has at least some vague interest in the physical 
applications of the theory as we will take this often as motivation. 

The presented material is entirely standard and can also be found in various other sources. We 
mainly follow the beautiful exposition of Bar, Ginoux, and Pfaffle |4| but rely also on the textbooks 



[23 27 31] for certain details and further aspects on distributions on manifolds and geometric wave 
equations not discussed in |4j. Concerning Lorentz geometry we refer to the textbook of O'Neill [46^ 
and the recent review article of Minguzzi and Sanchez [45] on the causal structure. Other resources 
on Lorentz geometry and general relativity are the classical texts [6] [29] [56] [59]. More details on 



distribution theory and locally convex analysis can be found in the standard textbooks [34 51 58]. For 
further reading one should consult the recent booklet |3] as well as the articles |14[|15] for approaches 
to (quantum) field theories on curved spacetimes based on the construction of Green functions for 
geometric wave equations. Though we do not touch this subject, background information on axiomatic 
approaches to quantum field theory might be helpful and can be found in the classical textbooks 28|57 
Beside these general references we will provide more detailed ones throughout the text. 

The material is divided into four chapters and two supplementary appendices: 



In the first chapter we set the stage for the relevant analysis on manifolds. In Section 1.1 



we 



introduce test function and test section spaces and investigate their locally convex topologies. The 



central result will be Theorem 1.1.11 establishing the LF topology for compactly supported smooth 
sections as well as important properties like completeness of this topology. Moreover, we study 
continuous linear maps between test section spaces: on one hand pull-backs with respect to bundle 
maps and on the other hand various multilinear pairings between sections. Finally, we show that the 
smooth sections with compact support are sequentially dense in all other Q k - and CQ-sections. Then 



in Section 1.2 we discuss differential operators and their symbols. In particular, we introduce a global 
symbol calculus based on the usage of covariant derivatives. Differential operators are then shown 
to be continuous linear maps for the test section spaces. We show that differential operators have 
adjoints for various natural pairings and compute the adjoints explicitly by using the global symbol 



calculus in Theorem 1.2.21 We arrive in Section |1.3| at the definition of distributions or, more 
precisely, of generalised sections. Here we first present the intrinsic definition. Later on, we interpret 
distributions always with respect to a fixed reference density: this way, one can avoid carrying around 
the additional density bundle everywhere. We define the weak* topology and explain the support 
and singular support of generalized sections. Important for later use will be the characterization 



of generalized sections with compact support in Theorem 1.3.18 We introduce the push-forward, 
the action of differential operators as well as the external tensor product of distributional sections. 
Parallel to the smooth case we develop the C fc -case, both for test sections and distributions of finite 
order. 
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Chapter [2] contains a rough overview on Lorentz geometry where we focus on particular topics 
rather than on a general presentation. In Section |2.1| we recall some basic concepts from semi- 
Riemannian geometry like parallel transport and the exponential map of a connection, the Levi-Civita 
connection and the d'Alembert operator. Still for general semi-Riemannian manifolds we introduce 
the notion of a connection d'Alembertian and provide a definition and characterization of normally 



hyperbolic differential operators. We pass to true Lorentz geometry in Section 2.2 where we mainly 
focus on aspects related to the causal structure. As motivation, also for the wave equations, we 
recall some features of general relativity. This gives us the notions of time orientability, causality, 
and ultimately, of Cauchy hyper surf aces. Here we discuss the characterization of globally hyperbolic 



spacetimes by the existence of smooth Cauchy hypersurfaces in Theorem 2.2.31| and present some 
important consequences of this "splitting theorem". Throughout this section our proofs are rather 
sketchy but illustrated by simple geometric (counter-) examples. Even without explicit proofs this 
should help to develop the right intuition. We conclude this chapter with some general remarks on 
wave equations, the Cauchy problem, and advanced and retarded Green functions in Section [2.3| 

Even though Chapter [3] deals with the local construction of Green functions we need already 
here geometric concepts like parallel transport and the exponential map. As warming up we start 
in Section 3.1 with the wave equation ([I]) on flat Minkowski spacetime and obtain the advanced and 
retarded Green functions by constructing an entirely holomorphic family {i? ± (a)} Q - e <c of distributions, 
the Riesz distributions. For a = 2 one obtains the Green functions of □. We examine these Riesz 
distributions in great detail as they will be the crucial tool to construct local Green functions in 
general. The case of spacetime dimensions n = 1 (only time) and n = 2 is discussed explicitly 
as one obtains a drastically simpler approach here. In Section |3.2| we use the exponential map to 
transfer the Riesz distributions also to the curved situation, at least in a small normal neighborhood 
of a given point. However, the curvature will now cause slightly different features of the Riesz 
distributions which results in the failure of R^ 1 (p, 2) being a Green function of the scalar d'Alembert 
operator. Nevertheless, the defect can be computed explicitly enough to use the Riesz distributions in 



Section 3.3 to formulate an heuristic Ansatz for the true Green function, now for a general normally 
hyperbolic differential operator, as a series expansion in the "degree of singularity". This Ansatz leads 
to transport equations similar to the WKB approximation whose solutions will be the Hadamard 
coefficients. Even though working on a small coordinate patch the construction of the Hadamard 



coefficients in Theorem 3.3.10 requires the full machinery of differential geometry and would be 
hard to understand without the usage of covariant derivatives and their parallel transports. As an 
application of this general approach we compute the Hadamard coefficients for the Klein-Gordon 
equation in flat spacetime explicitly and obtain an explicit formula for the advanced and retarded 
Green functions in Theorem |3.3.18| Back in the general situation we show in the rather technical 



Section 3.4 how a true Green function with good causal properties can be obtained from the Hadamard 
coefficients. Here one first enforces the convergence of the above Ansatz thereby destroying the 
property of a Green function. The result is a parametrix which can be modified in a second step to 



obtain the Green functions in Theorem 3.4.42 As a first application we use the local Green functions 
to construct particular solutions of the inhomogeneous wave equation for distributional and smooth 



inhomogeneities in Section 3.5 in Theorem 3.5.17 



Chapter [I] is now devoted to the global situation. First we have to recall the notion of the time 



separation on a Lorentz manifold in Section 4.1 which is then used to prove uniqueness of solutions 



in Theorem 4.1.11 with either future or past compact support provided the global causal structure is 
well-behaved enough. Section |4.2| contains the precise formulation of the global Cauchy problem as 
well as its solution for globally hyperbolic spacetimes. We discuss both the smooth situation as well 



as certain finite differentiability versions of the Cauchy problem in Theorem 4.2.16 The continuous 
dependence on the initial values in the Cauchy problem follows from general arguments using the 
open mapping theorem. This feature is then used in Section 4.3 to obtain global Green functions 
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and the corresponding global Green operators. The difference of the advanced and retarded Green 
operator provides an "inverse" to the wave operator in the sense of a specific exact sequence discussed 
in Theorem |4,3.18| Moreover, it constitutes the core ingredient for the classical Poisson algebra of 



the field theory corresponding to the wave equation as discussed then in Section 4.4 We give two 



alternative definitions of the Poisson algebra: one as polynomial algebra on the initial conditions 
depending on the choice of the Cauchy hypersurface with the canonical "symplectic" Poisson bracket. 
The other version is obtained as quotient of the polynomial algebra on all field configurations with 



Poisson bracket coming from the Green operators. The equivalence of both is shown in Theorem 4.4.22 



and gives an easy proof of the "time-slice" axiom of the classical field theory in Theorem 4.4.29 



analogously to the quantum field theoretic formulation. Also a classical analog of the "locality" axiom 



is proved in Theorem 4.4.27 



Appendix [A] contains background information on parallel transports and the Taylor expansion of 
various geometric objects like the exponential map and the volume density. In Appendix [B] we recall 
some basic applications of Stokes' theorem. 

The text does not contain exercises. However, it is understood that students who really want to 
learn these topics in a profound way have to delve deep into the text. Some of the proofs are sketched 
and require some extra thoughts, others contain rather long computations which can and should be 
repeated. 
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Chapter 1 

Distributions and Differential Operators 
on Manifolds 



In this chapter we discuss the basic ingredients for analysis on smooth manifolds: first we introduce 
the canonical locally convex topologies for the smooth functions (with compact support) on M as well 
as for smooth sections of vector bundles. These spaces will constitute the spaces of test functions and 
test sections, respectively. We have to discuss convergence of test functions as well as the completeness 
of the test function spaces. In a second step we consider differential operators acting on test functions 
and test sections. After discussing elementary algebraic and topological properties we compute the 
adjoint of a differential operator with respect to a given positive density explicitly: here a symbol 
calculus is introduced and basic properties are shown. Finally, we introduce distributions as the 
continuous linear functionals on the various test function spaces. This allows to dualize all operations 
on test functions in an appropriate way. In particular, differential operators will act on distributions 
as well. We discuss the module structure of distributions, give first basic examples and define the 
support, and singular support of distributions. 



1.1 Test Functions and Test Sections 

A good understanding of the topological properties of test sections of vector bundles is crucial. The 
manifold M will be n-dimensional. In the following, we shall use Einstein's summation convention: 
the summation over dual pairs of indexes in multilinear expressions is automatic. 

1.1.1 The Locally Convex Topologies of Test Functions and Test Sections 

In this subsection, we give several different but equivalent descriptions of the locally convex topology 
of test functions and test sections. Let E — > M be a vector bundle of rank N. The first collection 
of seminorms is obtained as follows. For a chart (U, x) we consider a compact subset K C U together 
with a collection {e- a }a=i,...,N of local sections e a 6 r°°(£ , | [/ ) such that {_e a (p)}a=i,...,N is a basis 
of the fiber E p . We always assume that U is sufficiently small or e.g. contractible such that local 
base sections exist. The collection {e a } a =i,...,N will also be called a local frame. The dual frame will 
then be denoted by {e a } a =i,...,N where e a € T°°(E*\ U ) are the local sections with e a (ep) = 6p. For 
s £ T°°(E) we have unique functions s a = e a (s) £ C°°(U) such that 




■a- 



(1.1.1) 
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We define the seminorms 



PU,x,K,i,{e a }( S ) = SU P 
p&K 

\I\<t 
a=l,...,N 



dill. 



dx 1 



■(P) 



(1.1.2) 



where I = ... ,i n ) G Nq denotes a multiindex of total length \I\ = %\ + ■ ■ ■ + i n . Clearly, the 
seminorm depends on the choice of the chart, the compactum, the integer I G No as well as on the 
choice of the local base sections. In case we have just functions, i.e. sections of the trivial vector 
bundle E = M x C, we can use the canonical trivialization which results in the simpler form 



Pu,x,K/(f) = sup 
\i\<t 



d \i\f 



dx 1 



(P) 



(1.1.3) 



of the seminorm for / G C°°(M). 



Lemma 1.1.1 For all choices of a chart (U,x), a compact subset K C U, an integer £ G No and 
local base sections {e a } of E on U , the map 



PU,x,K,E,{e a } : r0 °( E \u) > Kfl 



(1.1.4) 



is a well-defined seminorm. 



Proof. Clearly, the supremum over K is finite as all partial derivatives are continuous. The remaining 
properties of a seminorm are checked easily. □ 
An alternative construction of seminorms is as follows. On E — > M we choose a covariant 
derivative V E and on TM — > M a torsion-free covariant derivative V, e.g. the Levi-Civita connection 
for some (semi-) Riemannian metric. Moreover, on E we choose a Riemannian fiber metric if E is a 
real vector bundle or a Hermitian fiber metric if E is complex, respectively. Finally, we shall use a 
Riemannian metric on M. Then the two metric structures give rise to fiber metrics on all bundles 
constructed out of TM and E via tensor products etc. Moreover, we have the following operator of 
symmetrized covariant differentiation: 

Definition 1.1.2 (Symmetrized covariant differentiation) LetV E be a covariant derivative for 
a vector bundle E — > M and let V a torsion-free covariant derivative on M. Then 



D E . r °c(gfc T * M E ) _^ T°°(S k+1 T*M ® E) 



is defined by 



k+l 

E 



X k+1 ) = ^ (Vx ( a ® s + a <g> V%s) (X u . . . , A, . . . , X k+1 ), 



(1.1.5) 



(1.1.6) 



where a G r°°(S fc T*M), s G T°°{E), and X 1: . . . , X k+1 G T°°{TM). 

Proposition 1.1.3 The operator D E is linear, well-defined, and satisfies the following properties: 
i.) For E = M x C with the canonical flat covariant derivative and f G C°°(M) we have 



D/ = d/. 



(1.1.7) 



ii.) For a G r°°(S fc T*M) and (3 s G r°°(S f T*M <g> E) we have 



D E ((a V 0) <S) s) = (D a V /3) <g> s + a V D E ((3 ® s). 



(l.li 
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Hi.) Locally in a chart (U, x) we have 

D E (a®s) 



di'Wxcf ®s + di'Va«Vg s. 



(1.1.9) 



Proof. Clearly, (1.1.6) gives a well-defined .E- valued symmetric (k + l)-form. On the trivial line 
bundle the flat connection is Vx/ = 5£x f = (df)(X) from which ( |1.1.7 | is obvious. The Leibniz 
rule (1.1.8) is a direct consequence from ( 1.1. 9| ) but can also be obtained in a coordinate free way. We 
prove ( 1.1. 9| ) by an explicit computation. 

{D E (a®s)) (X u ...,X k+1 ) 
fc+1 



( V ^ a ® s + a ® V £ s ) (^l, • • • , A, . . . , X fe+1 

e=i 

fc+i . , 
V dx l (I<)VjLa® s + da; l pf € )a® V B a s (X 



i, . . . , A, . . . , X k+ i) 



□ 



Using this symmetrized covariant differentiation we can construct a seminorm for s G T°°(E) as 
follows. First we consider (D E ) e s G r°°(S*T*M 8) £). Then we can use the fiber metric h on 
S T*M ® £" to get a fiberwise norm || • ||^. Then for every compact subset K C M we consider 



Pa'^(s) = sup (D 1 



(1.1.10) 



where we suppress the dependence of p^- ^ on the choices of V, V s and h to simplify our notation. 
Lemma 1.1.4 For all choices of a compactum K Q M and £ G Nq the map 



B2 



(1.1.11) 



is a well-defined seminorm. 



Proof. Thanks to the continuity of ||(-D E )^s|| the supremum is actually a maximum over the compact 
subset K. Thus p K i(s) G 1R^~ is finite. The remaining properties of a seminorm follow at once. □ 
We can now use both types of seminorms to construct locally convex topologies for T°°(E). Since 
neither the system of the Pu,x,K,£,{e a } nor the p K g are filtrating, we have to take maximums over 
finitely many of them in each of the following cases: 

A Choose an atlas (U, x) with local base sections {e a } on each chart and consider all seminorms 
Pu,x,K,i,{e a } ar i sm g from the charts of this atlas, all t G No, and all compact subsets K QU. 

B Choose V, X7 E and fiber metrics and consider all seminorms Pxi arising from all compact 
subsets K QM and all leN . 
As a slight variation of A we can also consider the locally convex topology where we only take 
countably many compacta: 
A' Take only at most countably many charts and in each chart (U,x) only an exhausting sequence 
■ ■ ■ Q K n Q K n+ \ C K n+ i Q ■ ■ ■ QU of compacta. 
Analogously we can use only an exhausting sequence of compacta in the second version: 
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B' Take the p K £ seminorms for an exhausting sequence . . . C K n C K n+ \ C K n+ \ C . . . C M of 
M by compacta. 

Note that for second countable manifolds we can indeed find a countable atlas together with a 
choice of countably many compacta, each contained in a chart, which cover the whole manifold M. 

Theorem 1.1.5 Let E — > M be a vector bundle over M. 
i.) The four locally convex topologies induced by the choices A, B, A and B' of seminorms coincide. 
Thus T°°(E) has an intrinsic locally convex topology not depending on any of the above choices. 

ii.) T°°(E) is a Frechet space with respect to the above natural topology. 

Hi.) When restricting to those seminorms with i < k for a fixed k £ No, then we obtain natural 
Frechet topologies for F k (E). 

Proof. First we note that the topologies induced by B and B' are the same: indeed B is clearly finer 
than B' as it contains all the seminorms of B'. Conversely, we have Pxe( s ) — Vk' e( s ) f° r K — K' '■ 
Now if K n is an exhausting sequence of compacta, then K C K n for sufficiently large n, hence the 
seminorm p Ki can be dominated by p Kn t . Thus the induced topologies are equivalent. 

For the first version it is clear that A induces a finer topology than A' as A contains all seminorms 
from A'. Now let (U, x) be a chart of the chosen atlas and U n the sequence of charts which already 
cover M which works since M is assumed to be second countable. Moreover, let K n ^ m C U n be 
the exhausting sequence of compacta and let K C U be given. Since K is compact, finitely many 
U ni , . . . ,U nk already cover K. Furthermore, since the K n ,m cover U n , already finitely many K n ^ m 
cover K. Thus the compactum K is covered by finitely many of the ET ni?n 's. From the chain rule it 
is clear that there are smooth functions <3?/j G C°°(U D U) such that for |/| < I 



QWf „ d^f 



dx 1 



unu ^ dx J 
\j\<e 



unu 



on the overlap of two charts (U, x) and (U, x). In fact, the <3?/j are certain polynomials in the partial 
derivatives of the Jacobian of the coordinate change. It follows that there is a constant c with 

Pu,x,K,e(f) ^ C Pu,x,K,i(f) 

for all / G Q°°(U D U) and K C U C\U compact. The constant depends on U, x, K, £, U, and x but 
not on /. The precise form of c is irrelevant, it can be obtained from the maximum of the $/j over 
K where the can be obtained recursively from the chain rule. From this we see that 

where the maximum is taken over the finitely many n, m such that the K n ^ m cover K. This shows 
that the topology induced by A' is finer than the one obtained by A. Thus all together, they coincide. 
Finally, let i 6 No be given. By induction and the local expressions 

V F { L e a = A^ and V dx? = -T j ik &x k 

with the connection one-forms and Christoffel symbols of V E and V, respectively, we see that there 
exist smooth functions a/ x i Z € Q°°(U) such that 

1 f)\J\e a 

( D ^L = E dxh v • • • v dxH ® ^^r- (*) 

\J\<£ 
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The precise form of the i I is irrelevant, they can be obtained recursively as polynomials in the 

partial derivatives of the A^ a and F^. Moreover, for the term with highest derivatives, i.e. where 
\J\ = £, we have the following explicit expression 

d^s a 

(D E ) e s = dx 11 V • • • V dx !( <g> e a —. h (lower order terms). (**) 

This can easily be obtained by induction since the difference between partial derivatives and covariant 
derivatives is given by additional terms involving the A^ a and T^-. But these terms do not involve 
derivatives of the functions s a . Now let K be a compactum. Then we find finitely many compacta 
K n C U n contained in charts (U n , x n ) such that the K n cover K. In each chart (U, x) we see that 
there are constants cjj > with 



(D E ) e s 



< cu max 
\j\<t 



9lJlsa (p) 
dx J 



for p G U, 



where cu is obtained from the maximum of the a/ Z and the norms of the d x 11 V • • • V d x %l ® e-v 
with respect to the chosen fiber metrics according to (*). But this shows that 

p K ,e < cmaxp UnjXntKnMea} , 

where the maximum is taken over the finitely many n such that K n cover K and c = max„ cjj n . 
This shows that the topology induced by A is finer than the one induced by B. Conversely, given a 
Pu,x,K,e,{e a } we see from (**) that we can estimate the partial derivatives ^qJj* with \ J\ < £ by norms 
of (D E ) e s and norms of partial derivatives ^Jf" for \J'\ < £. By induction on £ we conclude that 

we can estimate the partial derivatives with \J\ = £ by norms of (D E Y's with £' < £. Since the 

relative coefficient functions are all smooth this gives a constant c > such that 

Pu,x,K,e,{e a }(s) < cmaxp K/ ,(s). 

This shows that the topology induced by B is finer than the one induced by A. Thus, we have shown 
that all four topologies coincide. Since the version A does not depend on the choices of V E , V and 
the fiber metrics and since the version B does not depend on an atlas and local trivializations we 
see that the topology itself does not depend on any of the chosen data. Note however, that the 
particular systems of seminorms certainly do depend on these choices, only the resulting topology is 
independent. 

For the second part, we first notice that the topology is certainly Hausdorff: the seminorms P{p} 5 o 
with p G M are already separating. Moreover, the versions A' and B' consist of countably many 
seminorms which define the topology. Here it is crucial to have second countable manifolds. Thus 
we only have to show completeness and thanks to the countably many seminorms we only have to 
consider Cauchy sequences and not general Cauchy nets. Thus let s n G T°°(E) be a Cauchy sequence 
with respect to e.g. A. Taking K = {p} a point and £ = we see that the sequence s^(p) G C (or R) 
is a Cauchy sequence and hence a convergent sequence. Thus s n (p) — > s(p) G E p for some unique 
vector s{p). This shows that there is a section s : M — > E of which we have to show smoothness. 
However, smoothness is a local concept which we can check in a local chart. But then the seminorms 
Pu,x,K,e,{e a } J us t d enne t ne usual S°°-topology of functions on U with values in or <C N , respectively, 
via the trivialization {e a }- Hence we conclude that all functions s a = e a (s) are smooth and thus 
s G T OD (E) is a smooth section everywhere since by A we can cover the whole manifold with charts 
(U, x). Again we can argue locally to show that s n — > s in the sense of A. This shows that r°°(.E) is 
(sequentially) complete which gives the second part. The third part is clear, we have shown the most 
difficult part k = +oo already. □ 
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In the following, we shall always endow T°°(E) as well as T k (E) with these naturally defined 
topologies. 

Definition 1.1.6 (C°°-Topology) The natural Frechet topology ofT°°{E) is called the C°° -topology. 
Analogously, we call the natural Frechet topology ofT k (E) the Q k -topology. 

Remark 1.1.7 (e°°-Topology) 

i.) A sequence s n S T°°(E) converges to s with respect to the C°°-topology if and only if s n converges 
uniformly on all compact subsets of M with all derivatives to s. Similar, the convergence in the 
C fc -topology is the locally uniform convergence in the first k derivatives. 

ii.) If M is compact, we can use K = M in the seminorms of A and B. This shows that the 
C fc -topology is even a Banach topology since we can also take the maximum < t < k. Thus 
for this particular case, techniques from Banach space analysis become available. However, the 
C°°-topology is not Banach, even if M is compact. In the non compact situation, none of the 
C fc -topologies is Banach. 

Hi.) The case of smooth functions instead of smooth sections is somewhat easier. Here we do not 
need the additional local base sections {e a }, hence from A we obtain seminorms VuxKl- ^ n ^ ne 
second version, we do not need the additional covariant derivative V E nor the fiber metric on 
E but only V and a Riemannian metric on M. 

Remark 1.1.8 In the following we can use either types of seminorms to characterize the 6°°-topology. 
Since the main importance of the seminorms is to control derivatives of order up to i on a compactum 
K we shall sometimes symbolically write p^,£ f° r the seminorms obtained from either the maximum 
of some finitely many Pu„,x n ,K n ,e,{e na } where the K n are such that they cover K from the seminorms 
of type A or the maximum of the Pxe with £' < £ from the seminorms of type B. Clearly, the 
seminorms p K g obtained this way specify the topology already completely and are filtrating and 
Hausdorff. It should become clear from the context whether we apply these symbolic seminorms or 
the more concrete ones as in A or B. 

On a non compact manifold the space C^°(M) is a proper subspace of all smooth functions C°°(M). 
Analogously, r§°(M) is a proper subspace of T°°(M) for every vector bundle of positive rank. The 
following proposition shows that we can use sections with compact support to approximate arbitrary 
ones. 

Proposition 1.1.9 For a vector bundle E — > M the subspace Pq°(M) of compactly supported sec- 
tions is dense in T 00 (M) with respect to the S°° -topology. Analogously, Tq(E) is dense in T k (E) in 
the Q k -topology for all k 6 No- 

Proof. We choose an exhausting sequence . . . K n C K n+ \ C K n+ \ C ... c M of compacta and 
appropriate functions \n S C§°(M) with the property 

Xn\ K =1 and supp(xn) Q K n+i . 

Clearly, such \n exists thanks to the S°°-version of the Urysohn Lemma, see e.g. |60| Kor. A. 1.5]. 
Then for s E T°°(E) we define s n = XnS G T^(E) and have for all leN 

PK n A s ~ Sm ) = °> 

for m > n. This shows that s n — > s in the C°°-topology. For the C fc -topology the argument is the 
same. □ 
While on one hand, the above statement will be very useful to approximate sections by compactly 
supported sections, it shows on the other hand that the C°°-topology is not appropriate for r^°(M) 
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as this subspace is not complete in the C°°-topology. Thus we are looking for a finer locally convex 
topology which makes Fq°(M) complete. The construction is based on the following observation: 

Lemma 1.1.10 Let A C M be a closed subset and let 

T k A (E) = {s G T k (E)\ supp(s) C ^} . (1.1.12) 

Then T k A {E) C T k {E) is a closed subspace with respect to the Q k -topology for all k G No U {+oo}. 

Proof. Since we are in a Frechet situation, it is sufficient to consider sequences in order to approach 
the closure. Thus let s n G T A (E) with s n — > s G F k (E) be given. Since C fc -convergence implies 
pointwise convergence we see that for p G M\A 

= s n (p) — > s(p), 

whence s(p) = 0. Thus supp(s) C A as desired and s G T k A {E) follows. □ 
This way, the T k A {E) become Frechet spaces themselves being closed subspaces of the Frechet 
space F k (E). We call the resulting topology the C^-topology. With respect to their induced topology, 
the inclusion maps 

T k A (E)^T%(E) (1.1.13) 
for A C A' are continuous and have closed image. This is clear as the seminorms p K g needed for T k A {E) 



are also continuous seminorms on T A ,(E). Moreover, the induced topology on T A (E) by (1.1.13) is 
again the C^-topology. Thus (1.1.13) is an embedding and not just an injective continuous map. We 



shall now focus on compact subsets K C M and choose an exhausting sequence K n as before. Then 
the corresponding sequence 

T k Ko (E) ^ T k Ki (E) ^...^T k Kn (E)^ T k Kn+i {E) ^ • • • ^ T k (E) (1.1.14) 

allows to endow the "limit" Fq(E) with the inductive limit topology. Since all the inclusions are 
embeddings and since we only need countably many compacta, we have a countable strict inductive 
limit topology (or LF topology) for Tq(E). By general nonsense on such limit topologies, see e.g. 34 



Sect. 4.6], we obtain the following characterization of a locally convex topology on Tq(E), which we 
call the Co°-topology: 

Theorem 1.1.11 (So°-topology) Let k G Nq U {+oo}. The inductive limit topology on Tq(E) ob- 



tained from (1.1.14) enjoys the following properties: 
i.) Fq(E) is a Hausdorff locally convex complete and sequentially complete topological vector space. 
The topology does not depend on the chosen sequence of exhausting compacta. 

ii.) All the inclusion maps 

T k K {E)^T k {E) (1.1.15) 

are continuous and the Q^-topology is the finest locally convex topology on T^{E) with this prop- 
erty. Every T^-(i?) is closed in Tq(E) and the induced topology on r^(E') is the -topology. 

Hi.) A sequence s n G Tq(E) is a Q^-Cauchy sequence if and only if there exists a compact subset 
K C M with s n G Y^-^E) for all n and s n is a Q^-Cauchy sequence. An analogous statement 
holds for convergent sequences. 

iv.) If V is a locally convex vector space, then a linear map $ : Fq(E) — > V is QQ-continuous if 
and only if each restriction & \ T k ^ : !#(£?) — > V is continuous. It suffices to consider an 
exhausting sequence of compacta. 



v. 



) If M is non compact Tq(E) is not first countable and hence not metrizable. 
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Proof. We shall only sketch the arguments and refer to |34[ Sect. 4.6] for details on strict inductive 
limit topologies. The first part follows from general nonsense on countable strict inductive limit 
topologies since all the constituents T k K (E) are Frechet spaces. The second part is an alternative 



characterization of inductive limit topologies. Part Hi.) and ml,) are also general facts on inductive 



limit topologies. The last part follows essentially from Baire's theorem. □ 

Remark 1.1.12 In the sequel, we only need the properties ^ ) ~^^) of the Cg-topology, not its 
precise definition. In fact, it will turn out that the actual handling of this rather complicated LF 
topology is fairly easy. We refer to the literature for more background information on LF topologies, 
see e.g. |34j Sect. 4.6] or |36)^7)m8]. Of course, we are mainly interested in the case k = oo. 



Remark 1.1.13 We also remark that the inclusion maps V k (E) T k (E) are continuous for all 
k G N U {+oo}. 



1.1.2 Continuous Maps between Test Section Spaces 

In this subsection we shall collect some basic examples of maps between test function and test section 
spaces which on one hand have a geometric origin, and which on the other hand are continuous in 
the Q k - and Cq -topologies, respectively. We start with the following situation: 

Proposition 1.1.14 Let <f> : M — > N be a smooth map. Then the pull-back cp* : e°°(N) — > e°°(M) 
is a continuous linear map with respect to the C°° -topology. 

Proof. Let K C M be a compact subset and I £ No be given. Moreover, let (U, x) be a chart with 
K C U. Then we consider the compact subset <p(K) C N. This will be covered by finitely many 
charts (V, y) of N and we can assume that already one chart will do the job. Then we compute by 
the chain rule 

VU,x,K,z{4>* 7) = sup 

\I\<t 

where again the are smooth functions on U obtained from polynomials in the derivatives of the 
Jacobi matrix of the map (p with respect to the charts (V, y) and (U, x). Since <p is smooth the maps 
$/j turn out to be smooth, too, hence on K they are bounded. Moreover, the partial derivatives of 
/ on (j){K) are bounded as well so we finally obtain an estimate 

where the constant c depends on the maxima of the functions over K and thus on (j) but not on 
/. But this is the desired continuity. □ 



dx 1 



(P) 



sup 

\T\<P 



E*"(p)ft7-(*(p)) 
j<i 



Remark 1.1.15 Since in the proof we estimated a seminorm with order of differentiation t again by 
a seminorm with order of differentiation £, the statement remains true for a C fc -map <fi : M — > N: 
the pullback <j>* : Q k (N) — ► &{M) is e fc -continuous. 

For functions with compact support the pull-back (j)* f with an arbitrary map <p : M — > N will no 
longer have compact support in general. Take e.g. any smooth map eft : M — > N from a non compact 
manifold M into a compact one, then 0*l/v = 1m but ljv G e°°(A^) = e o XD (A^) and 1 M £ C^M). 
Thus we need an extra condition to assure that (f>* maps Q'^'(N) into Q^(M): 

Definition 1.1.16 (Proper map) A smooth map (j) : M — > N is called proper if cp -1 ^) C M is 
compact for all compact K C N. 
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The above definition makes perfect sense in a general topological context, the smoothness and the 
manifold structure of M, N are not needed. Note that a continuous map maps compact subsets to 
compact subsets, but inverse images of compact subsets need not be compact as the above example 
shows. 



Proposition 1.1.17 Let <j> : M 



N be a smooth proper map. Then 



!>* : eg°(iV) 



Cg°(M) 



(1.1.16) 



is continuous in the Sg° -topology. 



Proof. Let K C N be compact. By Theorem 1.1.11 [itjj we have to show that the restriction 
< ^*le oo (A r ) ' ^k(^) — ^o°C^O ^ s con ti nuous - Now (^^(K) is compact since <j) is proper and thus we 
know 

f : ef(Jv)^e- 1(J() (M), 

since in general supp (</>*/) = <^> -1 (supp(/)). The proof of Proposition 



1.1.14 



shows that the V4>-^(K),r 
Thus <b* is continuous. 



seminorms of the images of <fi* can be estimated by the p^- £-seminorms. 
Finally, we know that 

e£. 1(J0 (M)->es°(M) 

is continuous by Theorem 1.1. 11[ [n^. Thus the criterion for the continuity of 4>* is fulfilled. 



□ 



Remark 1.1.18 Again, there is a CQ-version of this statement since we only used the same I for the 



estimation in the proof of Proposition 1.1.14 



In a last step, we shall treat test sections of vector bundles. Let E — > M and F — > M be vector 
bundles. Since a smooth map (f> : M — > N alone does not yield any map between r°°(.E) and T°°(F) 
by itself, we need a vector bundle morphism. Recall that a vector bundle morphism : E — > F is 
a smooth map such that $ maps fibers of E into fibers of F and $ is linear on each fiber. Thus 
induces a smooth map <j> such that 



E 



IE 



7TE 



(1.1.17) 



M 



N 



commutes. Indeed, <j) = irp o o le, where : M — > E denotes the zero section. 
Lemma 1.1.19 Let $ : E — > F be a vector bundle morphism and uj G T°°(F*). Then 

(**w)| p («p)=w| 0(p) (*(sp)) (1.1.18) 
for s p G E p and p £ M defines a smooth section $*w G r°°(£'*) called the pull-back of uj by 

Proof. It is easy to check that for s G T°°(E) the function p i— )• <l>*a;| (s(p)) is smooth whence <£*u; is 

smooth itself. Moreover, $*^| p : E p — > 1R (or C) is clearly linear hence the statement follows. □ 
The pull-back indeed obeys the usual properties of a pull-back, i.e. for vector bundle morphisms 
E F — > G we have 

(^ o $)* = $* o ^* and (id^)* = idpoo^*) . (1.1.19) 
We claim that this gives again continuous maps. 
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Proposition 1.1.20 Let <I> : E — > F be a vector bundle morphism. Then <£* : r°°(F*) — > r°°(£J*) 
is continuous with respect to the C°° -topology. 

Proof. We first need some local expressions. Let e a G r 00 ^)^) and G r°°(F| y ) be local base 
sections defined over open subsets U C M and V C N. We assume that on V we have local coordinates 
y and x on U C </> -1 (V). By choosing V and U sufficiently small this is possible. Then ^l^^ can be 

written as follows. For s p = Spe a (p) G E p there exist coefficients &a(p) such that 

= »£*£(p)//jMp)), 

since ( I ) (sp) G -^(p) for all s p G -Ep and p G M. The smoothness of gives the smoothness of the 
locally defined functions G e°°(U). Now let u G r°°(F*) be given as 

where f er°°(F*| ) are the dual base sections of the fp as usual. Then 

(S'oOOOly = (w o 0)(*( S )) = ((^ o o 0)) (*7(/ 7 o = 0*(^)$^ S « 

Hence we have <I>*a;| [7 = 0*(o; J g)$ae a - Now we can estimate 



sup 

\I\<t 

a=l,...,rank(B) 



sup 

a=l,...,rank(B) 



dx 1 



dx 1 



(**w)«(p) 



(^( W7 )*2)(p) 



^ c Pv,y, 9 i(i<")^,{/' 3 }( a; )! 



by the same kind of computation as for the proof of Proposition 1.1.14 The constant c involves the 



maxima of polynomials in the partial derivatives of the Jacobi matrix of <p as well as of again by 
the chain rule and the Leibniz rule. But then the continuity is clear. □ 

Remark 1.1.21 (Pull-back of sections) 

i.) For the support of <3?*u; we obtain 



supp &*ui C tp 1 (suppw), 



(1.1.20) 



which is immediate from the definition. Note that due to possible degeneration in the fiberwise 

maps $ „ the support may be strictly smaller than the right hand side. 

I hip 

ii.) Again, for a vector bundle morphism : E — > F of class Q k we obtain a continuous map 



$* ; T k (F*) 



T k (E*) 



(1.1.21) 



with respect to the S fe -topology. 
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Example 1.1.22 (Tangent map) Let cj) : M — > N be a smooth map. Then Tcp : TM — ► TN is 

a smooth vector bundle morphism over <f>. Thus the pull-back gives (Tcp)* : T°°(T*N) — > T°°(T*M). 
Clearly, the pull-back (T<j))* in the sense of Lemma 1.1.19 coincides with the usual pull-back <f>* of one- 
forms in this case. Note that if <j> is S fc then T(j) is only of class C^'" 1 . Moreover, Tcj) extends to vector 
bundle morphisms (T(j))® r : <g> r TM — > ® r TN hence we also obtain pull-backs 4>* : r°°((g) r T*N) — > 
r°°((8) r r*M) being continuous linear maps with respect to the C°°-topology. 

The case of compactly supported sections is treated analogously to the case of Cq°(./V). Using 



(1.1.20) we can copy the proof of Proposition 1.1.17 and obtain the following result: 

Proposition 1.1.23 Let : E — > F be a vector bundle morphism such that the induced map 
<j> : M — > N is proper. Then the pull-back 



r oo (n 



T^(E* 



(1.1.22) 



is continuous with respect to the S§° -topology. Analogous statements hold for the Q k case. 



We conclude this section with yet another type of maps, namely the module structures and various 
tensor products. 

Proposition 1.1.24 Let E — > M and F — > M be vector bundles. 

i. ) The pointwise multiplication 

S°°(M) x e°°(M) 3 (f,g) ^ fg e Q°°{M) (1.1.23) 

is continuous with respect to the C°° -topology, hence C°°(M) becomes a Frechet algebra. 

ii. ) The module structure 

e°°(M) x r°°(£) b (/, s) h+ / . s g r°°(£) (1.1.24) 

is continuous with respect to the C°° -topology, hence T°°(E) becomes a Frechet module over the 
Frechet algebra e°°(M). 

Hi.) The tensor product 

r°°(s) x r°°(F) 3{ s ,t) h+ s ® t e t°°{e ® f) (1.1.25) 

is continuous with respect the C°° -topology, 
iv.) The natural pairing 

T°°(E*) x r°°(£) B (00, s) 1 ^ w(a) G e°°(M) (1.1.26) 
is continuous with respect to the C°° -topology. 
Analogous statements hold for the Q k case. 

Proof. All the above statements rely only on the Leibniz rule for differentiation of products. Let 
K C U be compact and let x be local coordinates on U, then 



Pu,x,K,e(fg) = sup 
peK 

\i\<t 



dx 1 



(fg)\ 



sup 



E 

j<i 



I\d\ J \f. .d^g. 



(/) Pu,x,K,e (9), 



with a constant only depending on the combinatorics of the multinomial coefficients (j) and hence 
only on I. This shows the first part. Writing out the local expressions for all the other parts in terms 
of coefficient functions and local base sections shows that all other parts can be reduced to part Jzjj 
and hence the above computation. □ 

Remark 1.1.25 As usual there are Cg-versions of this statement. Moreover, we have analogous 
statements for various multilinear pairings and applications of endomorphisms to sections etc. 
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1.1.3 Approximations 

In this subsection we shall sketch some approximation results of how less differentiable functions can 
be approximated by smooth ones. This rather technical section will turn out to be useful in many 
places. 

Theorem 1.1.26 Let E — > M be a vector bundle. Then T'q ) (E) is (sequentially) dense in F k (E) 
for all k G Nq with respect to the Q k -topology. 



Proof. First we know from Proposition 1.1.9 that Tq(E) is dense in T (E). Thus we only have to show 



that T'q'(E) is dense in Tq(E) with respect to the C -topology thanks to the continuous embedding 



of e^(E) into Q k (E) according to Remark |1.1.13[ Let s G T$(E) be given. Then we choose charts 



ki 



(Ui,Xi) of M together with local base sections e a i G T°°(E L ). Moreover, we choose a partition of 
unity ifi G Cq°(M) with suppc^j C Ui being compact and ^ </?j = 1. The compactness of supps 
guarantees that finitely many Ui already cover supp s and hence 



E, 



PiS, 



with a finite sum. Thus we only have to approximate a (fiS G Tq(E) where supp(</9js) C Ui is in the 
domain of a chart. Now 

ipiS — Sj e a i 

with sf G Cg(i7j). From the local theory we know that we find functions sf m G C§°(fj) with sf m —¥ sf 
in the C fc -topology: e.g. one can use a convolution of the sf with a function Xm(x) = m n x(mx), 
where \ G C§°(lR n ) is a function with J x( x ) d n x = 1. Then for sufficiently large m 



(sfo Xi )* X mee^(x(u)), 

hence 



s? m = (( S fox t )* Xm )ox- 1 Ge^(U) 



is smooth and fulfills sf m — > sf in the C fc -topology. For details see e.g. 31 Thm. 1.3.2]. Since we 
can approximate each sf we also can approximate Si = sfe a i and thus s = Y^i ¥i s = Si s i smce the 
sums are always finite. □ 



1.2 Differential Operators 

In this section we introduce differential operators on sections of vector bundles and discuss their 
continuity properties with respect to the various C fc - and Cg-topologies. 

1.2.1 Differential Operators and their Symbols 

There are several equivalent definitions of differential operators on manifolds. We present here the 
most pragmatic one. Let E — > M and F — > M be vector bundles over M. 

Definition 1.2.1 (Differential operators) Let D : T 00 (E) — > r°°(F) be a linear map. Then D 
is called differential operator of order k G No if the following conditions are fulfilled, 
i.) D can be restricted to open subsets U C M , i.e. for any open subset U C M there exists a linear 
map Djj : r°°( J B| [/ ) — > r°°(F| l/ ) such that 

Du(8\ v ) = (Ds)\ v (1.2.1) 

for all sections s G T°°(E). 
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ii.) In any chart (U,x) of M and for every local base sections e a G r°°(i?| [/ ) and fp G T oc (F\ u ) we 
have 

k 

M u =Y,^ D r ir iu d f. sa dxiT ( L2 - 2 ) 

r=0 

with locally defined functions D l jj'" lr a G 6°°(J7), totally symmetric in ,i r . 

The set of differential operators D : r°°(F) — > r°°(F) of order k G No is denoted by DiffOp fc (F; F) 
and we define 

oo 

DiffOp^F; F)=(J DiffOp fe (F; F). (1.2.3) 

k=0 

Remark 1.2.2 (Differential operators) 

%.) Clearly, DiffOp fc (F; F) is a vector space and we have 



DiffOp fc (F; F) C DifTOp fc+1 (F; F) (1.2.4) 



for all k G No- Thus DiffOp(F; F) is a filtered vector space. Note however that (1.2.3) does not 
yield a graded vector space. 

ii.) The restriction of a differential operator D is important since we also want to apply D to sections 
which are only locally defined. 

Hi.) If we are given an atlas of charts and local bases and locally defined functions Dy' " tr a, then we 



can define a global differential operator D by specifying its local form as in (1.2.2), provided the 



functions D^"' lr a transform in such a way that two definitions agree on the overlap of any two 
charts in that atlas. In fact, the precise transformation law of the D % ^'" %r a is rather complicated 
thanks to the complicated form of the chain rule for multiple partial derivatives. 

iv.) Differential operators are local, i.e. supp(Z),s) C supp(s). 

Lemma 1.2.3 (Leading symbol) If D : r°°(F) — > T°°(F) is a differential operator of order 



k G Nq, locally given by (1.2.2), then the definition 



°»ip)\v = h D v' Ak «^k v • • • v f f ea (L2 - 5) 

yields a globally well-defined tensor field, called the leading symbol of D 

a k {D) G r°°(S fc TM(g) F® E*). (1.2.6) 
Proof. This is a straightforward computation since the terms with maximal number of derivatives of 



s a in (1.2.2) transform nicely. □ 



Note that there is no intrinsic way to define "sub-leading" symbols of a differential operator of 
order k > 2. The functions D l jj"' tr a do not have a tensorial transformation law. In fact, terms 
with different r even mix. This is also the reason that we can only speak of the maximal number of 



partial derivatives appearing in (1.2.2) as "order". There is no intrinsic way to characterize differential 
operators "with exactly k partial derivatives": this would be a chart dependent statement. 

Since canonically F E* ~ Horn (F,F), we can interpret the leading symbol o~k(D) also as a 
section 

<Tk(D) G r°°(S fc TM Hom(F, F)). (1.2.7) 



We shall sketch now another, more conceptual approach to differential operators, see |26| Def. 16.8.1]: 
it is essentially based on the observation that for a differential operator D the commutator [D, f] with 
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a left multiplication by / G C°°(M) is a differential operator of at least one order less than D because 
of the Leibniz rule. We consider an associative, commutative algebra A over some ground field k. Of 
course, we are mainly interested in A = C°°(M) and k = <D. Next we consider two .A-modules £,3^ 
and set for k < 

DiffOp fc (£; J) = {0} (1.2.8) 

and for k > inductively 

DiffOp fc (£;30 = {d G Hom k (£, 7) [D, L a ] G DiffOp fc_1 (£; 3\) Va G .A j , (1.2.9) 

where L a denotes the left multiplication of elements in the module with a. As before we set 

DiffOp*(£;3") = |J DiffOp fc (£;J). (1.2.10) 
kew, 

By general considerations it is rather easy to show that DiffOp fc (£, 3") C DiffOp fc+1 (£, $) whence 
( 1.2.10 ) is again filtered. Moreover, DiffOp fc (£; 3~) is a k-vector space and a left .A-module via 

(a-D)(e) = a-D(e), (1.2.11) 

where a G A, D G DiffOp fe (£; 3"), and e G £. If S is yet another ^-module then the composition of 
differential operators is defined and yields again differential operators. In fact, 

DiffOp fc (3"; S) o DiffOp*(£; T) C DiffOp fc+ ^(£; 9) (1.2.12) 

holds for all k,£ G %. It follows that 

DiffOp*(£) = DiffOp*(£; £) (1.2.13) 
is a filtered subalgebra of all k-linear endomorphisms Endik(£) of £. Moreover, by definition we have 

DiffOp°(£; 30 = Hom^(£, J). (1.2.14) 



Theorem 1.2.4 For A = Q°°(M) and £ = T°°(E), 3" = r°°(F) the algebraic definition o/DiffOp*(£; J) 
yields the usual differential operators DiffOp*(-E'; F). 



The proof is contained e.g. in 60 App. A. 5]. We omit it here as we shall mainly work with the local 



description of differential operators. 



1.2.2 A Global Symbol Calculus for Differential Operators 

The leading symbol of a differential operator is in many aspects a much nicer object as it is a tensor 
field. The problem of having no canonical definition of sub-leading symbols can be cured at the price 
of a covariant derivative. We choose a torsion-free covariant derivative V for the tangent bundle as 
well as a covariant d erivat ive V E for E. Then for the operator of symmetrized covariant differentiation 
D E as in Definition 1.1.2 we have in any chart (U,x) and with respect to any local base sections e a 



d l s a 



u dx 11 . . . dx 



— dx 11 V • • • V dx le (8> e a + (lower order terms), 



(1.2.15) 



for every section s G T°°(E). This was used in the proof of Theorem 1.1.5 and is an easy consequence 
of the local expression F >E \ U = dx 1 V V_s_ together with a simple induction on £. 

dx 1 
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Now let X G r°°(S fc TM Hom( J B, F)) be given. Then locally we can write 



XL = -X* 1 "^—- V • • • V — ® .fc <8 e Q . (1.2.16) 



This indicates how we can define a differential operator out of X and D E . We use the natural pairing 
of the S fc TM-part of X with the S fc T*M-part of (D E ) k s and apply the Hom(£, F)-part of X to the 

£-part of (D E ) s. This gives a well-defined section of F. In the literature, different conventions 
concerning the pairing of symmetric tensor fields are used. We adopt the following convention, best 
expressed locally as 

X, (D E ) k s) = klX* 1 '"**? - .d^" . f + (lower order terms). (1.2.17) 
v ' I ox %1 . . . ox lk 

With other words, this is the natural pairing of V (8 • • • <8 V with V* ® • • • ® V* restricted to sym- 

v y y j 

fc— times fc— times 

metric tensors without additional pre-factors. Indeed, note that the tensor indexes of (D E ^ k s are 
given by 



:D E ) k s 



d e s a 

= k\-—. ——da; 11 <8 • • • ® d x H <8 e a + (lower order terms) (1.2.18) 

u dx^ . . . dx % i 



according to our convention for the symmetrized tensor product V. 

Definition 1.2.5 (Standard ordered quantization) Let X G T°°(S*TM ® Hom(E,F)) be a not 

necessarily homogeneous section and let h > 0. Then the standard ordered quantization g Std (X) : 
r°°(F) — ► r°°(F) of X is defined by 

for s G r°°(E), where X = £ r ^ (r) with G r°°(S r TM<g> Hom(£, F)) are the homogeneous parts 
ofX. 

Note that by definition of the direct sum there are only finitely many X^ different from zero whence 
the sum in (1.2.19) is always finite. 

Theorem 1.2.6 (Global symbol calculus) The standard ordered quantization provides a filtration 
preserving Q°°(M)-linear isomorphism 

oo 



£> std : ^ r°° (S k TM (8 Hom(£ l , F)) — > DiffOp*(£'; F), (1.2.20) 

k=0 

such that for X G F°°(S k TM (8 Hom(E, F)) we have 

^(estdW) = (jj x. (1.2.21) 



Proof. From the local expression of (D E Y s as in the proof of Theorem 1.1.5 it is clear that g Std (X) is 
indeed a differential operator. Note that the sum is finite and for X = I« G r°°(S fc TM<g> Hom(£, F)) 
the differential operator g Std (X) has order k. For / G C°°(M) we clearly have g Std (fX) = f g Std (X) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



22 



1. DISTRIBUTIONS AND DIFFERENTIAL OPERATORS ON MANIFOLDS 



since the natural pairing is C°°(M)-bilinear. This shows that g Std is a filtration preserving S°°(M)- 
linear map. Let X G F°°(S k TM ® Hom(E, F)) be homogeneous of degree k G Nq. Then locally 



u 



1 / ' h\ k ■ ■ d k s a 
I - X tl - tk ^,k\-z r -. Tr^fa + (lower order terms), 



hence (1.2.21) is clear by the definition of as in CT , Now let D G DiffOp fc (£;F) be given. 
Then 

fffe \D ~ fedK(L>))l = 0, 

hence D — (jA gstd(o~k{D)) is a differential operator of order at most k—1. By induction we can find 
D k = ak(D),Dk-i, ...,D with D t G T°°(S l TM ® Hom^, F)) such that 

D = g std \J2 (i) D r) , (1-2-22) 



\r=0 



which proves surjectivity. The injectivity is also clear, as (Jk{D) is uniquely determined by D and by 
induction the above D^-i, . ■ ■ , Dq are unique as well. □ 

Remark 1.2.7 (Global symbol calculus) 

i.) The standard ordered quantization and its inverse map £>s t d _1 5 i- e - the global symbol calculus, 
come indeed from quantization theory, where E = F = M x <C is the trivial line bundle and 
r°°(S*TM) is identified in the usual, canonical way with functions on T*M being polynomial 
in the fibers. Indeed, there is a unique algebra isomorphism 

oo 

d : 0r°°(S fe TM) 3 X ^ 3{X) G Pol* (T*M) (1.2.23) 
fc=0 

with 3(f) = vr*/ and 3(X)(a p ) = a p (X(p )) for / G e°°(M) = r°°(S TM) and X G r°°(TM), 
where a p G T*M. The pre-factor | in (1.2.19) is due to the physical conventions since we 



can interpret functions in Pol 1 (T*M) to be linear in the momenta on the phase space T*M 
corresponding to the configuration space M. In the case M = R n with the flat covariant 
derivative V, the map £ Std is indeed the standard ordered quantization on T*M = R 2n , i.e. first 
all "momenta to the right". A more detailed discussion can be found in |60| Sect. 5.4]. 

ii.) For X ® A G r°°(TM (g> Hom(E,F)) with X G T°°(TM) and A G r°°(Hom(£, F)) we simply 
have 

g std (X ® A)s = yA(Vf s). (1.2.24) 

In particular, the choice of V does not yet enter. This is of course no longer the case for higher 
symmetric degrees. Also 

6std (A) = A (1.2.25) 
is just a C°°(M)-linear operator, not yet differentiating. 
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1.2.3 Continuity Properties of Differential Operators 

Prom the local form of differential operators we immediately obtain the following continuity statement: 



Theorem 1.2.8 (Continuity of differential operators) Let D G DiffOp fe (£'; F) be a differential 
operator of order k. Then for all t G Nq the map 



D : T k+e (E) — > F e (E) 
is well-defined and continuous with respect to the Q k+f ~- and Q l -topology. 



(1.2.26) 



Proof. Clearly, if s G T k+i (E) then (D^) fc s G T e (E) is still I times continuously differentiable. Since 
the natural pairing does not lower the degree of differentiability, we can define g Std (X)s in the obvious 
way. Since furthermore every differential operator D of order k is of the form g Std (X) with X having 



at most tensorial degree k, the extension (1.2.26) is defined in a unique way. If (U,x) is a chart and 
e a G r°°(E\ u ) and fp G T°°(F\ u ) are local base sections then 



Pu,x,K,e,{fa}( Ds ) = SU P 
\i\<t 



dx 1 ^— ' r 

r=0 



< c > sup 

n ' r ' ,V |7|<£ 
0,a 



8^ ■ • a 

dx 1 u a[P) 



sup 

|j|<* 



dl J l d r s a 



dx J dx 11 ■ ■ ■ dx 



rip) 



< d max Pu,x,K,e(Du'" %r a) mayi Pu,x,K,e+r,{e a }( s ) 
H,...,i r ' ' ' r 



^ c ' P(7,x,^,{e Q },{/^}(^) Pf/,a;,if^+fc,{e ct }( s )) 
where c' is a combinatorial factor depending only on £ and k and 



PC/,*,i^,{e Q },{/ 8 }(£) = SUp 

p&K 

l'[<* 

il,...,lr 



a\I\ rjii-ir/3 



<9x 7 



But this is the desired estimate to conclude the continuity with respect to the Q k+e - and C^-topolog} 



□ 



Corollary 1.2.9 A differential operator D G DiffOp*(£'; F) is continuous with respect to the C°°- 
topology. 



In the proof of Theorem 1.2.8 we have made use of the quantities 



PU,x,K,e,{e a },{f fj }{ D ) - SU P 

a,p 

\I\<t 
ii,...,i r 



a\I\ fth-irP 



dx 1 



(1.2.27) 
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which are easily shown to be seminorms on DiffOp*(E; F). For a fixed k G N , these make DiffOp fc (£; F) 
again a Frechet space, a simple fact which we shall not prove here. Moreover, the standard ordered 
quantization is then a continuous isomorphism with continuous inverse 

k 

g std : r°°(S^TM ® Hom(£, F)) — ► DiffOp fe (£; F). (1.2.28) 

1=0 

However, all differential operators DiffOp*(£'; F) will have to be equipped with an inductive limit 
topology similar to the construction of the 6§°-topology. In any case, we shall not need these aspects 
here. 

Instead, we consider now the restriction of D S DiffOp fc (£'; F) to compactly supported sections 
T k + e (E). Since supp(Ds) C supp s we have 

D : T k + e {E) — > F e A (F) (1.2.29) 

for all closed subsets A C M. Since in the estimate 

PU,x,Kl,{f f3 }( Ds ) < c ~Pu,x,K,£,{e a },{f }( D ) Pu,x,K,£+k,{e a }( s ) (1.2.30) 
we have the same compactum on both sides, we find that 

D : T^iE) — »• T e K (F) (1.2.31) 

is continuous in the C^ 1 "^- and C^-topology. From this we immediately obtain the following continuity 
statement: 

Theorem 1.2.10 Let D G DiffOp fc (F; F) be a differential operator of order k G No- Then for all 
I G No the restriction 

D : T k+e (E) — > rg(F) (1.2.32) 
is continuous in the Sg + ^- and i/ie Q^-topology. Moreover 

D : r X) (F) — > Yq 3 {F) (1.2.33) 

is continuous in the -topology. 



Proof. This follow immediately from (1.2.31) and the characterization of continuous maps as in 



Theorem 1.1.11 iwjj. □ 



1.2.4 Adjoints of Differential Operators 

For a section s G r°°(£) and fi G T°°(E* ® \A top \T*M) the natural pairing of E and E* gives a 
density fj,(s) G r°°(|A top |T*M) which we can integrate, provided the support is compact. Therefore 
we define 

{s,fi) = [ = / s-/i, (1.2.34) 
whenever the support of at least one of s or /i is compact. 



Lemma 1.2.11 The pairing (1.2.34) is bilinear and non- degenerate. Moreover (s,ffi) = (fs,fi) for 

fee°°(M). 
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Proof. Let s G r°°(I?) be not the zero section and let p G M be such that s(p) 7^ 0. Then we find an 
open neighborhood U of p and a section ip G rQ°(£'*) with compact support suppy? C U such that 

(^(s) > and <p{s)\ > 0. 

Using local base sections this is obvious. Now choose a positive density v G r°°(|A top |T*M), then 
ip v G r§°(£* <g> |A top |T*M) will satisfy (s, (/? (8) 1/) ^ 0. This shows that fll.2.34| ) is non-degenerate 
in the first argument. The other non-degeneracy is shown analogously. The second statement is 
clear. □ 
In particular, ( • , • ) restricts to a non-degenerate pairing 

(-,-): T^(E) x rg°(E* ® |A top |T*M) — »• C. (1.2.35) 

As an immediate consequence we obtain the following statement. First recall that an operator 

D : V —> W (1.2.36) 

is adjointable with respect to bilinear pairings 

(.,.) v ~:VxV^<C and ( • , • ) wW : W x W — ► C, (1.2.37) 

if there is a map D T : W — > V such that 



WW 



(v,D T w) V v- 



(1.2.38) 



If the pairings are non-degenerate then an adjoint D T is necessarily unique (if it exists at all) and 
both maps D, D T are linear maps. Clearly, D T is adjointable, too, with (_D T ) T = D. Thus in our 
situation, adjointable maps with respect to the pairing (1.2.34) or ( 1.2.35| ) have unique adjoints and 
are necessarily linear. 

Proposition 1.2.12 Let D G DiffOp fc (£'; F) be a differential operator of order k . Then D : F^^E) — 
T'q > (F) is adjointable with respect to (1.2.34) and the (unique) adjoint 

d t . r oo^ F * g \A top \T*M) — > r°°(E* ® \A top \T*M) (1.2.39) 
is again a differential operator of order k. 

Proof. Let {(t/j, Xi)}i^j be a locally finite atlas and let ei a G r°°(E L. ) and /j« G r°°(i ? L, ) be local 
base sections. Moreover let {Xi}i&l be a locally finite partition of unity subordinate to the atlas with 
suppxi being compact. As usual, we write 



r=0 



dx] 



where s\ v = sfe ia with sf = ef{s) G e°°(Ui). For // G r°°(F* <g> |A top |T*M) we write 



^ =mpf P \dx} A--- Adx?|, 

with /Xjfl G S°°(J7j). Here | dx 1 A • • • A dx n | denotes the unique locally defined density with value 1 

d d 
dx 1 ' ' ' ' ' dx n 



when evaluated on the coordinate base vector fields -Jrr , • • • , 757^ ■ Then we compute 



D 8 ,fj)= [ KDs) = J2 f 



(XiH{Ds)) o z. 1 d n x 
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=y I (xmbY-m--^ drs? . ) ox-'d-!, 

Y-WoV h rl 1 ih ''i ) 

Note that the integrand consists of compactly supported functions only. Thus we can integrate by 
parts and obtain 

< D '>* = E l l(u , (t^W^ {«^*&) f) '^m. 

Now the function Xi/^-^/.'" a has compact support in Ui thanks to the choice of the \i- Thus it 
defines a global function in C[f (M). It follows that 

* = £ ^fa^.^.a^ (w^"^) ef ® | dxj A ■ ■ ■ A d^| 

r=0 

is a global section in r§°(i?* (8) |A top |T*M) with compact support in Ui. Since the %i are locally finite, 
the sum 

i 

is well-defined and yields a global section D T > G r°°(£* <g> |A top |T*M) such that 

= (a,-D T M>. 

This shows that D is adjointable. From the actual computation above it is clear that D T differentiates 
again k times. Thus D T G DiffOp fc (F* ® | A top |T*M, E* ® \A top \T*M) follows. However, there is also 
another nice argument based on the algebraic definition of differential operators: Let D : T°°(E) — > 
T°°(F) be a differential operator of order zero. Thus D can be viewed as a section of Hom(£', F), i.e. 
D G r°° (Hom(E, F)). Then in jJ,(Ds) we can simply apply the pointwise transpose of D to the F*-part 
of /j,. This defines D T fi pointwise in such a way that (D T /j,)(s) = jj,(Ds). Clearly (Ds,fi) = (s,D T /j) 
follows. Now we proceed by induction. We assume that the adjoint always exists (what we have 
shown already) and for differential operators of order I < k — 1 the adjoint has order £, too. Thus let 
D G DiffOp fe (£; F) and / G e°°(M). Then we have 

(fDs, f i) = (Ds,f f i) = ( S ,D T fn), 

and on the other hand 

(fDs,ri = ([f,D]s,v) + (D(fs),») 

= (s,[f,D]^) + (fs,D^) 

= (s,[f,DF») + (s,fD^). 

Hence by the non-degeneracy of ( • , • ) we conclude that 

[/, D T ] = [/, D] T G DiffOp* -1 ^* ® lA^ir-M,^* \A top \T*M) 

by induction. But this shows D T G DiffOp fe (F* ® |A to P|T*M, E* ® \A to P\T*M) as wanted. □ 

Corollary 1.2.13 Let D G DifFOp fc (£'; F). Then for the leading symbol a k {D T ) G r°°(S fc TM® 
Hom(F* ® |A top |T*M, E* <g> |A to P|T*M)) we have 

a k (D T ) = (-l) k a k (D) T id| A to P | T * M , (1.2.40) 

where a k (D) T denotes the pointwise transpose from h\om(E, F) to Hom(F* , E*). 
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Proof. From the local computations in the proof of Proposition 1.2.12 we obtained 

k 

r! dx 11 ■ ■ ■ dx % 



r=0 



= ^- Xi ^'" ift ° a/^ e ^ <8> | dz* A • • • A dx™| + (lower order terms). 
Since D T fi = ^2i^i arid = 1? we conclude that 

D T fi\ IT = tlLm^kP 9 ViP 9 ® I dxj A • • • A ds?| + (lower order terms) 
= (— l) k <Jk{D) T <8> iduto P |r*jvf (^/) + (lower order terms). 



□ 



Remark 1.2.14 (Other pairings) 

i.) There are several variations of the above proposition. On one hand one can consider the natural 
pairing of a- and (1 — a)-densities for any a 6 C to obtain 

(.,.): T^(E ® \A top \ a T*M) x T^(E* <8> \k tov \ 1 - a T* M) — ► C (1.2.41) 

via pointwise natural pairing and integration of the remaining 1-density. This is again non- 
degenerate. Thus we can also compute the adjoints of differential operators 

D : T^(E <g> \A top \ a T*M) — ► rg°(F <8 \A top fT*M) (1.2.42) 

and obtain differential operators 

d t . r oo^ F * ^ ia^I^^M) — > r°°(E* (8) |A top | x - a T*M) (1.2.43) 



by the same kind of computation as in Proposition 1.2.12 There, we considered the case 
a = = p. 

ii.) Another important case is for complex bundles E with a (pseudo-) Hermitian fiber metric Tig. 
Then we can use the C-sesquilinear pairings 



{s,t® n) = / h(s,t) fi, (1.2.44) 
Jm 

where s,t £ T°°(E) and fx G r°°(| A top \T* M) and at least one has compact support. Clearly, 
this extends to 

(•,•): T°°(E) x T^(E (8) |A top |T*M) — > C (1.2.45) 

in a C-sesquilinear way. While D i— )• Z) T is C-linear, now the adjoint D* depends on L> in an 
antilinear way. 

mj A very important situation is obtained by merging the above possibilities. For a Hermitian vector 
bundle E — > M with Hermitian fiber metric h we consider the sections r^°(I?(8> |A top | 2 T*M). 
On factorizing sections we can define 

(s <8 fi,t <8 v) = J h(s,t)]Iv, (1.2.46) 
Jm 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



28 



1. DISTRIBUTIONS AND DIFFERENTIAL OPERATORS ON MANIFOLDS 



since \xv is a 1-density. Then the pairing extends to a C-sesquilinear pairing 
(•,•): T^(E® \A top \^T*M) x rg°(E(g) \ A top \^T*M) — ► C, 



(1.2.47) 



which is not only non-degenerate but positive definite. Thus rg°(i£ (8> |A top | 2 T*M) becomes 
a pre-Hilbert space. Moreover, taking E to be the trivial line bundle with the canonical fiber 
metric gives a pre-Hilbert space r^°(|A top | 2 T*M) of half densities. Its completion to a Hilbert 
space is the so-called intrinsic Hilbert space on M. 

While the above constructions are always slightly asymmetric unless we take half-densities, we 
obtain a more symmetric situation if we integrate with respect to a given positive density. Thus we 
choose once and for all a positive density [i > on M. Later on, this will be the (pseudo-) Riemannian 
volume density, but for now we do not need this additional property. For a vector bundle E — > M 
we then have the pairing 



( s ,<P)u = / ¥>0) M> 
' M 



(1.2.48) 



(1.2.49) 



for s G T°°(E) and cp G T°°(E*), at least one having compact support. Clearly, 

with the original version (1.2.34) of the pairing (•, •). Since fi > it easily follows that ( 1,2,49[ ) is 
non-degenerate and satisfies 

(f8,<p) ll = (s,f<p) tl (1.2.50) 
for all / 6 S°°(M). For the action of differential operators we again have adjoints: 

Theorem 1.2.15 Let D G DiffOp fc (£'; F) be a differential operator of order k G No- Then there 
exists a differential operator D T G DiffOp fc (i ? *; E*) such that 

(Ds, (p)^ = (s,D T cp) fl (1.2.51) 

for all s G T°°(E) and ip G T°°(F*), at least one having compact support. 

Proof. The proof is now fairly simple. Since D has an adjoint, denoted by D for a moment, with 



respect to (1.2.34) we have 



(Ds,ip) = (Ds,<p<%) fx) = (s,D((ptg> fi) 



and locally 



k 

D(<p 9 IM)\ n = £ ^ & rH dxil d [ dxir (W) e a ® I dx 1 A • • • A dx»\ 



r=0 

k 



r=0 J<I v 7 



E 

r=0 
|/[=r 
J<I 



1 {^fiin^W 1 dU ~ Jl 



r\ \ J 



Ua 



dx J nu dx T ~ J 



e a ® [iu\ dx 1 A • • • A dx r 
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jjj- - 



E 

r=0 
[J|=r 
J<7 



r! \J 



9x J 



dx J ~ J 



<8> /x 



17' 



since fjbjj > thanks to fj, > 0. This shows that with 



E 

r=0 
|/|=r 
J<7 



if 7 ID 



r! VJ 



(J>U 



dx 1 J 



(*) 



we obtain a locally defined differential operator D T such that 



D{y®n) =(D T ip)®/j, 



Now the left hand side is globally well-defined and hence the right hand side is chart independent as 
well. This shows that D T is indeed a global object, locally given by (*). Obviously, it is a differential 
operator of order k. □ 

Remark 1.2.16 



i.) Note that D T as in Theorem 1.2.15 depends on the choice of ji > while the adjoint as in 



Proposition 1.2.12 is intrinsically defined, though of course between different vector bundles. 
However, we shall not emphasize the dependence of D T on [i in our notation. It should become 
clear from the context which version of adjoint we use. 



ii.) Analogously to Corollary 1.2.13 we see that the leading symbol of D T is given by 

a k (D^) = (-l) k a k (DF, 



(1.2.52) 



where again a k (D) T G r°°(Hom(F*, E*)) is the pointwise adjoint of a k {D) G T°° (Hom{E , F)) . 
This is obvious from the local computations in the proof as we have to collect those terms with 
all k derivatives hitting the ipp instead of the \x\j. 

Sometimes it will be important to compute the adjoint of D T more explicitly. Here we can use our 



global symbol calculus developed in Section 1.2.2| To this end, we introduce the following divergence 
operators. If X G T°°{TM) is a vector field then its covariant divergence is defined by 



divvPO =tr(Y h-> VyX), 



(1.2.53) 



where the trace is understood to be the pointwise trace: indeed Y i— > VyX is a C°°(M)-linear map 
r°°(TM) — > r°°(TM) which therefor can be identified with a section in r°° ( End (TM)). Thus the 
trace is well-defined. More explicitly, in local coordinates (U, x) we have 



(1.2.54) 



div v (X)\ u = dx 1 [V _a_X 

Clearly, we have for / G Q°°(M) and X G r°°(TM) the relation 

div v (/X)=X(/) + /div v (X) 



(1.2.55) 



This Leibniz rule suggests to extend the covariant divergence to higher symmetric multivector fields 
as follows. 
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Definition 1.2.17 (Covariant divergence) LetV be a torsion-free covariant derivative for M and 
let X7 E be a covariant derivative for E. For X E V°°(S'TM (g) E) we define 

divf (X) = i s (dx i )V JL X. (1.2.56) 



Lemma 1.2.18 By (1.2.56) we obtain a globally well-defined operator 

divf : r°°(STM <g> E) — ► r 00 (S , ~ 1 TM ® £), (1.2.57) 
which is given on factorizing sections by 

k l 

divf (Xi V •• • y X k ® s) =^X 1 V ••• A ••• V X k ® (div v pQ)s + Vf t s) (1.2.58) 

i=i 

* i 

+ 2^ (V Xe X m ) V X x V • • • A • • • V X k <g> s, (1.2.59) 

i,m=l 

where X u . . . ,X k E r°°(TM) and s E T°°(E). 



Proof. First it is clear that the transformation properties of A- and dx l under a change of local 



coordinates guarantee that divf is indeed well-defined and independent of the chart. Thus divf is a 
globally defined operator lowering the symmetric degree by one. Now let X\, . . . , X k E T°°(TM) and 
s E T°°(E) be given. Then we compute 



divf (Xi V • • • V X k <g> s) 



= i s (dx i )V JL (Xi V ••• 


/ 

= is(dx J ) [J2 
\e=i 


Xi V • • • 


= £x lV - 

£,m=l 




k 


• V d x i ( 


£,m=l 


•VV Xm 




k 

^=1 


• V divy 



V • • • V X k ® V^a s 



(V^X/) V---VX fc 0s + y^XiV-- - Vdi^If) V • • • y X k <g> V^s 



□ 

The covariant derivative V also acts on densities hence we can compute the derivative Vx/J of 
the positive density [i. This defines a function 

a(X) = (1.2.60) 
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depending C°° (M)-linearly on X. Thus we obtain a one-form a G T°°(T*M) which measures how 
much [i is not covariantly constant. Similarly, we can define the //-divergence of a vector field by 

div M (X) = (1.2.61) 



Lemma 1.2.19 For X £ T°°(TM) we have 

div M (X) = div v (X) + a(X). 



(1.2.62) 



Proof. This can be obtained from a simple computation in local coordinates which we omit here, see 
e.g. |60, Sect. 2.3.4]. □ 
Writing this as 

div M pO = divv(X) + i s (a)X, (1.2.63) 



we can motivate the following definition. For X £ r°°(S*TM ® is 1 ) we set 

div^(X) = divf(X)+i s (a)X, 
where i s (a) acts on the S*TM-part as usual. 
Lemma 1.2.20 On factorizing section we have 

k i 

div^(Xi V • • • V X k ® s) = ^2 X l v • • • A ' ' ' v X k ® (div M (X £ )s + Vf £ s) 



(1.2.64) 



^ V I( I m VliV 



A • • • A 



vx fc 



(1.2.65) 
(1.2.66) 



e,m=i 



Proof. The proof of (1.2.65) is completely analogous to the proof of Lemma 1.2.18 □ 
We can now use the divergence operator to compute the adjoint of a differential operator in a 
symbol calculus explicitly: 

Theorem 1.2.21 (Neumaier) Let X € T°°(S k TM ® Hom(E,F)) and let V and V E , V F be given. 
Then the adjoint operator to g S td(X) with respect to (■ , • ) is explicitly given by 

6std (X) T = (-l) k g std (N 2 X T ), 

where 



A r = eX p(^ div H°m(^) 



n 

2i 

and where we use the induced covariant derivative on h\orr\(E,F) and Hom(i ? * , E*) 



(1.2.67) 
(1.2.68) 



Proof. By a partition of unity argument we can reduce the problem to the case where the involved 
tensor fields have compact support in a chart (U, x). In this chart we first note that from the definition 
of the covariant derivative of a density we obtain the local expression 



a 



it 



dx l 
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for the one-form a. Now let uj G r°°(S e T*M <g) F*) and s G r°°(£). In the following of this proof, 
we shall simply write div M for all divergences instead of specifying the vector bundle explicitly, just 
to simplify our notation. For X G r°°(S fc+£ TM ® Hom(£, F)) we compute 

Sfj^ ((i s (dx i )I, W »(D B )' ! " 1 s ^) 

= ^- ((i s (d<)X,u;® (D £ ) fc " 1 S ))/x+(i s (dx i )X, W ® {D E ) k ~^s)^n 
= (Vjl (i s (d^)A) ,w® (D E )"s)/i+(i s (ds i )X,V Jl w0 (D E ) k ^ s) n 



+ (i s ( -^dx 1 (D s ) fe M/x 



(d^V^I^^DY 1 s^/i+ <|i s (-r^d^) (D s ) fc 1 a^/x 

+ (i s (dx i )X,V JL u;® (D £ ) fe_1 s + u ® V _a, (D^' 1 s) fi 



+ (i 8 l^-dx i )X,u®(D E ) k 1 s)^ 



[aw v (X),u®(D E ) k ~ 1 s^ f i + (i s (a)X,oj®(D E ) k - 1 sj f i 

+ (X, D F * lo ® (D E ) fc_1 s) /x + (x,u; ® (D £ ) fc s) /i 

= (div„(X),w® (D^)*"^ D F * uj® (D B ) fe_1 + (D E ) fe ^ M . 

Integrating this equality over M gives immediately 

/ (x,lu® (D E ) k s)fi = - [ (x,D F *u® (D B ) fc_1 S \//- / (di V/i (X),u;® (D B ) fc_1 S \/x. (*) 

This result is now again true for general compactly supported sections by the above partition of unity 
argument. We claim now that for all I < k we have 



E sk-e 

s)n- 



j M (X, u ® (D E ) k s) „ = {-If g Q J m (d^(X), (D^)^c ® (D*) 
Indeed, a simple induction gives this formula as we can successively apply (*) 

= ("tfE Q ( / M (div^(X),(D^)^^ (D^)^ 1 ,)^ 

+ j M (&^{XUD F y-^® (D E ) k - £+1 s) ^ 
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£4*1 



F*\£-r+l 



/r ^ Fx fc-^-l 

(D B ) 



r=0 



M 



+ EC) /..(div^(X),(D^)^-^®(D s )' ,,)/, 



:(-l)^ / (div^(X), W 0(D^) fc - m S )^ 
JM x ' 



r=l 



r — 1 



+ (-l)* +1 / (div M (X),(D^)^^(D s ) 

JM X 



In particular, for k = I we obtain the formula 



QJ <$ S ) fl 



with no derivatives acting on s anymore. Thus we have computed the adjoint of g Std (X). Indeed, 
collecting the pre-factors gives 



Jm 



1 /ft 



fc! V i 



M 



r=0 



>7 



(Jfe-r)! 
>7 Jm V 1 



( fetd (div;(X T ))o;) («) M 

(-i)V M (^(E^(j) r W))«)w^ 



(-l) fc / (£ Std (iV 2 X» ( S ) M , 



M 



with iV as in (1.2.68). 



□ 



Remark 1.2.22 The reason for the unpleasant prefactor ( — l) fc is that we have not used a sesquilinear 
pairing. Indeed, if we have the situation as in Remark 1 1 . 2 . 1 4| then we would have the following result: 
For simplicity we consider the scalar case only, i.e. E = F = M x <C are both the trivial line bundle 
hence T°°(E) = e°°(M). Then consider 



M 



(1.2.69) 
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for ip,if) G Cq°(M) instead of (1.2.48). The additional complex conjugation uses the sign (— l) k to 
obtain 

g Std (Xf = g atd (N 2 (Xf) (1.2.70) 



11 



for X G r°°(S fc TM) in this case. This also generalizes to the case of Hermitian vector bundles, see 
for an additional discussion. 

1.3 Distributions on Manifolds 

In this section we introduce distributions as continuous linear functionals and discuss several of their 
basic properties. In particular, the behaviour under smooth maps and differential operators will be 
discussed. 

1.3.1 Distributions and Generalized Sections 

As in the well-known case of M = R ra we define distributions as continuous linear functionals on the 
test function spaces: 

Definition 1.3.1 (Distribution) A distribution u on M is a continuous linear functional 

u-.e^(M)^C. (1.3.1) 
The space of all distributions is denoted by Cq°(M) / or D'(M). 

Remark 1.3.2 (Distributions) 

i.) The continuity of course refers to the LF topology of C§°(M) as introduced in Theorem 1.1.11 In 



particular, a linear functional is continuous if and only if for all compacta K C M the restriction 

u| e „ (M) : e£(M) — ► C (1.3.2) 

is continuous in the C^-topology. This is the case if and only if for all if G C^(M) we have a 
constant c > and I G No such that 

\u((f)\ < c max p K/ , (</?). (1.3.3) 

Analogously, we could have used the seminorms pu,x,K,e avoiding the usage of a covariant deriva- 
tive but taking a maximum over finitely many compacta in the domain of a chart. With the 
symbolic seminorms of Remark |1.1.8| we can combine this to 

\u(tf)\<cp K/ (if). (1.3.4) 

In the following, we shall mainly use this version of the continuity. Since each C^(M) is a 
Frechet space, u restricted to C^(M) is continuous iff it is sequentially continuous. This gives 
yet another criterion: A linear functional u : Sg°(M) — > C is continuous iff for all if n G C XD (M) 
with (f n — > f in the C^-topology we have 

u(f n ) — > u(f). (1.3.5) 



ii.) The minimal t G Nq such that ( 1.3.3 ) is valid is called the local order ord^-('u) of u on K. Clearly, 



this is a quantity independent of the connection used for p^ ^ and can analogously be obtained 
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from the seminorms p Ux K ^ as well. The independence follows at once from the various estimates 
between the seminorms as in the proof of Theorem 1.1.5 The total order of u is defined as 

ord(it) = supordii-(u) £N U {+oo}, (1.3.6) 
K 

and the distributions of total order < k are sometimes denoted by T>' k (M). Their union is 
denoted by T>' F (M) and called distributions of finite order. 

Hi.) The distributions T)'(M) as well as D' k {M) and D' F (M) are vector spaces. We have W k (M) C 
T)' e (M) for k < i. It can be shown that already for M = W 1 all the inclusions D' k (M) C 
D'\M) C D' f (M) C D'(M) are proper. 

iv.) If u has order < k it can be shown that u extends uniquely to a continuous linear function 



u : e e Q (M) — > C 



(1.3.7) 



with respect to the Cg-topology provided £ > k. This follows essentially from the approximation 
see e.g 



Theorem 1.1.26 



31 Thm 2.16]. 



Example 1.3.3 (^-functional) For p £ M the evaluation functional 

S p : Cg°(M) 3 if ^ (p(p) G C 
is clearly continuous and has order zero. More generally, if v p £ T p M is a tangent vector then 



(1.3.? 



v p : ip h-> Vp(ip) 



(1.3.9) 



is again continuous and has order one. 



Example 1.3.4 (Locally integrable densities) Let n : M — > \A top \T*M be a not necessarily 
continuous section. Then fi is called locally integrable if for all charts (U, x) and all K C U the 
function in //|^. = \ dx 1 A • • • A dx n | is integrable over K with respect to the Lebesgue measure 
on x(U). Since the {dx 1 A • • • A dx n \ transform with the smooth absolute value of the Jacobian of 
the change of coordinates, it follows at once that local integr ability is intrinsically defined and it is 
sufficient to check it for an atlas and an exhausting sequence of compacta. It is then easy to see that 

H : Cg°(M) 3 if ^ / v?/x€C (1.3.10) 
Jm 

is continuous. Indeed, if K C M is compact then vo\^{K) = J K < oo is well-defined and we have 



/ <P I 1 
JM 



< Vol A1 (K)p X (v9). 



(1.3.11) 



Note that = v/U/^ is well-defined as 1-density and still locally integrable. In particular, (1.3.10) is 
a distribution of order zero. 



Remark 1.3.5 (Generalized densities) The last example shows that we can identify densities of 
quite general type (locally integrable) with certain distributions. For this reason, we call distributions 
also "generalized densities", following e.g. |23p7) . Note however that e.g. Hormander takes a different 
point of view and treats distributions as " generalized functions". In |31| a distribution is not a 
continuous linear functional on C§°(M) but has a slightly different transformation behaviour under 
local diffeomorphisms. In fact, his generalized functions can be viewed as continuous linear functionals 
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on r§°(|A top |T*M). To emphasize the generalized density aspect from now on we adopt the notation 
of |27| and write 

r~°°(|A top |T*M) = {u : eg°(M) — ► C | u is linear and continuous} . (1.3.12) 

This point of view will be very useful when we discuss the transformation properties of distributions. 
Later on, both versions will be combined anyway since we consider distributional sections of arbitrary 
vector bundles. Thus speaking of generalized functions will be non ambiguous. 

We can now generalize the notion of distributions to test sections instead of test functions. 

Definition 1.3.6 (Generalized section) Let E — > M be a smooth vector bundle. Then a gener- 
alized section (or: distributional section) of E is a continuous linear functional 

s : F^(E* ® \A top \T*M) — ► <D. (1.3.13) 

The generalized sections will be denoted by r _ °°(£'). 

Remark 1.3.7 Note that here we have some mild clash of notations since we defined a distribu- 
tion already as a generalized density u G r~°°(|A top |T*M) while a generalized density according to 
Definition 11.3.61 is a continuous linear functional 

u : Tg° ((|A top |r*M)* ® \A top \T*M) — > C, (1.3.14) 

and not u : Cg°(M) — > <D. However, for any line bundle L we have canonically L* 8 i - M X C 
hence we can (and will) canonically identify rg°((|A top |T*M)* ® \A top \T*M) with Cg°(M). Thus 
Definition 11.3.61 and Definition 11.3.11 are consistent. 

Moreover, a section of E is always a generalized section of E since for s G T°° (E) we can integrate 
u)(s) with uj G T'q'{E* ® |A top |T*M) over M and obtain a continuous linear functional which we 
can identify with an element in T~°°(E). In fact, the section s is uniquely determined be the values 
J ai uj(s) for all uj G T'^ ) (E* (8) |A top |T*M) hence this is indeed an injection. Therefor we have 

r°°(£) c r-°°(E). (1.3.15) 

More generally, we also have 

T k (E) C T-^iE) (1.3.16) 

for all k G No by the same argument. 

Remark 1.3.8 If we choose a smooth positive density /j, > then we can also identify T~°°(E) with 
the topological dual of T'^'(E*). Indeed, if s G T~°°(E) then we can define 

I„{s) : T™(E*) 3uj i y s(oj ® /i) G C, (1.3.17) 

and clearly obtain an element Iu(s) G Tq 2 (E*) 1 in the topological dual. The reason is that the map 

T^(E*) 3oj i— > uj® fieT^(E* ® \A top \T*M) (1.3.18) 



is continuous in the Cn^-topology according to Proposition 1.1. 241 and Remark 1.1.25 Moreover, since 



(1.3.18) is even a bijection with continuous inverse, we obtain an isomorphism 

I,, : r~°°(E) — ► T^(E*)'. (1.3.19) 
In case of M = R Tl one uses the Lebesgue measure d n x G r°°(|A p |T*lR n ) to provide such an 



identification. Note however that (1.3.19) does not behave well under vector bundle morphisms as we 
shall see later since fi needs not to be invariant. Finally, if the choice of [i is clear from the context, 
we shall omit the symbol 1^ and identify T~°°(E) directly with the dual space T°°(E*y to simplify 
our notation. This will frequently happen starting from Chapter [3] 
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Remark 1.3.9 (Module structure) The generalized sections T °°(E) become a 6°°(M)-module 
via the definition 

(f-s)(u) = a(fu). (1.3.20) 

Indeed cj i— > fuj is C^-continuous and hence ( |1 .3.20 ) is indeed a continuous linear functional / • s G 
T~°°(E). The module property is clear. 

Remark 1.3.10 (Order of generalized sections) The continuity of s £ T~ co (E) is again ex- 
pressed using the seminorms of T°°(E* ® \A top \T* M) in the following way. For every compactum 
K C M there are constants c > and I G No such that 

\s(u)\<cm&xp K/l (uj), (1.3.21) 

for all uj G T^(E* (8) \A top \T*M). Again, the local order of s on K is defined to be the smallest I such 
that (1.3.21) holds. This also defines the global order 

ord(s) = supordi^(s) (1.3.22) 
K 

as before. As in the scalar case, a generalized section s G T~°°(E) with global order ord(s) < k 
extends uniquely to a CQ-continuous functional 

s : T e (E* (8) \A top \T*M) — > C (1.3.23) 

for all l>k. We shall denote the distributional sections of order < t by r -£ (i£). Note that r _0 (£') 
are noi just the continuous sections. 

We also want to topologize the distributions. Here we use the most simple locally convex topology: 
the weak* topology: 

Definition 1.3.11 (Weak* topology) The weak* topology for F~ 00 (E) is the locally convex topolo- 
gy obtained from all the seminorms 

P w (s) = |*MI, (1.3.24) 

where oj G Tf(E* <g> \A top \T*M). 

In the following we always use the weak* topology for T~°°(E). We have the following properties: 

Theorem 1.3.12 (Weak* topology Q f r~°°(E)) 
i.) A sequence s n G T~°°(E) converges to s G T~°°(E) if and only if for allu) G T^(E*® \A top \T*M) 

s n (oj) — ► a(w). (1.3.25) 

ii.) r _00 (£') is sequentially complete, i.e. every weak* Cauchy sequence converges. 

Hi.) The inclusions T k (E) C r~°°(E) are continuous in the Q k - and weak* topology for all k G 
N U{+oo}. 

iv.) The map T~°°{E) r~°°(E) is weak* continuous for all f G Q°°(M). 

v.) The sections T'q'(E) are sequentially weak* dense in T~°°(E). 

Proof. The first part is clear since s n — > s means for every seminorm p w we have 

Pa,( s n -a) — > 0, 



which is (1.3.25). Thus the notion of convergence in T 00 (E) is pointwise convergence on the test 
sections Vjf(E* <g> \A top \T* M). The second part is non-trivial but follows from general arguments: 
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first one shows that the topological dual V' of a Frechet space V is sequentially complete by a Banach- 
Steinhaus argument. Here Frechet is crucial. Second, one extends this result to LF spaces like our 
\A top \T*M), see e.g. |3ll Thm. 2.1.8] or |5l] Thm. 6.17] for details. Note however that 



_ Thm. 2.1.8] or 

Y~°°(E) is not complete; in fact, the completion is the full algebraic dual |34~| p. 147]. The third part 
is easy since for a C fc -section s G T k (E) we have for all u G Fff(E* ® \A top \T*M) 



Pw(») = 



M 



< c Po(«). 



with some constant c > depending on oj but not on s and a compactum supp u) C K . Essentially, c 
is the volume of K times the maximum of to with respect to the metrics used to define Pxfi- From 
this the continuity is obvious. For the fourth part we compute 

Pu(/s) = l/ s M| = l s CMI = Pfw( s ), 



which already shows the continuity. The last part is slightly more tricky. We have to construct a 
sequence s n G T^(E) with s n — > s in the weak* topology using of course the identification of s n 
with an element of T~°°(E). We choose a countable atlas of charts (U n , x n ) and a partition of unity 
Xn subordinate to this atlas. Then we consider the distributions Xn$ G T~°°(E). We claim that 



^2 XnS = 

n=0 

in the weak* topology. To prove this, let oj G Vjf(E* 
Then only finitely many \n are nonzero on K, hence 



|A to P|T*M) be given and let K = suppw. 



finite 



(finite N 
n / 



This proves convergence. Since the XnS are countable, it is sufficient to prove that each Xn,s can 
be approximated by a sequence of sections in Tq 3 (E). Since suppXn Q U n we also conclude that 
(x n s)(cj) = if supp oj Pi U n = 0. Thus we are left with the problem to approximate a distribution on 
a chart which can be done by some appropriate convolution, see e.g. |51| Thm. 6.32]. □ 



Remark 1.3.13 (Weak* topology otT-°°(E)) 
i.) It should be noted that T~°°(E) is not Frechet, in fact it is not metrizable. Thus sequential 
completeness is weaker than completeness: T~°°(E) is not complete and its completion is the 
full algebraic dual of r™(E* \A to P\T*M). 

ii.) The importance of continuity of the inclusion is that for sections s n G T k (E) with s n — > s in 
the C fc -topology we also have s n — > s in the weak* topology of T~°°(E) for all k G No U {+oo}. 

Hi.) The last part shows that T~°°(E) is, on one hand, a large extension of r o x, (S) and also T°°(E) 
which, on the other hand, is still not "too large": continuous operations with distributions are 
already determined by their restrictions to T'^(E). This justifies the name "generalized section". 



1.3.2 Calculus with Distributions 

In this subsection we shall extend various constructions with sections to generalized sections. The 
main idea is to "dualize" continuous linear operations on test sections in an appropriate way. 

We begin with the definition of the support of a distribution and its restriction to open subsets. 

Definition 1.3.14 (Restriction and support) Let U C M be open and s G T~°°(E). 
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i.) The restriction s\ u is defined by 

s\ u (uj) = s(uj) (1.3.26) 

for uj G r§°(£* ® lA^I^M)^), i.e. for lu G T^(E* <g> \A top \T*M) with suppw C U. 
ii.) The support of s is defined by 

supps = p) A. (1.3.27) 

ACMclosed 
s \m\a=0 

Remark 1.3.15 (Restriction and Support) 

i.) It is easy to show that s\ u G F~°°(E\ U ). Moreover, we clearly have 

(sUvHv (1.3.28) 

for V C U . In more sophisticated terms this means that F~ co {E) has the structure of a presheaf 
over M with values in locally convex vector spaces. 

ii.) If U a C M is an open cover of M and if we have s a G F~ OD (E\ u ) given such that 

Sa \u a nUp = s p\u a nu^ (1.3.29) 

whenever U a PI C/« ^ then there exists a unique s G r _00 (£') with sL = s a . The proof of this 
fact uses a partition of unity argument to glue together the locally defined s a . In fact, if \a is 
a subordinate partition of unity one checks that the definition 

S H = ^2 S a(.XaU) (1.3.30) 

a 

indeed gives the desired s, independent of the choice of the partition of unity. Moreover, if 
s,t G r _oc (i?) are given then 

s\ Ua =t\ Ua (1.3.31) 

for all a implies s = t. This is obvious. Again, with more high-tech language this means that 
r~°°(E) is in fact a sheaf and not only a presheaf. 

Hi.) The support supps of s G r~°°(E) is the smallest closed subset with s | M \ supps = and we have 
p G supp s if and only if for every open neighborhood U of p we find uj G Y'^'{E* <g) |A top |T* M) 
with suppw C U and s(oj) / 0. 

iv.) For s G F-°°(E), f G e°°(M), t G T°(E) and w G Tg ^* ® \A top \T*M) we have 

SU PP(/ S ) supp / n supp s (1.3.32) 

= if supps n supp a; = 0, (1.3.33) 

and the support of t as a continuous section in F°(E) coincides with the support of t viewed as 
distribution. Thus the notion of support has the usual properties as known from continuous or 
smooth sections. 

After the support we also have a more refined notion, namely the singular support. It characterizes 
where a generalized section is not just a smooth section but actually "singular". 

Definition 1.3.16 (Singular support) Let s G F-°°(E). 
i.) s is called regular in p G M if there is an open neighborhood U C M of p such that 



\U 



G T 00 ^). (1.3.34) 
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ii.) The singular support of s is 

sing supp s = {p G M \ s is not regular inp} . (1.3.35) 
The singular support of s indeed behaves similar to the support. 

Remark 1.3.17 (Singular support) Let s G T~°°(E), t G r oo ( J E) and / G Q°°(M). 
i.) The singular support sing supp s is the smallest closed subset of M with 

s|, A . Gr°°(£). (1.3.36) 

I M \ sing supp s v ' v ' 

This follows easily from the fact that smooth sections are determined by their restrictions to 



open subsets and by (1.3.29) in Remark 1.3.15 
ii.) We have 

sing supp s C supp s , (1.3.37) 

sing supp(/s) C sing supp s, (1.3.38) 

and 

singsuppt = 0. (1.3.39) 
Again these properties follow in a rather straightforward way from the very definition. 

Having a notion of support of distributions it is interesting to consider those elements of T~°°(E) 
with compact support. The following theorem gives a full description: 

Theorem 1.3.18 (Generalized sections with compact support) Let s G T~°°(E) have com- 
pact support. Then we have: 
i.) s has finite global order ord(s) < oo. 
ii.) s has a unique extension to a linear functional 

s : T°°(E* \A top \T*M) — ► C, (1.3.40) 

which is continuous in the C°° -topology. 
Conversely, if s : r°°(.E* <S> |A top |T*M) — > C is a continuous linear functional then its restriction to 
r§°(£'* (g) \A P \T* M) is a generalized section of E with compact support. 

Proof. Thanks to the compactness of supp s we can find an open neighborhood U of supp s such that 
U d C M is still compact. Hence there is a x £ Cq°(M) with x^a = !• It follows from ( |1.3.32[ ) that 

\s = s. 

For K = suppx we find some i G No and c> such that for all u G T^iE* (8) \ A top \T*M) we have 



since s is continuous with the seminorms of Remark 1.1.8 If u G Tq :i (E* \A top \T* M) is arbitrary 
we have X u e T%(E* ® \A top \T*M), hence 

= l s (xw)| < cp K/ (xuj) < c'p K/ {uj) < c'p M/ (u) 

by the Leibniz rule and the compactness of suppw. From this we immediately see that s has global 
order ord(s) < I. For the second part consider u) G T oc (E* (8) \A top \T* M) then x^ nas compact 
support and we can set 

= s(xuj). 
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This clearly provides a linear extension of s and since supp(x<^>) Q K we have 

l«(w)| = \s(xu)\ < cVk/xu) < c'p K/ (oj), 
which is the continuity in the C°°-topology. Thus s is a continuous extension. Since 

r§°(£* ® |A top |T*M) C r°°(£* ® |A top |T*M) 



is dense by Proposition 1.1.9 such an extension is necessarily unique. Now let s : T oc (E* 
\A top \T* M) — > C be linear and continuous in the C°°-topology. Then there exists a compactum 
K C M and I G N , c> with 

|a(w)| < cp^(w) 

for all w G r 00 (£'* ® |A top |T*M). From this it follows easily that s| roo ^*®|A to P|T*M) * s con ti nuous 
in the C^/-topology for all compacta K'. Moreover, for suppu; f~l K = we have s(oj) = 0, hence 
supp s Q K follows. □ 

Definition 1.3.19 The generalized sections of E with compact support are denoted by Tq OD (E). 

After having identified the distributions with compact support we can extend this construction 
under slightly milder assumptions: if only the overlap supps fl suppw is compact then the pairing 
s(oj) is already well-defined: 

Proposition 1.3.20 Let s G T~°°(E) be a generalized section. Then there exists a unique extension 
s of s to a linear functional 

s: {oj G T°°(E* <g> |A top |T*M) | supp u D supps is compact} — ► C, (1.3.41) 

such that 

i.) s coincides with s on T^(E* ® \A top \T*M), 
ii.) s(oj) = if supp s n supp oj = 0. 



Proof. Assume first that s 7 is another such extension and let a; be a test sections as in ( 1.3.41 ). Then we 
choose a cut-off function x £ C°°(M) with x = 1 on an open neighborhood U of K = supps Pi supp oj . 
Thus oj = + (1 — x) w with x u having compact support and supp(l — x)u D supp s = 0. Hence for 
the extension s we get by linearity and [I| J and J 

«M = s(x^ + (1 - xM = s(X") + s((l - x)^) = s(xw). 

The same arguments hold for s 7 whence (^(oj) = s(x w ) = s(oj) follows. This shows that such an 
extension is necessarily unique. To show existence we simply define s(u>) = s(x^) where x is chosen 
as above. Clearly, two different choices of x l ea d to the same extension by the above uniqueness 
argument. Since for uj,uj' we can find a common satisfying the requirements with respect to both 
oj and oj' , we see that the above definition is linear. For supp a; compact we find a \ with x^ = oj 
whence ^ ) follows. Finally, if supps n supp a; = then x = will do the job and so (^[^ holds. □ 
One can also put a certain locally convex topology on the vector space of such test functions such 
that the extension is actually continuous. In the following we will denote this extension simply by s. 

Remark 1.3.21 A slight variation of this proposition is the following. If ordjf s < i for some compact 
subset K then s extends uniquely to a linear functional 

s : G T e (E* ® \A top \T*M) | supp oj C\ supps C if} — ► C, (1.3.42) 

such that 
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i.) s coincides with the continuous extension of s to T K (E* \A top \T* M) on those u with supp u C 
K. 

ii.) s(uj) = if supp a; n supps = 0. 

After the discussion of supports we can now move distributions around by using smooth maps 
between manifolds and vector bundle morphisms. The latter one clearly includes the case of smooth 
maps by viewing smooth functions as sections of the trivial line bundle and extending a smooth map 
in the unique way to a vector bundle morphism of the trivial line bundles. 

Thus let E — > M and F — > M by vector bundles and let $ : E — > F be a smooth vector bundle 
morphism over the smooth map eft : M — > N. We can now obtain pull-backs and push-forwards 
of distributions by dualizing the statements of the Propositions 1,1, 20| and |1,1,23| appropriately. We 
start with the scalar case: 

Definition 1.3.22 (Push-forward of distributions) Let (j) : M — > N be a smooth map. The 
push-forward of compactly supported generalized densities 

4>* : ro°°(|A top |T*M) — > r °°(|A top |T*iV) (1.3.43) 

is defined on f £ Q°°(M) by 

(M{f) = ti<f>*f)- (1.3.44) 

Proposition 1.3.23 (Push- forward of distributions) Let <fi : M — > N be a smooth map. 

i.) The push-forward <f)^\i of fj, £ Tq °°(|A top |T*M) is a well-defined generalized density with compact 
support 

^/xGr °°(|A top |r*Af). (1.3.45) 

The map eft* is linear and continuous with respect to the weak* topologies. 

ii.) Assume <p is in- addition proper. Then the push-forward extends uniquely to r~ oc '(|A top |T*M) 
and gives a linear continuous map 

0* : r-°°(|A top |T*M) — > r-°°(|A top |T*A0 (1.3.46) 

with respect to the weak* topologies. Explicitly, for all if G S§°(A^) the push-forward 4>*[i of fj, is 
given by 

(M(<p) = M^V)- (1-3.47) 

Hi.) We have 

(id M )* = idr-°°(|A to p|T*Af) an d {<t> VO* = 4>* (1.3.48) 



Proof. Since by Proposition |1.1.14| the pull-back (p* : e°°(iV) — > Q°°(M) is e°°-continuous, by 



(1.3.44) one obtains a well-defined transpose map of 0* which — consequently — is denoted by </>*. 
Clearly, 0* is linear and 

p/(<A*m) = \4>*n{f)\ = = p<^*/(m) 

shows immediately that (ft* is weak* continuous. The second part follows analogously, now using 



Proposition 1.1.17 instead. The uniqueness of this extension follows since 4>*n is continuous and since 
the compactly supported distribu tions r „ °°(|A top |r*M) are sequentially dense in r-°°(|A top |T*Af). 
The later follows from Theorem [L3~12| \v\) since already rg°(|A top |T*M) C T °°(|A top |T*M) C 



r °°(|A top |r*M) is sequentially dense. The last part is obvious and follows immediately from the 
corresponding properties of the pull-back of functions. □ 
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Figure 1.1: The push-forward has now singular support. 



Remark 1.3.24 (Push-forward of smooth densities) Since by Remark 1.3.15 ^) we have 
r°°(|A top |T*M) C r °°(|A top |r*M), we can always push-forward compactly supported smooth den- 
sities in the sense of generalized densities by (1.3.44). However, even though /j, is smooth, needs 
not to be smooth at all. A simple example is obtained as follows: Let i : C — > M be a submanifold 
of positive codimension and let [i £ r°°(|A top |T*C) be a smooth density on C. Then for / 6 Cq°(M) 
we have 



(1.3.49) 



c 



which can not be written as f M f v with some smooth v S r°°(|A top |T*M). In fact, one can show 
rather easily that 

supp = sing supp L*fi = t(supp fi) (1.3.50) 

in this case, see also Figure |1.1| The simplest case of this class of examples is given by C = {pt} 
and fi = <5 p t the evaluation functional on C°°(pt) = <D. On C, the ^-functional is actually a smooth 
density but on any higher dimensional manifold this is of course no longer the case. 

Remark 1.3.25 There is also a vector- valued version of push-forward. Since for a vector bundle 
morphism : E — > F over (j) : M — > N we have a continuous pull-back 



. y°°(F*) — ► T°°(E*), 

this dualizes to a push-forward 

: °°(E 8) \A top \T*M) — > Tq°°(F ® |A top |T*A) 
being again linear and weak* continuous. In case <p is proper we get an extension 

: T-°°{E® |A top |T*M) — > r°°(F® |A top |T*A), 



(1.3.51) 



(1.3.52) 



(1.3.53) 



which is again linear, unique and weak* continuous. In general, a smooth section of E® |A top |T*M 
is pushed forward to a singular section of F ® \ A top \T* N . Note however, that there are conditions on 



and <j) such that is again smooth for a smooth s, see e.g. the discussion in 27, p. 307]. 



Analogously to the pull-backs we shall now dualize the action of differential operators to find 
an extension to distributional sections. As we had (at least) two versions of dualizing differential 
operators, we again obtain several possibilities for distributions. 
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We start with the "intrinsic" version. Thus let D : T°°(E) — > T°°(F) be a differential operator. 
Then its adjoint is a differential operator 

d t . r oo( F * ^ | A to P | T * M ) _^ r^(E* ® \A top \T*M) (1.3.54) 
of the same order as D. This motivates the following definition: 

Definition 1.3.26 (Differentiation of generalized sections) Let D G DiffOp* (E; F) then 

D:T-°°(E) — >r-°°(F) (1.3.55) 

is defined by 

(Ds)(fi) = s(D T fi) (1.3.56) 
for all s G r-°°(E) and fx G T™(F* ® \A top \T*M). 

This definition indeed gives a reasonable notion of differentiation of generalized sections as the follow- 
ing theorem shows: 

Theorem 1.3.27 Let D G DiffOp fc (£'; F). 



i.) For all s G T °°(E) the definition (1.3.56) gives a well-defined generalized section Ds G T °°(F) 
and the map 

D-.T- 00 ^) — >r-°°(F) (1.3.57) 
is linear and weak" continuous. Moreover, we have for all I G No 

D : T-'(E) — ►r _< - fc (.F). (1.3.58) 

ii.) The map D is the unique extension of D : T°°(E) — > T°°(F) which is linear and weak* contin- 
uous. 



Hi.) With respect to the G°°(M)-module structure ofT °°(E) and T °°(F), the map D as in (1.3.57) 



is a differential operator of order k in the sense of the algebraic definition of differential operators, 
i.e. 

D G Diff0p fc (r- oo (^),r- oo (F)). (1.3.59) 



iv.) We have 

supp(Z)s) C supps (1.3.60) 

and 

sing supp(Ds) C sing supps. (1.3.61) 
v.) For every open subset U C M we have 

D S | [/ = J D| [/ (s| c/ ). (1.3.62) 
Proof. Since D T : rg°(F* ® \A top \T*M) — ► T^(E* ® \A top \T*M) is again a differential operator of 



order k by Proposition |1.2.12 and since differential operators are C^-continuous by Theorem 1.2.10 
the definition (1.3.56) yields indeed a continuous linear functional Ds G Tq 2 (F* (g) \A top \T* M)' = 
Y~°°(F). Clearly, D is linear and we have 

Pfl (Ds) = \Ds(fi)\ = \s(D T v)\ = p D T^(s), 



from which we obtain the weak*-continuity at once. The claim ( |1 .3.58 ) is clear by counting. The 



second part follows easily since by Theorem 1.3. 12[ hi) the space T'jf(E) C T 00 (E) is weak* dense 



hence any weak* continuous extensions is necessarily unique. For s G T°°(E) the definition (1.3.56) 
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coincides with the usual application of D by Proposition |1.2.12 

precisely that way to have an extension of D : T°°{E) — > T°°(F). For the third part, we first 
consider a differential operator D G DiffOp (£; F) = Hom eo o (M) (r°°(£), r°°(F)) = T°°(Hom(E,F)) 
of order zero. For s G T~°°(E) we have then for all fi G rg°(F* ® \A top \T*M) the relation 



the definition (1.3.56) was made 
(F)- 



hence D(f-s) = f-D(s) follows. Thus D as in (1.3.56) is a C°°(M)-linear map and hence a differential 
operator of order zero in the sense of definition (1.2.9). Now we can proceed by induction on the 
order: assume that D G BiSOp k (E;F) yields a differential operator D G DiffOp fc (r-°°(£0, r~°°(F)) 
of the same order k for all k < £. Then for D 6 Diff<V +1 (£, F) we have 



(D(f -s)-f. D(s)) (p) = (/ • s)(D^) - D{8)Un) = s - £> T (///)) = s([f, D». 

Since for A = [f,D] G DiffOp £ (£,F) we have A T = [f,D T ], we see that [f,D] : T-°°(E) — ► 
Y~°°(F) is a differential operator of order I by induction. Thus D is again a differential operator 
of order £ + 1, since / was arbitrary. This shows the third part. Now let fi G T^(F* (g) T*M) 
with supp /J, C M\supps then suppD T /i C M\supps as well hence (Ds)(ju) = s(D T fi) = by 

be the smooth section such 



Remark 



1.3.15 



ttU Thus (1.3.60) follows. Let t G r°°(£ 



M\ sing supp s ' 



that for all /i G r 
those /U we have 



(F* <g) |A top |T* M) with supp \i C M\ sing supp s we have = f M t/j,. Then for 



(Ds)(n) = s(D T fi) 



t D T /j, 



AI 



M 



since supp D T ^i C supp \i. Thus .Ds is regular on M\ sing supp s, too, hence for the singular support we 
get sing supp(-Ds) C M\(M\ sing supp s) = singsupps. For the last part let /i G Fq> (F*<8> \A top \T*M) 
be a test section with supp fi C U. Then 

DaL(M) = = <D T v) = s(D T \ uf ,) = 8UD T \ uf j) = (D\ (s\ )) (fi), 



since D T r/ (/i) has still support in J7 by the locality of differential operators. 



□ 



Remark 1.3.28 In Theorem 1.2.15 we have defined a different adjoint D T G DifFOp(E*; F*) of 



D G DiffOp(£'; F) with respect to an a priori chosen positive density > 0. We can use this 
adjoint to extend D to distributional sections as well. To this end we first observe that every section 
in rg°(F* (g> \A top \T*M) is a tensor product u ® fx of a uniquely determined section w G rg°(F*) 
and the positive density fi, since provides a trivialization of \A top \T* M . Thus it is sufficient to 
consider u <g> \i G rg°(F* <g> |A top |r*M) in the following. For s G r -00 ^) we define Ds : T^(F* 
\A top \T*M) — > C by 

ps)(u <g> //) = s((L> T u;) (8) //), (1.3.63) 



which gives a well-defined linear map. Since D T is continuous and since the tensor product is contin- 
uous too, Ds G r~ 00 (i ? ). Moreover, 



Pu<ai*( Da ) = \ Da ( u ® M)l = Pdt^Js) 



(1.3.64) 



shows that D 
D : T°°(E) — 



r 00 (E) — > r 00 (F) is weak* continuous. Since by construction D coincides with 
► T°°(F) on the smooth sections T°°(E) C r~°°(-E), we conclude that the definition 



(1.3.63) and the intrinsic definition from Definition 1.3.26 actually coincide. In particular, even though 



D T in ( 1.3.63[ ) depends on [i explicitly, the combination s(D T u(E> n) only depends on the combination 
oj ® fj,. In |4;, Sect. 1.1.2] the approach (1.3.63) was used to define the extension of D to generalized 
sections. 
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1.3.3 Tensor Products 

In this section we consider various tensor product constructions for distributions. The first one is 
about the values of a distribution and provides a rather trivial extension of our previous considerations. 



Definition 1.3.29 (Vector- valued generalized sections) Let E — > M be a vector bundle and 
V a finite- dimensional vector space. Then a V -valued generalized section of E is a continuous linear 
map 

s :T^{E* ® \A top \T* M) — > V. (1.3.65) 



The set of all V -valued generalized sections of E is denoted by T 00 (E; V). 

Since we always assume that the target vector space V is finite-dimensional, all Hausdorff locally 



convex topologies on V coincide. Thus the notion of continuity of (1.3.65) is non-ambiguous. It is 



clear that all the previous operations on distributions can be carried over to the vector-valued case 
since they were constructed from operations on the arguments of s. 

Proposition 1.3.30 For a finite- dimensional vector space V and a vector bundle E — > M we have 
the canonical isomorphism 

r-°°(E)®V 3s8d H- (w t-> s(lo)v) €T~°°(E;V). (1.3.66) 



Proof. First we note that the map oj h-> s(lj)v is linear and continuous with respect to the C^-topology 
of F^(E* <8 \A top \T*M). Indeed, if \s(u)\ < cp K/ (uj) for K CM compact, c> and I G No and all 
oj G T%(E* <8 |A top |T*M) then 

\\s{u)v\\ < cp Kt (u) \\v\\ , 



is any norm on V. Thus the right hand side of (1.3.66) is a vector-valued distribution. 



where 

Clearly, the map is bilinear in s and v hence it indeed defines a linear map 



\E)®V 



\E;V). 



Let ei,...,efc G V be a vector space basis. For a V- valued distribution s G r~°°(£';y) we have 
scalar distributions s a = e a o s since for finite-dimensional vector spaces the algebraic and topological 
duals coincide. Thus s = s a e a in the sense that s{oS) = s a (ui)e a . Moreover, the s a (u>) are uniquely 
determined hence the s a are unique. It follows that s a <8> e a is a pre-image of s under (1.3.66), hence 
(1.3.66) is surjective. Injectivity is clear since the s a are unique. □ 
In the following we shall use this isomorphism to identify T~°°(E) (8) V with T~°°(E;V). In 
particular, the weak* topology of T~°°(E; V) is just the component-wise weak* topology of T~°°(E). 
One can endow T~°°(E)(3V with a tensor product topology such that (1.3.66) is even an isomorphism 



of locally convex vector spaces. However, we shall not need this here. Note also that for arbitrary 



locally convex V the map (1.3.66) is still defined and injective, but usually no longer surjective. 



The next tensor product is based on the tensor product of the arguments. We consider a product 
manifold M x N with the canonical projections 

M^MxJV^iV. (1.3.67) 

For this situation, we first prove the following statement which is of independent interest: 

Theorem 1.3.31 Let M , N be manifolds. Then for all k G No U {+00} the map 

eg(M) (8 e k (N) 3f®g^ pr^/prjvs G Q k (M x N) (1.3.68) 
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is a continuous injective algebra homomorphism with sequentially dense image with respect to the 
QQ-topologies. In more detail, we have estimates 



i<k i<k 

if we use factorizing data to define the seminorms PxxL k on M x N. 



(1.3.69) 



Proof. First we discuss the linear algebra aspects. Since the algebraic tensor product of two associative 
algebras is canonically an associative algebra, we can indeed speak of an algebra homomorphism. It 



follows immediately that (1.3.68) is bilinear in / and g and thus well-defined on the tensor product. 
Then the homomorphism property is clear. The injectivity is clear as for linear independent f a and 
linear independent gp the images of f a ®gp are still linear independent. This can be seen by evaluating 
at appropriate points (x, y) G M x N. Thus we can identify / g with pT* M fpr* N g and avoid the 
latter, more clumsy notation. We come now to the continuity property. Thus let V M and be 
torsion-free covariant derivatives and let \/ MxN be the corresponding covariant derivative onMxJV, 
By Dm, DjV) and DmxN we denote the corresponding symmetrized covariant derivatives. Now let 
K C M and L C N be compact. Then KxLOMxN is compact, too, and every compact subset 
of M x N is contained in such a compactum for appropriate K and L. Thus it suffices to consider 
K x L C M x N. For / G Q k K {M) and g G Q k L {N) we compute 



^Mxn{w*mU)w*n 



^)) = E (f) D Mx^v(pr 

1=0 ^ ' 



MS) V D^x7v(P r 



N 



9) 



EOW^/jVpr^ 
i=o ^ ' 



N 9 



since DmxN is a derivation and since DmxN P t *m = P r M as well as D^xAf P r jv = P t *n ^JV- ^ we 
also choose the Riemannian metric on M x N to be the product metric of gu on M and g^ on ./V 
we obtain for the PxxL k seminorm 



PKxL,k{pr*M(f)pr*N(g)) 



sup 

(x,y)£KxL 



DMx7v(prM(/)pr^( 5 )) 



MxN 



< sup supc 

o<e<k 



D 



N 9\ 



N 



cmaxp K/ (f)p Le (g), 

t<k 



which shows the continuity property of (1.3.68). We are left with the task to show that finite sums 
of factorizing functions are sequentially dense. Thus let F G Cq(M x N) be given. We choose atlases 
{(U a ,x a )} of M and {{Vp,yp)} of N together with subordinate partitions of unity {Xa} and 
respectively. Then the {(U a x Vp, x a x yp, Xa® ipp)} provides an atlas of M x N with a corresponding 
partition of unity. Since suppF is compact, it follows that 

is a finite sum and each term Xa <8> ipp • F has compact support in U a ® Va. Thus it will be sufficient 
to find a sequence in C k (U a ) (8) Cq(V^) which approximates a function in Sq(C/q, x Vp). This reduces 
the problem to the following local problem: We have to show that Cg(lR n ) (£> C^IR" 1 ) is sequentially 
dense in QqQRJ 1 '*'" 1 ). We will need the following technical lemma: 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



48 



1. DISTRIBUTIONS AND DIFFERENTIAL OPERATORS ON MANIFOLDS 



Lemma 1.3.32 Let f G Sg(IR n ) and K C IR™ compact. For every e > there exists a polynomial 
p e e Pol(R n ) such that for all £ < k 

VkM ~ /) < e - ( L3 - 7 °) 

Proof. We only sketch the proof which uses some convolution tricks. We consider the normalized 
Gaussian 



G s (x) = 



1 



7rS 



r e s x 



for 5 > 0. Then the integral of G$ equals one for all 5. For / € Sg(lR n ) the convolution 

(G« */)(*)= / G 5 (x-y)/(y)d n y 

is a smooth function Gs * f € S°°(lR n ) and we have ^t(G$ * f) = Gs * for all multiindexes I 
with |/| < k. It is now a well-known fact that Gs * f approximates / uniformly on R n , i.e. 



in the sup-norm 



\\Gs */-/Hoo— >0 for <5^0 
over IR™. If A; > 1 we can repeat the argument and obtain that 



sup 

xeM. n 



d\I\ Q\I\f 







for 5 — > and for all multiindexes with \I\ < k. In a second step we approximate the Gaussian by 
its Taylor series. Since on every compact subset K C IR™ the Taylor series converges to Gs in the 
C^-topology we find a polynomial 



^ finite ^ , 



2\ r 



such that for I < k 
The convolution 



PkAGs ~Pe,K,k,s) < c 



fe,K,k,8(x) = / Pe,K,k,s( x ~ V)f(y) d ™ 2/ 



is again a polynomial of x of the same order as p e ,K,k,S anci we use this to approximate / on a compact 
subset. Thus let K C IR™ be fixed and consider x £ K. Then 

d U\ 9 \i\ 

Q^jfe,B R (0),kA X ) ~ Q^l( G Z * ^ 

/•/ Q\I\f Q\I\f \ 

J \Pe,B R (o),kA x -y)-g^-(y)-G5(x-y)^ r {y) Id™; 



< / \Pe,B R {o),k,s{x -y)~ G s (x - y) 
r q\i\ f 

Jsupp f L,a ' 



0'"/ 



dx 1 



(y) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



1.3. Distributions on Manifolds 



49 



if we choose -Br(O) large enough such that K — supp/ C Br(0). This is clearly possible since both 
K and supp/ are compact. It follows that on a compact subset K C R n the polynomial f e! B R (o),k,5 
approximates Gs * f in the C^--topology. Thus we obtain that f et B R (o),k,8 a ^ so approximates / in the 
C^-topology as well. Rescaling e appropriately gives the polynomials p e as desired. V 
Using this lemma we can proceed as follows: Let F G SQ(R"' +m ) be given and choose \ £ C§°(lR n ) 
and ip G Co°(lR m ) such that their tensor product \ ® ^ is equal to one on suppi 7 . This is clearly 
possible. Then F = x ® ip ' F can be approximated by polynomials on every compact subset. Let 
K x L C R n+m be a compactum such that C^ xL (lR n+m ) and choose p r G Pol(]R n+m ) such 

that on if x L the polynomials p r converge to F in the C^ x£ -topology by Lemma 
polynomials we have 

Pol(R n+m ) = Pol(R n ) ® Pol(R m ), 



1.3.32 



Since for 



we find that x ® V> • Pr G e < ^ xL (R n+m ) is actually in C^(lR n ) 



'). Now 



PKxL,k( F - X ® V> • Pr) = PXxL,fc(X OV'-^-XOV'-Pr)^ cpjfxr - p r ) 







for r — > oo, which shows the density with respect to the Cg-topology since all members of the 
sequence are in one fixed compactum K x L. □ 



Remark 1.3.33 In fact, the proof even shows that 

eg°(M) ® eg°(A0 c eg(M x at) 



(1.3.71) 



is sequentially dense in the Sg-topology for all k G Nq U {+oo}. Note that this gives an independent 



proof of Theorem 1.1.26 at least for the scalar case as we can choose N = {pt} hence Cq°(./V) = C 
and Cg(M x N) ~ eg(M). Thus we recover that 



6g°(M) C eg(M) 



(1.3.72) 



is dense in the Cg-topology. 



Corollary 1.3.34 For a// A; G N U {+00} the map 

&{M)® Q k (N) B /® 5 i-> ((x,y) f(x)g(y)) G C fc (M x TV) 



(1.3.73) 



extends to a linear injective continuous algebra homomorphism with dense image with respect to the 
Q k -topology. 



1.3.31 



dense follows from Theorem 
Cq ( M x N) in the Cg-topology. By Proposition 



Proof. The estimates (1.3.69) also show that (1.3.73) is continuous. The fact that the image is 



since it contains the images of Cq(M) (g) Qq(N) which is dense in 



1.1.9 



the subspace Cg(M x N) is dense in Q k (M x N) in 



the 6 fc -topology. Since C^-convergence implies C fe -convergence, the statement follows. The remaining 
statements are clear. □ 
We can also extend the above statements to vector bundles. To this end we recall the following 
construction of the external tensor product of two vector bundles E — > M and F — > N. Over the 
Cartesian product MxJVwe consider the vector bundle 



EMF = W #(E)® W %(F), 



M. 

where pi M and pr^y are the usual projections and prj^(F) — > M x N as well as pr^(F) 
denote the pull-backs of the vector bundles E and F, respectively. More informally, EMF is the vector 
bundle with fiber E x <g) F y over (x,y) GMxJV and vector bundle structure coming from (1.3.74). If 



(1.3.74) 



MxN 
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e a G r oo ( J E| [/ ) and f p G r°°(F| y ) are local base sections then pr^(e Q )^pr#(/ /3 ) G T°° M F\ 
are local base sections, too. To simplify our notation we shall write 



UxV 



sHi = prf f (s)<8prf(i) (1.3.75) 
for s G T°°(E) and t G r°°(F) in the sequel. Without going into the details, the local trivializations 



of E and F allow to use Theorem 1.3.31 and Corollary 1.3.34 to obtain the following analogue for 
vector bundles: 

Theorem 1.3.35 Let k G N U {+00} and let E — > M and F — > N be vector bundles. Then 

T$(E) (8 rg(F) B s®t i-> s m t G r£(F El F) (1.3.76) 

is an injective continuous Cq(M) g) Qq(N) -module morphism with sequentially dense image in the 
Q^-topology. Analogously, 

r k (E) <8) r fc (F) 3«®t ^ site r fc (F is f) (1.3.77) 

is an injective continuous C fc (M) (8) Q k (N) -module morphism with dense image in the Q k -topology. 

Note that on the left hand side the tensor product is taken over R or C, depending on the type 
of the vector bundles. The module structures on both sides are the canonical ones. 

Remark 1.3.36 It should be noted that for s G r°°(F) and t G r°°(F) we have 

supp(s Kl t) = supp s x suppi. (1.3.78) 

Remark 1.3.37 For the density bundles we have canonically 

| A to P | T * M g, |A to P|T*Af ^ |A top |T*(M x N), (1.3.79) 
where the isomorphism is defined by 

\A top \T*M \A top \T*N 3n x ®u y ^ {i x ^v y e | A top | T ( ;^(M x N), (1.3.80) 

with 

(/j, x M u y ){vx, ...,v m ,wi,.. .,w n ) = fj, x (vi, . . . . .,w n ), (1.3.81) 

where v±, . . . , v m G T X M and wx, . . . , w n G T y N. Moreover, for Ei — > M and Fj — > N with i = 1, 2 
we have the compatibility 

(Ei ® E 2 ) B {Fx <8> F 2 ) ~ (Ex H Fi) (8) (F 2 S F 2 ), (1.3.82) 

and in particular 

(E* (8 |A top |T*Af) IEI (F* (8 |A top |T*A0 ~ (E* M F*) (8 |A top |T*(M x TV), (1.3.83) 
which we shall frequently use in the following. 

In order to define the tensor product of distributions we need the following technical lemma: 
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Lemma 1.3.38 Let X C IR n and Y C IR m 6e open and Zei G Q°°{X x y) 6e smooth. Assume that 
there is a compact subset K C X snc/i i/iai supp</> C. K xY. Let u G Cq°(X) / 6e a scalar distribution. 
Then the function 

V ^ u((j)(-,y)) 



is smooth on Y. Moreover, for all multiindexes I G we /tawe 



<9y 




• y) 



Finally, for f G Q°°(Y) we have 



u(f(y)cP(-,y)) = f(y)u(cP(-,y)) J 



(1.3.84) 



(1.3.85) 



(1.3.86) 



i.e. the map <f> \- > (y i— )■ n(0( • ,y))) is Q°°(Y) -linear. 



Proof. In (1.3.84) we apply it to the function x i— >■ 4>(x,y) for fixed y G y. By assumption, this 



function has compact support in K Q X with respect to the x- variables for every fixed hence 



(1.3.84) is a well-defined function. We shall now consider a slightly more detailed statement. On the 
compact subset K the distribution u has some finite order £ = ordx (u)- Thus for all test functions 

<pee%(x) 

\u(tp)\<cp Ke (tp), (*) 



and we can extend u to a continuous linear functional on G K (X) such that (*) still holds for tp G Q e K (X). 
We refine the claim as follows: for (p G Q k (X x Y) with supp^ C K x Y and k > £ the function 
y i — ^ u{4>{ - ,y)) is in C fe_ ^(y) and (1.3.85) holds for all \I\ < k — i. Clearly this statement includes 
(1.3.85) and (1.3.84) for the smooth case k = oo. Let yo G Y be fixed and consider some 5 r (yo) cl f= Y 
Then on the compact subset K x B r (yo) Q X xY the function 



as |J| < A;. Thus for e > there is a 5 > such that for (x,yo), (x,yo + /i) G K x B r (yn) cl with 



is uniformly continuous as long 
o) 



\h\ < 5 we have 



yo) 



dx J 



(x, y + ft) 



< e. 



It follows that 

VK,t{4>( ->yo)-<f>(-,yo + h)) <e 

for those h since £ < k. Thus the continuity of n with respect to the norm p K g on Q K (X) as in (*) 
yields 

u{4>( -,yo + h)) — > u(4>( ■ , y )) 

for h — > for all yo £ ^< Thus (1.3.84) is continuous, This proves the case k = £. Now assume 
k > I + 1 hence we have some orders of differentiation for "free". Thus let e G H n be a unit vector 
and yo £ ^ together with a sufficiently small ball B r (yo) cl C y as before. Then for | J| < ^ the partial 
derivatives S q f are at least once continuously differentiable. Hence for < \t\ < r 



dx J 



(x, y + te) 



d\J\(j) 
dx J 



yo) 



e » T » . (x,y + ^oe) 



dx J dy l 



with some appropriate to G [0, £]. Since the (| J| +l)-st derivatives are still continuous, on K x B r (yo 
they are uniformly continuous. Thus for all < \t\ < 5 



«cl 



1 / dl J l<^ 



dx J 



[x,yo) 



dx J dy % 



{x,y )e 



< e 
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with some appropriately chosen 5 > 0. This means that 

1 



0( • , 2/0 + te) 



Vo)) - d e (f)(-,y Q ] 



< e. 



Hence again by the continuity of u we get for the directional derivative in direction e 

d e u((j)( • , yo)) = u(d e <f>( • , yo)). 

Since yo was arbitrary and since d e (j) is &' 1 with k - 1 > £ we see that all directional derivatives 
at all y G Y exist and are continuous. This proves that (1.3.84) is in Q 1 (Y) and (1.3.85) is valid for 
| J | = 1. By induction we can proceed as long as k > £. The last statement is clear since u acts only 
on the x- variables and not on the y- variables. □ 
In a geometric context the above lemma, in its refined version, becomes the following statement: 



Proposition 1.3.39 Let E — > M and F — > N be vector bundles and let \i G T k ((E* M F*) ® 
| A top | T*{M x N)) be a density such that there exists a compact subset K C M with supp \x C K x N . 
Let s G T~°°(E) be a generalized section such that ordx(s) < £■ Then the map 

(s®id)(/i) :y ^ *(M •.!/)) (1.3.87) 

defines a e k ' e -section ofF*® \A top \T*N. If F' — > N is another vector bundle and D 6 DiffOp m (F® 
\A to P\T*N;F' |A top |T*A0 a differential operator of order m < k - £ then D applied to Ql.3.87fl 
coincides with the section 

y i ^ S ((idKIZ))(//)(.,y)), (1.3.88) 
where id KID means that D acts only on the y -variables. For the support of (s (g) id) (//) we have 

supp(s (8) id)(/u) C pr Ar (supp /i). (1.3.89) 



Proof. By the usual partition of unity argument with the usual local trivialization of the involved 



that (1.3.87) is a well-defined C -section and the combination of (1.3.85) and (1.3.86) gives (1.3 



1.3.38 yields 


lives ( 


1.3.88 



It remains to show (1.3.89). Thus let y G A r \pr^(supp /i). Thus for all x G M we have /j,(x,y) 



This gives immediately s(/i( • , y)) = 0. Since iV\pr N (supp fi) is open, (1.3.89) follows. 



: 0. 

□ 



Remark 1.3.40 In particular, for all s G T-°°(E) and p G T^((E* M F*) ® \A to P\T*(M x TV)) we 
have (s (8) id)(/i) G rg°(F* ® |A to P|T*iV). 

We use this proposition now to prove the following statement on the (external) tensor product of 
distributions. 



Theorem 1.3.41 (Tensor product of generalized sections) Let E — > M and F — > N be vec- 
tor bundles and let s G T~°°(E) and t G T~°°(F) be generalized sections. Then there exists a unique 
generalized section s IE t G T~°°(E IE F) such that 

= 3(jj,)t(u) (1.3.90) 

for n G T^(E* (8) |A to P|T*M) and u G T X3 (F* ® \A to P\T*N). Moreover, for uj G T<q((E* M F*) ® 
\A top \T*(M x N)) we have 

(s M t)(u) = t((s (8) id)(w)) = s((id (1.3.91) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



1.3. Distributions on Manifolds 



53 



Proof. Since rg°(F * <g> 1 A to P | T* M) ® Tg° (F *<g>|A to p | T* JV ) is d ense in Tg° ((E*MF*)(g>\ A top | T* (M x Af)) 
by Theorem 1.3.35 and the identification (1.3.83) of Remark 1.3.37 the uniqueness of s Kl t with the 
property (1.3.90) is clear. The idea is now to use the feature (1.3.91) to actually construct s Kl t: 
Thus let u e T^(E* IF« \A top \T*(M x N)) be given. We can assume that suppw C K x L with 
compact subsets K C M and L <Z N, respectively. For s and t we have estimates of the form 

\s(jj)\ < cp K>k (p) (*) 

|t(f)| < c'p L/ (i/), (**) 

for the seminorms of Remark 1.1.8 whenever supp fx C X and supp z/ C L. By Proposition 1.3.39| we 
know that 

(s® id)(w) : y h-> s(w( 

is a smooth section of -F* ® |A top |T*A^. Moreover, since the application of s is C°°(A r )-linear and 
commutes with differentiation in A r -direction we immediately conclude that 

p L A(s <8 id)(w)) < c" p KxL Auj). (***) 



Finally by Remark 1.3.40 we have 

supp((s (8) id)(cj)) C pr A r(suppo;) C L, 

hence (s (8 id)(w) has compact support. Thus we can apply t and obtain by (**) 

\t{{s®\6){uj))\ < c'p L/ ((s® id)(w)) < M'v KxLit (u). 

Thus w i — ^ t((s® id)(w)) is a continuous linear functional on T% xL ((E* MF*)(g> \A top \T*(M x iV)) for 
all K x L with respect to the C^ xi -topology. Hence it defines a generalized section in r _ °°(F Kl F) 
by the characterization of Theorem 1.1.11 ~vi\). If co = fj, M v is an external tensor product itself, we 
obtain 

t((s®\d)({j,Mv))=t(y i ^ !/)(-, y))) 

= t(y ^ s(^(>(y))) 
= % !->• u(y)s(fi)) 



This shows that the distribution t o (s (8) id) satisfies ( 1.3.90). Hence it is the unique solution s M t we 
are looking for. This proves existence of s M t and the first half of (1.3.91 ). However, we could have 
constructed s M t by taking s o (id (8i) as well which gives, by uniqueness, the same sBt. Thereby 

□ 

(1.3.92) 

(1.3.93) 
(1.3.94) 



we have ( 1.3.91 ). 

Remark 1.3.42 For the external tensor product 

m : r-°°(£) ® r-°°(F) 



r-°°(£K f) 



one immediately obtains 
whence we also have 



supp(s Mt) = supps x suppf, 



r — (F) 



r °°(EMF). 



It can be shown that for compactly supported s and t the conclusions of Theorem 1.3.41 remain valid 
for /j,, z/, ui not necessarily compactly supported. 
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Remark 1.3.43 ("Internal" tensor product of distributions) For vector bundles E — > M and 
F — > M over the same manifold, one may wonder whether there is an "internal" tensor product of 
generalized sections, i.e. a map 

® : T~°°{E) ® r-°°(F) — > T-^iE <g> F), (1.3.95) 

extending the tensor product of smooth sections, which is now 6°° (M)-bilinear with respect to the 
C°° (M)-module structures of generalized sections. If such an extension of the usual tensor product of 
smooth section would exist in general, this would result in an algebra structure on C§°(M)' if we take 
E = F to be the trivial line bundles. Here on meets serious problems: such a multiplication (obeying 
the usual properties) can be shown to be impossible. A "definition" of s ® t like 

u (s®t)(n®v) = s((j,)t(v)" (1.3.96) 

is not well-defined since the tensor product \i % v of sections is C°° (M)-bilinear while the right hand 



side of (1.3.96) is certainly not C°°(M)-bilinear. 

Note however, that under certain circumstances the tensor product s (&t can indeed be defined 
in a reasonable way. However, a much more sophisticated analysis of the singularities of s and t is 
needed. 
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Chapter 2 

Elements of Lorentz Geometry and 
Causality 



In this second chapter we set the stage for wave equations on spacetime manifolds. First we recall 
some basic properties and notions for manifolds with covariant derivative, positive densities and semi- 
Riemannian metrics. We shall discuss their relations and introduce concepts like parallel transport as 
well as certain canonical differential operators arising from the choice of a semi-Riemannian metric. 
In particular, the d'Alembert operator will provide the prototype of a wave operator. We generalize 
this to arbitrary vector bundles and discuss several physical examples of wave equations resulting 
from these differential operators. 

After discussing the basics of semi-Riemannian and Lorentz metrics we introduce the notions of 
causality on Lorentz manifolds. To this end we first have to endow the Lorentz manifold with a time 
orientation which then gives rise to the notions of future and past. The most important notion in 
this context for us will be that of Cauchy hyper surf aces. On one hand, the existence of a Cauchy 
hypersurface will yield a particularly nice causal structure of the Lorentz manifold. On the other 
hand, they will serve as the natural starting point where we can pose initial value problems for a wave 
equation. 

Such initial value problems for wave equations will then be the subject of the last part of this 
chapter. Closely related will be the notion of Green functions of advanced and retarded type. They 
are particular elementary solutions of the wave equations subject to "boundary conditions" referring 
to the causal structure of the spacetime. 

For several theorems we will not provide proofs in this chapter as this would lead us too far into the 
realm of Lorentz geometry. Instead we refer to the literature, in particular to the textbooks [6 23 46 
as well as to the review article 145 



2.1 Preliminaries on Semi-Riemannian Manifolds 



In this section we collect some further properties of covariant derivatives on vector bundles and their 
curvature, specializing to the Levi-Civita connection of a semi-Riemannian metric. All of the material 
is very much standard and can be found in textbooks like (6 39 46 . 



2.1.1 Parallel Transport and Curvature 

Let V s be a covariant derivative for a vector bundle E — > M as before. Recall that the curvature 
tensor R of V E is defined by 

R(X, Y)s = VxVyS - VyV X S - V [X) y]S (2.1.1) 
55 
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for X, Y G r°°(TM) and s G r°°(_E). A simple computation shows that R is C 00 (M)-linear in each 
argument and thus defines a tensor field 

R G r 00 (End(£') (8) A 2 T*M). (2.1.2) 

There are certain contractions we can build out of R. The most important one is the pointwise trace 
of the End(i?)-part of R. This gives a two-from 

trR{X,Y) =tr(s^ R(X,Y)s), (2.1.3) 

i.e. a section tr R G r°°(A 2 T*M). The following lemma gives an interpretation of tr i?: 

Lemma 2.1.1 Let V E be a covariant derivative for a vector bundle E — > M . 
i.) The two-form trT G T°°(K 2 T*M) is closed, dtr R = 0. 
ii.) The two-form tr R is exact. In fact, 

trR = -da, (2.1.4) 

where a G r°°(T*M) is defined by 

a(X) = (2.1.5) 

with respect to any chosen positive density n G T°°(\A P \E*). 

Proof. Clearly, we only have to show HQ). Note that would also follow rather easily from the 
Bianchi identity. Let /x G r°°(|A top |i?*) be a positive density. Then the covariant derivative X7 E is 
extended as usual to |A top |i?* and a is a well-defined one-form. A simple computation shows that 
the curvature of V' A ° P \ E * j s given by da. On the other hand, the curvature of V' A ° P \E* [ s given by 
-tri?, see e.g. (60j Prop. 2.2.43]. □ 
With other words, tri? = is a necessary condition for the existence of a covariantly constant 
density /i G r 00 (|A top |£'*). In fact, the condition is locally also sufficient and globally the deRham 
class [a] G H^ R (M) might be an obstruction. 

Definition 2.1.2 (Unimodular covariant derivative) A covariant derivative V E is called uni- 
modular if tr R E = 0. 

Let 7 : I C R — > M be a smooth curve defined on an open interval I and let a,b £ I. In general, 
the fibers of E at 7(a) and 7(6) are not related in a canonical way. Using the covariant derivative, 
this can be done as follows. We are looking at a section s along 7 such that s is covariantly constant 
in the direction 7. More precisely, we consider the pull-back bundle ^E — > I together with the 
pull-back V # of V E . Then we want to find a section s G r 00 (7*£') with 

Vfs = 0. (2.1.6) 



If { e «} are local base sections of E over some open subset U C M and C U then (2.1.6) is 
equivalent to 

= V*(s a (t)eMt))) = s a (t)eMt)) + s a (t)A^(t))e^(t)), (2.1.7) 

s^t) + A^(t))s a (t) = 0. (2.1.8) 



Since (2.1.8) is an ordinary linear differential equation for the coefficient functions s a : I — > R, they 
have unique solutions s a (t) for all t and all initial conditions s a (a). Moreover, the resulting time 
evolution s a (a) h-> s a (t) is a linear map and by uniqueness even an isomorphism. If the image of 7 
is not within the domain of a single bundle chart we can cover it with several ones (finitely many for 
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compact time intervals) and use the uniqueness statement to glue the local solutions together in the 
usual way. The uniqueness will then guarantee that the result will not depend on the choice how we 
covered the curve with bundle charts. Finally, this gives the following result: 

Proposition 2.1.3 Let V s be a covariant derivative for E — > M and let 7 : I C R — y M be a 
smooth curve. Let a,b £ /. 



i.) For every initial condition s 7 ( a ) £ ^Ma) there exists a unique solution s(t) £ -£"7(4) °f (2.1.6). 
ii.) The map s 7 ( a ) 1— > s(b) is a linear isomorphism i£y( a ) — > E^n^ which is denoted by 

P~/,a->b '■ Ey^ a ) — > £7(6). (2.1.9) 

Definition 2.1.4 (Parallel transport) The linear isomorphism P 7ia _>(, : E^r a \ — > -£7(6) * s called 
the parallel transport along 7 with respect to V E . 

Remark 2.1.5 (Parallel transport) 

i.) In general, P^ a ^ depends very much on the choice of the curve 7 connecting 7(a) and 7(6). 

ii.) We can define P^ a ^ also for piecewise smooth curves by composing the parallel transports of 
the smooth pieces appropriately. 

Hi.) If the curvature R E is zero then the parallel transport -P 7ja ->b is independent of the curve 7 but 
only depends on 7(a) and 7(6), provided the points are close enough. More precisely, if 7 and 7 
are two curves with 7(a) = 7(a) and 7(6) = 7(6) such that there is a smooth homotopy between 
7 and 7 then P~ /:a ^b = Py a ^- Note however that R E = is a rather strong condition which 
implies certain strong topological properties of the vector bundle E — > M. 

iv.) If 7 : / — > M is a smooth curve and a : J — > L is a smooth reparametrization then the parallel 
transports along 7 and 7 = 700" coincide. More precisely, for a' ,b' £ J we have 

Pj,a(a')^-a(b') = P-yoa,a'^b' ■ (2.1.10) 

Since the parallel transport "connects" the fibers of E at different points, a covariant derivative is also 
called connection. Some further properties of the parallel transport are collected in the Appendix | A. 1 



2.1.2 The Exponential Map 

In the case E = TM a covariant derivative has additional features we shall discuss now. First, we 
have another contraction of the curvature tensor R given by 

Ric(X, Y) = tr(Z i — y R(Z, X)Y) (2.1.11) 

for X, Y £ r°°(TM). The resulting tensor field 

Ric£ T°°{T*M®T*M) (2.1.12) 



is called the Ricci tensor of V. Note that the trace in (2.1.11 ) only can be defined for E = TM. The 
third contraction tr(Z i— > R(X, Z)Y) would give again the Ricci tensor up to a sign. Thus (2.1.11) is 
the only additional interesting contraction. 

For a covariant derivative V on TM we have yet another tensor field, the torsion 

Tor(X,Y) = V x Y-V Y X-[X,Y}, (2.1.13) 

which gives a tensor field 

Tor £ r°°(A 2 r*M (8) TM). (2.1.14) 
Then V is called torsion-free if Tor = 0. The relation between R and Tor is encoded in the first 



Bianchi identity, see e.g. 35 Chap. Ill]: 
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Lemma 2.1.6 (First Bianchi identity) For any covariant derivative for TM we have 

R{X,Y)Z + cycl.(X,Y,Z) = (V x Tor)(Y, Z) + Tor(Tor(Y, Y), Z) + cycl.(X,Y, Z). (2.1.15) 
In particular, for a torsion-free V we have 

R(X, Y)Z + R(Y, Z)X + R{Z, X)Y = 0, (2.1.16) 

for all X,Y,Z £ T°°(TM). 

Proof. The proof consists in a straightforward algebraic manipulation using only the definitions. □ 
Corollary 2.1.7 Let V be torsion-free. Then 

Ric(Y, Y) - Ric(Y, X) + (tr R)(X,Y) = 0, (2.1.17) 

whence Ric is symmetric if in addition V is unimodular. 

In case of the tangent bundle the parallel transport can be used to motivate the following question. 
For a starting point p £ M and a starting velocity v p £ T p M, is there a curve 7 with 7(0) = v p such 
that 7 is parallel along 7? Such an auto-parallel curve will be called a geodesic. To get an idea we 
consider this condition, which globally reads 

V| 7 = 0, (2.1.18) 

at 

in a local chart (U,x). We denote by 

v 4=t'p (2 - Li9 > 



the locally defined Christoffel symbols £ Q°°(U). Then ( |2.1.18| means for the curve 7 : I C K — )• 
M with 7 (t) = f(t)£; and 7* = o 7 6 e°°(I) explicitly 

f(t)+r^(7(t))7 fc (t)7 £ (t) = 0. (2.1.20) 

This is a (highly nonlinear) ordinary second order differential equation. Hence we have unique solu- 
tions for every initial condition 7*(0)^r = v pi where p = 7(0), at least for small times. Since 
locally 

TorJ. (2.1.21) 



we see that the torsion Tor of V does not enter the geodesic equation (2.1.20). We collect a few 
well-known facts about the solution theory of the geodesic equation: 

Theorem 2.1.8 (Geodesies) Let V be a covariant derivative for TM — > M. 
i.) For every v p G T p M there exists a unique solution 7 : I v C ]R — )• M of (2.1.20) with 7(0) = v p 
and maximal open interval I Vp C ]R around 0. 

ii.) Let A £ 1 and v p S T p M. If ^7 denotes the geodesic with 7(0) = v p then 7^ (t) = j(Xt) is the 
geodesic with j\(0) = Xv p . 

Hi.) There exists an open neighborhood V C TM of the zero section such that for all v p G V the 
geodesic with 7(0) = v p is defined for all t £ [0, 1]. We set exp p (v p ) = 7(1) for this geodesic. 

iv.) For v p £ V C TM the curve 1 1— > exp p (tv p ) is the geodesic 7 with 7(0) = v p . 

v.) The map exp : V C TM — > M is smooth. 
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Figure 2.1: The exponential map gives a normal chart. 



(2.1.22) 



vi.) The map 

tt x exp : V C TM 9 w p h-> (p, exp p (u p )) E M x M 

is a local diffeomorphism around the zero-section. It maps the zero section onto the diagonal and 
for all p E M 

T 0p exp p = id Tp M • (2.1.23) 



Proof. The proof can be found e.g. in |39| Chap. VIII, §5] or |12[ §11 and §12]. □ 
Definition 2.1.9 (Exponential map) For a given covariant derivative V, the map exp : V C 



TM 



M given bym) of Theorem 2.1.8 is called the exponential map o/V. 



Remark 2.1.10 (Exponential map) Let V be a covariant derivative on M. 
i.) Since the geodesic equation does not depend on the antisymmetric part of the T^- we can safely 
pass from V to a torsion-free covariant derivative by adding the appropriate multiple of the 
torsion tensor. The geodesies do not change and neither does the exponential map. 

ii.) The exponential map is best understood in terms of spray vector fields on TM, see e.g. 39 
Chap. VIII, §5] or |12[ §11 and §12]. In fact, exp is just the projection of the time-one-flow of 
the spray vector field associated to V by the bundle projection. 



Hi.) It follows from (2.1.23) that the exponential map exp p at a given point p E M induces a 
diffeomorphism 

exp p : V p C T p M — ► U p C M (2.1.24) 

between a sufficiently small open neighborhood V p C T p M of P and its image U p C M which 
becomes an open neighborhood of 



p = exp p (O p ) E U p C M. 



(2.1.25) 



Thus the map (exp 



P \Vn 



Vp yields a chart of M centered around p which is called 



a normal or geodesic chart with respect to V. The choice of linear coordinates on V p C T P M 



induces then normal coordinates on U p C M, see also Figure 2.1 



More details on properties of the exponential map can be found in the Appendix A. 2 where we 
compute, among other things, the Taylor expansions of various objects in normal coordinates. The 
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following definition is motivated by the flat situation where the notions of "star-shaped" and "convex" 
have an immediate meaning. 

Definition 2.1.11 An open subset U C M is called 
i.) geodesically star-shaped with respect to p G M if there is a star-shaped V C V p with exp p \ v : 
V -=+U = exp p (V). 

ii.) geodesically convex if it is geodesically star-shaped with respect to any point p G U . 
Usually, we simply speak of star-shaped and convex open subsets of M if the reference to V is clear. 



Note that the properties described in Definition 2.1.11 depend on the choice of V and are not invariant 
under an arbitrary change of coordinates. 

For a general covariant derivative it might well be that the domain of definition of exp is a proper 
open subset: geodesies need not be defined for all times but can "fall of the manifold". The simplest 
example is obtained from R 2 \{0} with the flat connection. Geodesies are straight lines. Thus the 
geodesic starting at (—1, 0) with tangent vector (1, 0) stops being defined at t = 1 since it would reach 
which is not a part of R 2 \{0}. While this example looks rather artificial there are more difficult 
situations where one can not just "add a few points". These considerations motivate the following 
definition: 



Definition 2.1.12 (Geodesic completeness) The covariant derivative V is called geodesically com- 
plete if all geodesies are defined for all times. 



2.1.3 Levi-Civita-Connection and the d'Alembertian 

We shall now specialize the connection V further and add one more structure, namely a semi- 
Riemannian metric: 



Definition 2.1.13 (Semi-Riemannian metric) A section g G r°°(S 2 T*M) is called semi-Rie- 
mannian metric if the bilinear form g p G S 2 T*M on T p M is non-degenerate for all p G M. If in 
addition g p is positive definite for all p G M then g is called Riemannian metric. If g p has signature 
(+, —,...,—) then g is called Lorentz metric. 

Remark 2.1.14 (Semi-Riemannian metrics) 

i.) The signature of a semi- Riemannian metric is locally constant and hence constant on a connected 
manifold, since it depends continuously on p and has only discrete values. 

ii.) For Lorentz metrics also the opposite signature ( — ,+,...,+) is used in the literature. This 
causes some confusions and funny signs. So be careful here! Our convention is the more common 
one in quantum field theory, while the other one is preferred in general relativity. 

A semi-Riemannian metric specifies a unique covariant derivative and a unique positive density: 

Proposition 2.1.15 Let g be a semi-Riemannian metric on M. 
i.) There exists a unique torsion-free covariant derivative V, the Levi-Civita connection, such that 

Vg = 0. (2.1.26) 

ii.) There exists a unique positive density fj, g G r°°(|A top |T*M) such that 

/i s | p K...,<) = l, (2.1.27) 
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whenever v\,...,v n form a basis of T p M with \g p (vi,Vj)\ = 5{j. In a chart (U,x) we have 

flg \ u = yj\ det{gij)\ (dx 1 A ■■■ Adx n \, (2.1.28) 

wtth gi] =g(£,,£j). 
Hi.) The density \x g is covariantly constant with respect to the Levi-Civita connection, 

V/x 9 = 0. (2.1.29) 

Thus V is unimodular. 



Proof. The proof is very much standard and will be omitted here, see e.g. |60| Aufgabe 3.7 and 
5.10]. □ 

Remark 2.1.16 (Semi-Riemannian metrics) Let g be a semi-Riemannian metric on M. 
i.) For a semi-Riemannian metric we have a notion of geodesies, namely those with respect to the 
corresponding Levi-Civita connection. 

ii.) The covariant divergence div^(X) of a vector field X £ T°°(TM) and the divergence with 
respect to the density fj, g , i.e. 

div M9 (X) = ^^ (2.1.30) 

fJ>g 

coincide: We have 

divv(X) = div Mg (X), (2.1.31) 



which follows immediately from Lemma 1.2.19 see also 60 Sect. 2.3.4], since = 0. Thus 



we shall speak of the divergence and simply write 

div(X) = div v (X) = div^X) (2.1.32) 

on a semi-Riemannian manifold. 
Hi.) Since g S r°°(S 2 r*M) is non-degenerate it induces a musical isomorphism 

b:T p M 3v p ^v p = g(v p , ■ ) G T p *M, (2.1.33) 

which gives a vector bundle isomorphism 

b : TM — >T*M. (2.1.34) 

The inverse of b is usually denoted by 

J):T*M — >TM. (2.1.35) 

Extending b and (j to higher tensor powers we get musical isomorphisms also between all corre- 
sponding contravariant and covariant tensor bundles. If locally in a chart (U, x) 

g\ u = -g ij dx i Vdx j , (2.1.36) 

then v° = gijV l dxi, where v = v l ^j. If g^ denotes the inverse matrix to the gij from ( 2,1,36[ ), 
i.e. g lj g jk = S ik , then 

^ = 9%3ai h (2 - L37) 

for a one-form a = Ojdx\ This motivates the notion "musical" as b lowers the indexes while jj 
raises them. Finally, we have the dual metric locally given by 

r l \»-\f&£)> <2L38) 

which is a global section g -1 G r°°(S 2 TM). 
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iv.) The metric g G r°°(S 2 T*M) can equivalently be interpreted as a homogeneous quadratic func- 



tion on TM via the usual canonical isomorphism from Remark 1.2.7 The function 

T = 3(g) G Pol 2 (TM) (2.1.39) 

is then usually called the kinetic energy function in the Lagrangian picture of mechanics. Anal- 
ogously, g -1 G r°°(S 2 TM) gives a homogeneous quadratic function 

T = dig' 1 ) G Pol 2 (T*M) (2.1.40) 

on T*M, the kinetic energy in the Hamiltonian picture of mechanics. It turns out that all 
notions of geodesies etc. can be understood in this geometric mechanical framework. For 
example, geodesies are just the base point curves of solutions of the Euler-Lagrange equations 
and Hamilton's equations with respect to the Lagrangian L = T and Hamiltonian H = T, 
respectively. Thus geodesic motion is motion without additional forces induced by some addition 
potentials. The exponential map exp is then just the Hamiltonian flow of T at time t = 1 



projected back to M. For more on this mechanical point of view, see e.g. 60 Sect. 3.2.2]. 



v.) Using the inverse matrix g lJ we have the following local Christoffel symbols of the Levi-Civita 
connection 

_ 1 u( d 9U . dg ej dgij 



Since by Corollary 2.1.7 and Proposition 2.1.15, mjj for a semi-Riemannian manifold (M,g) the Ricci 
tensor Ric is in fact symmetric 

Ric G r°°(S 2 T*M), (2.1.42) 

we can compute a further "trace" by using the metric g. Note that while Ric can be defined for every 
covariant derivative this further contraction requires g. One calls the function 

seal = (cT 1 , Ric} G Q°°{M) (2.1.43) 

the scalar curvature. Locally, seal is just 

seal | p. = g ii mc ij . (2.1.44) 

In the literature, there are many other notations for seal, e.g. R (without indexes) or s or S. 

We come now to differential operators defined by means of a semi-Riemannian metric. We have 
already seen the divergence operator div which acts on vector fields and which can be extended as in 



Lemma 1.2.18 to all sections T°°(S'TM). We have two other important operators. 



Definition 2.1.17 (Gradient and d'Alembertian) On a semi-Riemannian manifold (M,g) the 
gradient of a function is defined by 

grad/ = (d/)" G T°°(TM) (2.1.45) 

and the d'Alembertian of a function f G C°°(M) is 

□/ = div(grad/) G Q°°{M). (2.1.46) 

In case of a Riemannian manifold we write A f = div(grad/) instead and call A the Laplacian. 

Remark 2.1.18 There are different sign conventions in the definition of the Laplacian and the 
d'Alembertian. In particular, sometimes — A is favoured instead of our A since A as we defined 
it turns out to be a negative essentially selfadjoint operator on C°°(M) for compact M. 
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We discuss now a couple of local formulas which allow to handle the operators div, grad and □ more 
explicitly. 

Proposition 2.1.19 Let (M,g) be a semi-Riemannian manifold and let (U,x) be a chart of M. 
i.) The gradient of f € C°°(M) is locally given by 



jz-M ij d f d 

ii.) The divergence of X £ T°°(TM) is locally given by 



div(X)|, 



dX i 



+ rlx\ 



\U Q x i • ■ >.-> 

Hi.) The d'Alembertian of f £ C°°(M) is locally given by 



d 2 f rk Of 



(2.1.47) 



(2.1.48) 



(2.1.49) 



dx l dxi 13 dx k 

iv.) The d'Alembertian is a second order differential operator with leading symbol 

a 2 (U) = 2g~ 1 G r°°(S 2 TM). (2.1.50) 

Moreover, with respect to the global symbol calculus induced by the Levi-Civita connection we 
have 



whence 



□ = Qj & td (2< 7 - 1 ), 



Uf= L -{g-\tff) 



(2.1.51) 



(2.1.52) 



Proof. The local formulas (2.1.47) and (2.1.48) are clear. Then (2.1.49) follows from some straight- 
forward computation using the precise form of (2.1.41) for the Christoffel symbols. Then (2.1.50) is 
clear by definition of the leading symbol. For (2.1.51) and (2.1.52) we compute 



D7 = Dd/ = dx ! W JL 



\dxi 



d 2 f df 
dx l W , . " . d x 3 +dx l V 7-^-V^_dx J 

OX l Ox3 OXl dx i 

d&dx'vd^-r^dx'vdx*, 



which gives 



D 2 / 



d 2 f r k df \ 



dx l dxi 13 dx k J 
for a general connection V. For g^ 1 = \d %3 V we find 



dx 4 Vdx J 



g-\D 2 f) = 2g 



d 2 f Tk dT\ 



dx l dxi 13 dx k J 



2Uf. 



□ 
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Remark 2.1.20 (Hessian) Sometimes \ D 2 / G r°°(S 2 r*M) is also called the Hessian 

Hess(/) = - D 2 / G r°°(S 2 T*M). (2.1.53) 

Then the d'Alembertian is the trace of the Hessian with respect to g" 1 . Moreover, the gradient 
grad : C°°(M) — > T°°(TM) is a differential operator of order one, the same holds for the divergence 
div : r°°(TM) — ► e°°(M). 

Remark 2.1.21 For later use we also mention the following Leibniz rules 

grad(/g) = #grad(/) + /grad(p), (2.1.54) 

div(/X) = /div(x) + *(/), (2.1.55) 
□ (/<?) = <?□/ + grad( 5 )/ + grad(/) 5 + fUg = gUf + 2 (grad(/), grad( 5 )> + /□<?, (2.1.56) 
for f,g£ C°°(M) and X G r°°(rM). They can easily be obtained from the definitions. 

Example 2.1.22 (Minkowski spacetime) We consider the n-dimensional Minkowski spacetime. 
As a manifold we have M = K" with canonical coordinates X , X • • • • • X . Then the Minkowski 
metric rj on M is the constant metric 

r) = -rfijdx 1 V dx j (2.1.57) 

with (rjij) = diag(+l, — 1, . . . , — 1). One easily computes that in this global chart all Christoffel 
symbols vanish: (M, rj) is flat. Moreover, we have for the above differential operators 

grad/=— — -V— — (2 158) 

dx° dx° dx % dx % ' 

i=l 

dX° 1 ^dX i 

i=l 

8 2 f n_1 8 2 f 

°f = wj? -gw (2 - L60) 

This shows that □ is indeed the usual wave operator or d'Alembertian as known from the theory of 
special relativity, see e.g. 50 . Finally, the Lorentz density with respect to rj is just the usual Lebesgue 
measure 

Hr, = |dx°A--- Adx n_1 |. (2.1.61) 



2.1.4 Normally Hyperbolic Differential Operators 

The aim of this subsection is to generalize the d'Alembertian to more general fields than scalar fields. 
As it will turn out later, the most important feature of □ is the fact that the leading symbol is given 
by the metric. This motivates the following definition: 

Definition 2.1.23 (Normally hyperbolic operator) Let E — > M be a vector bundle over a 
Lorentz manifold (M,g). A differential operator D : T°°(E) — > T°°(E) is called normally hyper- 
bolic if it is of second order and 

a 2 {D) = 2g~ 1 ® \d E . (2.1.62) 
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Recall that a 2 (D) G r°°(S 2 TM® End(E)) which explains the second tensor factor in ( |2.1.62| ). Usually, 
we simply write (72(D) = 2g~ l with some slight abuse of notation. Note also that, as already for the 
d'Alembertian itself, the factor 2 in the symbol comes from our convention for symbols. Here also 
other conventions are used in the literature. However, this will not play any role later. The important 
fact is that D has a symbol being just a constant nonzero multiple of g^ 1 . 

The following construction will always lead to a normally hyperbolic operator: 

Example 2.1.24 (Connection d'Alembertian) Let V E be a covariant derivative for E — > M 
and let V be the Levi-Civita connection. This yields a global symbol calculus whence by 

□ V =Q) ffetd^S -1 ® ids) = ^(^g- 1 ®^,^) 2 -^ (2.1.63) 
a second order differential operator is given with leading symbol 

a 2 (D v ) = (£\ a 2 {Q Std {2g- 1 ® id B )) = 2g~ 1 ® \d E (2.1.64) 



by Theorem 1.2.6 Thus D v is normally hyperbolic for any choice of V E . An operator of this type is 
called the connection d'Alembertian with respect to V E . 

Lemma 2.1.25 (Connection d'Alembertian) LetV E be a covariant derivative for E — > M and 
□ v the corresponding connection d'Alembertian. 
i.) For f € e°°(Af) and s G T°°(E) we have 

□ V (/ S ) = (Df)s + 2Vf rad(/)S + fU^s. (2.1.65) 

ii.) Let A^p = e a I V^ e ep ) G C°°(U) denote the local Christoffel symbols with respect to a chart 
(U,x) and local base sections e a G r°°(E\ u ). Then locally 

(2.1.66) 

Proof. For the first part we use Proposition |1. 1.3] to compute 

(D E ) 2 (fs) = D E (df®s + fD E s) = D d f ® s + 2d f V D E s + f(D E ) 2 s. 
Then for the natural pairing we have 

□ V (/s) = 2<^(D S ) 2 (/-*)> 



\ (g-\ D d /> • s + <<T\ d / V D E s) + \f (g-\ (D E ) 2 s) 



= n/. s + 2^|4v^ s + /n v s 

OX g x j 

= D/- S + 2Vf rad(/)S + /n v S , 
proving the first part. For the second, let Af^ be the local Christoffel symbols. Then first we have 

— e a + s a V E d _e a ) =dx i ®—e a + dx i ®s a A P ia ep 

OX g x i I OX 
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Consequently, we have 

+ d xJ V + d X ^ 6/3 + ^ d X * 



ds'Vdx^e^i 2— A p - dx l V dx 1 ® e p - -^T^ di J Vdx k '§ 



+ s a —if dx l Vdx j ®e p - s a A l3 ia T i jk dx 3 'vdx^e^ + s a A] a A? dx l d x j ® e/3 . 



The natural pairing with g 1 means replacing i dx* Vdx-' with g 4 - 7 everywhere. This gives the result. 

□ 

We now prove that every normally hyperbolic operator is actually a connection d'Alembertian up 
to a C°° (M)-linear operator. We have the following result, sometimes called a generalized Weitzenbock 
formula, see e.g. (5] Prop. 3.1]: 

Proposition 2.1.26 (Weitzenbock formula) Let D G DiffOp 2 (-E) be a normally hyperbolic dif- 
ferential operator. Then there exists a unique covariant derivative V E for E and a unique B G 
r°°(End(i?)) such that 

D = a^ + B. (2.1.67) 



Proof. First we show uniqueness. Assume that V E and B exist such that (2.1.67) holds. Then from 
Lemma [2. 1.251 we know that 

D(f ■ s) - fD{s) = D v (/ • s) + B(f ■ s) - fn^(s) - fB(s) = (□/) • a + 2Vf rad(/)S , 

since B is C°°(M)-linear. Thus we have 



1 



for all / G C°°(M) and s G r oo (£'). Since gradients of functions span every T p M for all p G M, the 
covariant derivative V s is uniquely determined by D via (*). But then also B = D — D v is uniquely 
determined. Let us now turn to the existence: to this end we compute the right hand side of (*) 
locally in order to show that it actually defines a connection. Let locally 

f)2„a a„a 

n s \ ~ a ij —— e + D if} — e« + D^s a eR 

with local coefficients D iP a ,Di G Q°°{U). Then we have 
\(D(f ■ s) - fD(s) - (□/) ■ s) 
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= (grad/)^e Q + - (/J^(grad f? s% + ^rj^ferad ffs a e a ) . 

On one hand we know that the right hand side of (*) is globally defined. On the other hand, we 
see from the local expression that replacing grad/ by an arbitrary vector field X defines locally a 
connection with connection one-forms 

4a = + \9 r8 ns9n€ (**) 

i.e. a connection V E such that on U 

V E s = (^ x s a )e a + Alx i s a e p . 

This is clear from the local expression. Together we see that we indeed have a global connection V E 
with local connection one-forms A? as in (**). It remains to show that this connection X7 E yields 
(2.1.67). So we have to s how tha t D — D v is C°° (M)-linear. Using the explicit expression (**) for 
A% a together with Lemma 2.1.25, this is a straightforward computation. We have 



( a A P \ 
_ ij I UJ± ia, a _ aP -pfc a i Al \P s « ] Po 



-4- nP? a p a — n % 3 la n a _ aP r fe s Q -I- 4 7 A 13 s Q I Pa 

-I- u a s ep g I s A ka i + a^a^s j ep 

( dA 13 \ 

This is clearly C°°(M)-linear and hence the local expression for an endomorphism field B 6 T ao (End(E)). 
Since D — □ v is globally defined, B is indeed a globally defined section. Of course, taking the explicit 
but complicated transformation laws for coefficients of second order differential operators, connection 
one-forms and Christoffel symbols, this can also be checked by hand (though it is not very funny). □ 

Remark 2.1.27 (Normally hyperbolic operators) 

i.) If D is normally hyperbolic and V B is the corresponding covariant derivative then D satisfies 
the Leibniz rule 

D(f ■ s) = fD(s) + 2Vf rad(/)S + (□/) • s (2.1.68) 

for all / £ S°°(M) and s 6 T°°{E). This follows from the above proof. The connection V E is 
also called the D-compatible connection. In the following, we can safely assume that D is of the 
form D v + B as above. 
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ii.) While in general every B 6 r°°(End(£')) gives a normally hyperbolic □ + B, in specific contexts 
there are sometimes more geometrically motivated choices for both, the connection V s and the 
additional tensor field B. 

Hi.) Even though we formulated the above proposition and the definition of normally hyperbolic 
differential operators with respect to a Lorentz signature, it is clear that the above considerations 
apply also to the general semi-Riemannian case. In the Riemannian case, the corresponding 
operators are called connection Laplacians and normally elliptic operators, respectively. 



2.2 Causal Structure on Lorentz Manifolds 

While most of the material up to now was applicable for general semi-Riemannian manifolds we shall 
now discuss the causal structure referring to the Lorentz signature exclusively. 



2.2.1 Some Motivation from General Relativity 



In general relativity the spacetime is described by a four-dimensional manifold M equipped with a 
Lorentz metric g subject to Einstein's equation. One defines the Einstein tensor 



G = Ric seal -a, 

2 

which is a symmetric covariant tensor field 

G e r°°(s 2 T*M). 

It can be shown that the covariant divergence of G vanishes, 

divG = 0, 



(2.2.1) 



(2.2.2) 



(2.2.3) 



while G itself needs not to be covariant constant at all. Physically, (2.2.3) is interpreted as a conser- 
vation law. Einstein's equation is then given by 



G = kT, 



(2.2.4) 



where T £ T°° (S 2 T* M) is the so-called energy-momentum tensor of all matter and interaction fields 
on M excluding gravity. The constant k is up to numerical constants Newton's constant of gravity. 
The precise form of T is complicated and depends on the concrete realization of the matter content 
of the spacetime under consideration. More generally, Einstein's equation with cosmological constant 
are 

G + \g = KT, (2.2.5) 

where A G 1R is a constant, additional parameter of the theory, the cosmological constant. 

The nature of these equations is that for a given functional expression for T usually coming 
from a variational principle, the metric g has to be found in such a way that (2.2.4) or (2.2.5) 
is satisfied. However, this is rather complicated as (2.2.4) and (2.2.5) turn out to be quadratic 



partial differential equations of second order in the coefficients of the metric which are of a rather 
complicated type. On one hand they are "hyperbolic" and therefor ask for an "initial value problem". 



On the other hand, when formulating (2.2.4) or (2.2.5) as initial value problem for a metric on a 3- 



dimensional submanifold, the Equations (2.2.4) or (2.2.5) have a certain gauge freedom thanks to the 



diffeomorphism invariance of the condition (2.2.4) and (2.2.5), respectively. This yields "constraints" 



which have to be satisfied. For more details on this initial value problem in general relativity see 
e.g. fT6lfl7l[22 . 
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All this makes general relativity quite complicated, both from the conceptual and practical point 
of view. We refer to textbooks on general relativity for a more detailed and sophisticated discussion, 
see e.g. §|29|[54||56) . 

For T = one speaks of a vacuum solution to Einstein's equation: only those degrees of freedom 
are relevant which come directly from geometry and hence from gravity. Already this particular case 
is very complicated as it is still highly non-linear. Nevertheless, there are solutions which look like 
propagating waves or black holes. 

In the following, we take the point of view that a certain energy and momentum content of the 
spacetime results in a certain metric g. Then we assume that there is a slight perturbation by some 
additional field (j> on M which on one hand has only a minor contribution to T and thus does not 
influence g. On the other hand, the field is subject to field equations determined by g. With other 
words, we neglect the back-reaction of the field on g but investigate the field equations in a fixed 
background metric g. 

Thus we arrive at field equations for (jiona given spacetime (M, g) . It turns out that the question 
whether g is a solution to Einstein's equation or not, is of minor importance when we want to 
understand the field equations for (p. In fact, the geometric features of g which guarantee a "good 
behaviour" of 4> are rather independent of Einstein's equation. 

In general, physically relevant field equations for (f> can be quite complicated: if we are interested 
in "interacting fields" then the field equations are non-linear. Thus all the technology of distributions 
etc. does not apply, at least not in a naive way. For this reason we restrict to linear field equations: 
one motivation is that even if the original field equations for <f> are non-linear, a linearization around 
a solution 0n might be interesting. Assuming that <pQ is a solution one considers <j) = 0o + ip an d 
rewrites the (non-linear) equations for <f> as field equations for the perturbation ip and neglects higher 
order terms in tp. This way one obtains an approximation in form of a linear field equation for ip. 

We shall now discuss some typical examples. The prototype of a field equation is the Klein-Gordon 
equation for a scalar field (f> £ C°°(M) of mass m S 1R 

□0 + m 2 ^ = O. (2.2.6) 

On non-trivial geometries there are physical arguments suggesting that the Klein-Gordon equation 
should be modified in a way incorporating the scalar curvature, i.e. one considers 

□c/> + £ seal + m 2 = 0, (2.2.7) 



where £ S IR, is a parameter. While (2.2.7) is still linear, a self-interacting modification of the Klein- 
Gordon equation is e.g. 



D(f> + m 2 (p + Xcj) 2 + ntj) 3 = 0, (2.2. 



where again A,/i £ R are parameters of the theory. If 4>q is a solution of (2.2.8) then a linearized 



version of (2.2.8) for <j) = tfio +ip is given by 

+ mV + 2A0o^ + 30§V = 0. (2.2.9) 

By this procedure we obtain a rather general linear equation with leading symbol being the metric but 
fairly general C°° (M)-linear part, in our case either £ seal +m 2 or m 2 + 2A</>o + 3/x</>q or a combination 
of both. 

This motivates that one should consider linear second order differential equations of normal hy- 
perbolic type, i.e. 

(□ + 5)0 = 0, (2.2.10) 

with B £ C°°(M). Finally, the step towards general vector bundles and sections <ft £ T°°(E) is only 
a mild generalization: in many physical field theories the fields have more than one component. This 
way we arrive at field equations of the form 

(□ v + B)(j) = (2.2.11) 
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for cf) G r°°(E) with a connection d'Alembertian D v and some B G r°°(End(-E')). Note once more 
that in our approximation to general relativity we have a fixed background metric g used in the 
definition of D v . 

2.2.2 Future and Past on a Lorentz Manifold 

Having a fixed Lorentz metric g on a spacetime manifold M we can now transfer the notions of special 
relativity, see e.g. |50|, to (M,g). In fact, each tangent space (T p M,g p ) is isometrically isomorphic 
to Minkowski spacetime (R n , rj) with rj = diag(+l, — 1, . . . , — 1), by choosing a Lorentz frame: there 
exist tangent vectors e« G T p M with i = 1, . . . , n such that 

9 P (ei, ej) = rjij = ±<%. (2.2.12) 



Remark 2.2.1 (Local Lorentz frame) The pointwise isometry from (T p M,g p ) to (R n ,r/) can be 
made to depend smoothly on p at least in a local neighborhood: For every p G M there exists a small 
open neighborhood U of p and local sections e\,...,e n G T°°(E\ U ) such that for all q G U 

9qifii{q), ej{q)) = rjij. (2.2.13) 

In general, the frame {ej}j = i v .. jn can not be chosen to come from a chart x on U, i.e. is not 
Here the curvature of 5 is the obstruction. Nevertheless, such local Lorentz frames will simplify certain 
computations. We note that for two local Lorenz frames {ej}j = i v .. jn and {ei}j=i v .. 5 n on U there exists 
a unique smooth function A : U — > 0(1, n — 1) such that 

e i (p) = Aj(p)e i (p) J (2.2.14) 

since the Lorentz transformations 0(1, n — 1) are precisely the linear isometries of (JR n ,r]). 
As in special relativity one states the following definition: 

Definition 2.2.2 Let (M,g) be a Lorentz manifold and v p G T p M a non-zero vector. Then v p is 
called 

i. ) timelike if g p (v p ,v p ) > 0, 

ii. ) lightlike or null if g p (v p ,v p ) = 0, 
Hi.) spacelike if g p (v p ,v p ) < 0. 

Non-zero vectors with g p (v p ,v p ) > are sometimes also called causal. To the zero vector, no attribute 
is assigned. 

In a fixed tangent space we have two open convex cones of timelike vectors whose boundaries consists 



of the lightlike vectors together with the zero vector, see Figure 2.2 Already in Minkowski spacetime 
there are Lorentz transformations which exchange the two connected components of the timelike 
vectors. Thus there is no intrinsic definition of "future-" and "past-directed" vectors in (H n , rj). Clearly, 
for physical purposes it is crucial to have such a distinction: we choose once and for all a time- 
orientation on Minkowski spacetime (R n ,r/), i.e. a choice of one of the interiors of the light-cones 
to be future directed. We symbolize this choice by (IR/ 1 , 77, f). Now only the orthochronous Lorentz 
transformations 

L t (l,n- 1) = {A G 0(1, n,l) I Ag > 0} (2.2.15) 

preserve the time-orientation (R n ,r/, f). Clearly, L^(l,n — 1) is a closed subgroup of 0(1, n — 1) of 
the same dimension. 
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Figure 2.2: Light cone structure in Minkowski spacetime 



Analogously, Lorentz transformations do not preserve the space-orientation in general. For a 
spacelike sub vector space £ C R n (of dimension n — 1), there are orientation preserving and re- 
versing Lorentz transformations. Choosing one orientation of X we obtain an additional structure 
on Minkowski spacetime which we symbolize as (E n , rj, +) or (H n , rj, f, +) in the case where we have 
chosen a time-orientation as well. One can check that "+" does not depend on the particular choice of 
E. The subgroups preserving + or + and f are the proper and the proper and orthochronous Lorentz 
transformations denoted by L + (l,n — 1) and L^_(l,n — 1), respectively. It is a standard fact that 
L+(l,n — 1) is the connected component of the identity and hence a normal subgroup. The discrete 
resulting quotient group is 



with relations P 2 = T 2 = id and PT = TP. Then T is the time-reversal while P is the parity 
operation. 

We want to use now the time- and space-oriented Minkowski spacetime (R n ,r/,f, +) in order to 
obtain time and space orientations for (M, g) as well. Here we meet the usual obstructions analogously 
to the obstructions for orientability in general. In the following the time-orientability will be crucial 
while the space-orient ability is not that important. Thus we focus on the time-orientability. Here one 
has the following result: 

Proposition 2.2.3 Let (M,g) be a Lorentz manifold. Then the following statements are equivalent: 

i. ) There exists a timelike vector field X £ T°°(TM), i.e. X{p) is timelike for all p £ M. 

ii. ) There exists an open cover {U a } a of M with local Lorentz frames {e a i}i=i t „, tn E T°°(TU a ) such 

that on U a fl Ug ^ the transition matrix K a p G 0(1, n — 1) with 



L(l,n-l)/LT(l,n-l) = {id,P,T,PT} 



(2.2.16) 




(2.2.17) 



takes values in L^(l,n — 1). 
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Proof. Assume that X 6 r°°(TM) is timelike. Then we choose an open cover {U a } of M with locally 
defined Lorentz frames {e a i} on U a . Without restriction we can choose the U a to be connected. Then 
on U a either the timelike vector e a ± or the timelike vector — e a \ is in the same connected component 
of the timelike vectors as X. Changing e a \ to — e a \ if necessary yields a local Lorentz frame on U a 
with e a i in the same connected component as X. Since this holds for all a we obtain transition 
matrices A a p in e°°(U a n C/ /3 ,L t ) as wanted. 

Conversely, let such an open cover and local Lorentz frames be given. We choose a partition of 
unity Xa subordinate to U a with \a > 0. Then we define 

X = ^2x a e a i (*) 

a 

which is clearly a globally defined smooth vector field X £ T°°(TM). At p 6 M only finitely many 



a contribute to (*). Moreover, since by (2.2.17) all the e a x(p) are in the same connected component 
of the timelike vectors and since this connected component is convex, also X(p) is in this connected 
component. It follows that X(p) is timelike. □ 
There are still alternative formulations of the property described by ^) and ^) in Proposi- 
tion 2.2.3| However, for the time being we take the result of Proposition |2.2.3| as definition of 



time-orient ability : 



Definition 2.2.4 (Time-orientability) Let (M,g) be a Lorentz manifold. 

i.) (M,g) is called time-orientable if there exists a timelike vector field X £ r°°(TM). 

ii.) The choice of a timelike vector field X 6 T°°(TM) is called a time- orientation. 

Hi.) With respect to a time-orientation, a timelike vector v p 6 T p M is called future directed if v p is 
in the same connected component as X(p). It is called past directed if —v p is future directed. 

Remark 2.2.5 (Time-orientability) Note that time-orientability of (M,g) is rather independent 
of (topological) orientability of M. One can find easily a Lorentz metric on the Mobius strip which is 
time-orientable and, conversely, a Lorentz metric on the cylinder S 1 x 1R which is not time-orientable. 
We leave it as an exercise to figure out the details of these examples. 

In the following, we shall always assume that (M,g) is time orientable. Moreover, we assume 
that a time-orientation has been chosen once and for all. This will be important for a consistent 
interpretation of (M, g) as a spacetime manifold. Using the time orientation we can define the future 
and past of a given point in M. More precisely, one calls a curve 7 : I C R — )• M timelike, lightlike, 
spacelike or causal if j(t) is timelike, lightlike, spacelike, or causal for all t 6 /, respectively. A causal 
vector v p G T p M is called future or past directed if it is contained in the closure of the future or past 
directed timelike vectors at p. Then a curve 7 is called future or past directed if 7(i) is causal and 
future or past directed at every t. By continuity we see that a causal curve is either future or past 
directed. In a time-oriented spacetime it cannot change the causal direction. Clearly a C 1 -curve is 
sufficient for this argument. 

Definition 2.2.6 Let (M,g) be a time-oriented Lorentz manifold andp,q E M. The we define 
%■) p q if there exists a future directed, timelike smooth curve from p to q. 
ii.) p < q if either p = q or there exists a future directed, causal smooth curve from p to q. 
Hi.) p < q if p < q but p 7^ q. 

Clearly the relations <C and < are transitive. We use these relations to define the chronological and 
causal future and past of a point: 
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- x 



t m(p) 

Figure 2.3: Future and past for a convex subset of Minkowski spacetime. 

Definition 2.2.7 (Chronological and causal future and past) Let(M,g) be a time- oriented Lorentz 
manifold and p E M. 
i.) The chronological future of p is 



ii.) The chronological past of p is 
Hi.) The causal future of p is 
iv.) The causal past of p is 



I+(p) ={qeM\p<q}. 

r(p) = {qeM\q<^p} . 
J+(p) = {qeM\p<q}. 
J~(p) = {qeM\q<p}. 



(2.2.18) 

(2.2.19) 
(2.2.20) 
(2.2.21) 



Sometimes we indicate the ambient spacetime M in the definitions by T^{p) and J^(p) since they 
will play a crucial i 
not necessarily pres 
by some examples: 



will play a crucial role. The definitions of I M (p) and J^j(p) reflect global properties of M which are 
not necessarily preserved under isometric embeddings. We illustrate the meaning of I^(p) and J^(p) 



Example 2.2.8 The spacetime (M,g) in Figure 2.3 and the following pictures are open subsets of 
the usual Minkowski spacetime (R 2 ,^) with future direction being "upward". Figure 



2.4 



shows that 



^Af(p) an d Jm(p) are n °t J us t the intersections of M with lj~ 2 (p) and J^ 2 [p), but actually smaller. 



Figure 2.5 illustrates that Jtr(p) needs not to be the closure of lt [ (p). In fact, Jt*{p) 1S n °t closed at 



all in this example. 

Without proof we state the following result, see e.g. |46l Chap. 14]: 

Proposition 2.2.9 Let (M,g) be a time-oriented Lorentz manifold. Then for every p E M the 
chronological future and past Im(p) °f P * s an open subset of M. 



The intuition behind this proposition is clear and is visualized in Figure 2.6 Since the sets I^(p) 
are open, we can use them to define a collection of open subsets of M. In particular, we consider the 
intersections I^, f (p) Pi L^ f (q) for p,q E M. These subsets are sometimes called (chronological) open 



diamonds as Figure 2.7 suggests. In flat Minkowski space the sets I^j{p) C\ I M {q) are diamond-shaped. 
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9 i JIM 



not always a causal 
timelike curve 




Figure 2.4: Future and past for a spacetime M with "notch". 




X 



X 



Figure 2.5: Future and past for a spacetime with an excluded line segment. 

open subset around q 




still timelike 



timelike curve 



P 



Figure 2.6: The chronological future is open. 
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Figure 2.7: An chronological open diamond in a spacetime. 




J+(A) 



Im{A) 

Figure 2.8: Chronological and causal future and past of A in Minkowski spacetime (R 2 ,r/). 



These open diamonds can be used to define a new topology on M: they form a basis of a topology 



sometimes called the Alexandrov topology of (M, g). By Proposition 2.2.9 it is coarser than the original 
topology. We will come back to the question whether the Alexandrov topology actually coincides with 
the usual one; a case which is of course physically interesting: in this case the topological structure of 
M is determined by the causal structure. Analogously to the chronological open diamonds, we define 
the diamonds 

J M (p, q) = JUp) n J M (q). (2.2.22) 

Finally, we can extend Definition |2.2.7| to arbitrary subsets A C M. One defines the chronological 
future and past as well as the causal future and past of A by 



fiW = U t m(p) 

pt=A 



(2.2.23) 



and 



(2.2.24) 



respectively. Again, J M (A) needs not to be closed but is contained in the closure of I^(A) which is 



always open by Proposition |2.2.9 



Definition 2.2.10 (Future and past compactness) Let (M,g) be a time- oriented Lorentz mani- 
fold. Then a subset A C M is called future compact if J^(p) D A is compact for all p € M and past 
compact if J^(p) D A is compact for all p G M. 

The geometric interpretation is clear and can be visualized again in Minkowski spacetime as in Fig- 



ure 2.9 Clearly, A needs not be compact in the topological sense. However, if all the J M (jp) are 
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Figure 2.9: A past compact subset A in Minkowski spacetime. 



closed then every compact subset A C M is future and past compact. 



The phenomenon in Figure 2.4 motivates the following definition: 



Definition 2.2.11 (Causal compatibility) Let (M,g) be a time- oriented Lorentz manifold and 
U C M open. Then U is called causally compatible if for all p 6 M we have 

Ju(P) = J M(p)nU. (2.2.25) 

More generally, a time- orientation preserving isometric embedding i : (N,h) (M,g) of a time- 
oriented Lorentz manifold (N, h) into (M, g) is called causally compatible if i(N) C M is causally 
compatible. 

Remark 2.2.12 Let (M,g) be a time-oriented Lorentz manifold. 
i.) XI C M is causally compatible if for every causal curve from p£U to qGU in M one also finds 



a causal curve from p to q which lies entirely in U. In Figure 2.4 this is not the case for the 
subset MCR 2 . 

ii.) If V C U CM are open subset such that V C U is causally compatible in the Lorentz manifold 
(U, g\jj) and U is causally compatible in M, then also V C M is causally compatible. 

Hi.) If U C M is causally compatible and vl C [/ the clearly 

4(A) = J±(A)nU. (2.2.26) 

iu.J Since the relation "causally compatible" is transitive with respect to inclusion, we obtain a 
category of n-dimensional time-oriented Lorentz manifolds Lorentz n as follows: the objects will 
be n-dimensional time-oriented Lorentz manifolds and the morphisms i : (JV, h) >■ (M, g) will 
be isometric embeddings preserving the time-orientations which are causally compatible. Even 
though there are usually not many morphisms between two objects in this category, it will turn 
out to be a very useful notion. In recent approaches to axiomatic quantum field theory on 



generic spacetimes this point of view becomes important, see e.g. 15 30 and references therein 



2.2.3 Causality Conditions and Cauchy-Hypersurfaces 

We continue our investigation of the causality structure of a time-oriented Lorentz manifold (M,g). 
We start with the following definition: 

Definition 2.2.13 (Causal subsets) Let U C M be an open subset. Then U is called causal if there 
is a geodesically convex open subset U' C M such that U d C JJ' and for any two points p,q G U cl the 
diamond Ju'iPiQ) * s compact and contained in U d . 
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Figure 2.10: A subset U which is convex but not causal. 

t 




x 



Figure 2.11: A subset U which is causal but not convex. 



Figure 2.10 to Figure 2.12 show the relations between the notions of geodesically convex and causal 
subsets. Again, the ambient spacetime is the Minkowski spacetime (R 2 ,r/). Since the geodesies are 
still the straight lines, open convex subsets U' C R 2 in the usual sense coincide with the geodesically 
convex subsets. The "opposite" of a causal domain are the acausal subsets of M. 

Definition 2.2.14 (Acausal and achronal subsets) Let A C M be a subset of a time- oriented 
Lorentz manifold. Then A is called 

i.) achronal if every timelike curve intersects A in at most one point. 

ii.) acausal if every causal curve intersects A in at most one point. 

Clearly, acausal subsets are achronal but the reverse is not true. Already the light cones in Minkowski 



spacetime are achronal but not acausal, as Figure 2.13 illustrates. Using the causal structure of (M,g) 



we obtain a refined notion of boundary and closure of a subset A C M. One defines p S A d to be 
an edge point if for all open neighborhoods U of p there exists a timelike curve from Ijj(p) to Ly(p) 



which does not meet A. In Figure 2.14 the point q is an edge point of the segment while p is not. 



In Figure 2.15 the line segment A is considered as subset of 3-dimensional Minkowski spacetime 
(R 3 , 7]). Then all points in A d are edge points. Thus the notion of edge points is finer than the notion 
of a (topological) boundary point. We want to get as large achronal or acausal subsets as possible: 
they will be good candidates for Cauchy hypersurfaces where we can impose initial conditions. The 
following theorem states that we can expect at least S°-submanifolds. 
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Figure 2.12: A subset U which is both convex and causal. 

* light-cone 




timelike curve timelike curve 

meets A does not meet A 

► x 



Figure 2.14: Examples of edge points of a line segment in 2-dimensional Minkowski spacetime. 




.4 



timelike curve 
does not meet A 



Figure 2.15: Examples of edge points of a line segment A in 3-dimensional Minkowski spacetime. 
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Figure 2.16: A Cauchy hypersurface £ in a spacetime M. 



Theorem 2.2.15 (Achronal hypersurfaces) Lei (M,g) be a time- oriented Lorentz manifold and 
AC. M achronal. Then A is a topological hypersurface in M if and only if A does not contain any of 
its edge points. 

Recall that a topological hypersurface £ of M is a C°-manifold £ together with a S°-embedding 
i : £ M with codimension one. In general, we can not expect more than a C°-hypersurface as the 
example of the light cone shows. For a proof we refer to |46| Prop. 24 in Chap 14]. The following 



corollary is a straightforward consequence of Theorem 2.2.15 



Corollary 2.2.16 An achronal subset A is a closed topological hypersurface if and only if A is edge- 
less. 

The extreme case of an achronal hypersurface will be a Cauchy hypersurface. First recall that a 
timelike curve 7 : I C K — > M is called inextensible if there is no "reparametrization" 7: Jcl — > 
M of 7 such that j(J) 2 7(-0 is strictly larger. Then we can formulate the following definition: 

Definition 2.2.17 (Cauchy hypersurface) Let(M,g) be a time- oriented Lorentz manifold. A sub- 
set £ C M is called a Cauchy hypersurface if every inextensible timelike curve meets £ in exactly one 
point. 



Remark 2.2.18 (Cauchy hypersurface) Clearly, a Cauchy hypersurface £ is achronal. Moreover, 
by the very definition of an edge point, £ has no edge points. Thus £ is a closed topological hyper- 
surface by Theorem 2.2.15 Finally, if q E M there exists a timelike curve through q, say a timelike 



geodesic. Thus such a timelike curve has an extension which meets £ in one point pGS. It follows 
that either q <C p, p = q, or p <C q. Thus M is the disjoint union of the non-empty open subsets 
I^(T,) and S. Hence S is the topological boundary of I M (1T), i.e. we have the disjoint union 



M 



J+ (E) U E U /^(E). 



(2.2.27) 
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Figure 2.17: Cauchy development of a subset A in the 2-dimensional Minkowski spacetime. 

Furthermore, on can show that a Cauchy hypersurface is met by every inextensible causal curve at 
least once, see e.g. (46| Lem. 29 in Chap. 14]. 

The physical interpretation of a Cauchy hypersurface is that the whole future of the spacetime, viewed 
from £ is predictable in the sense that every particle or light ray being in the future Ji-(S) of £ has 
passed through £ at earlier times. Analogously, viewed from £, the whole past of M is already known. 

For an arbitrary subset A C M we can still ask which part of M is predictable from A. This 
motivates the following definition of the Cauchy development of A: 

Definition 2.2.19 (Cauchy development) Let A C M be a subset. The future Cauchy develop- 
ment Dtj(A) C M of A is the set of all those points p S M for which every past-inextensible causal 
curve through p also meets A. Analogously, one defines the past Cauchy development D M (A) and we 
call 

Dm (A) = D+(A) U D M (A) (2.2.28) 

the Cauchy development of A. 

Remark 2.2.20 (Cauchy development) Let A C M be a subset. The physical interpretation of 
D M (A) is that D M (A) is predictable from A. Analogously, D M (A) consists of those points which 
certainly influence A in their future. We have A C D M (A). 

Remark 2.2.21 For KMwe clearly have 

D M (D M (A)) = D M {A) (2.2.29) 

and hence 

Moreover, for A C B C M we have 



D M (D M (A)) = D M (A). (2.2.30) 
D M (A)CD M (B) (2.2.31) 
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Figure 2.18: Periodic timelike geodesic on a cylinder. 




remove these lines 

Figure 2.19: Almost periodic timelike curves on a cylinder with removed line segments. 



and 

Dm (A) C D M {B). (2.2.32) 
Thus the three operations D M { ■ ) and Dm( • ) behave similar as the topological closure A \— > A cl . 

Remark 2.2.22 If A C M is achronal then A is a Cauchy hypersurface if and only if Dm (A) = M. 
Thus for an achronal hypersurface, Dm (A) can be viewed as the largest subset of M for which A 
is a Cauchy hypersurface. In fact, one can show that Dm (A) is open for an acausal topological 
hypersurface, see e.g. |46| Lem. 43 in Chap. 14]. 

While the existence of a Cauchy hypersurface is from the physical point of view very appealing, it 
is by far not evident. In fact, not every time-oriented Lorentz manifold has a Cauchy hypersurface. 
Quite contrary to the existence of a Cauchy hypersurface is the following example: 



Example 2.2.23 We consider the cylinder M = S 1 x IR, with Lorenz metric dt 2 — dx 2 where the 
time variable is in S 1 -direction. The global vector field is timelike and defines the time-orientation. 
Then through every point p S M there is a timelike geodesic which is periodic. Thus there cannot 



be any Cauchy hypersurface. Figure 2.18 illustrates this situation. A slight variation is obtained by 
removing two lines in Figure 2.19 Then there are no longer closed timelike curves. However, starting 
arbitrarily close to the point p at q' there is a timelike curve (no longer geodesic of course) which ends 
again arbitrarily close to p in q" . 

Both situations are of course very bad for physical interpretations: in the first case one could travel 
into ones own past with all the funny paradoxa appearing. In the second case one could do so at least 
approximately. This motivates the following definition: 

Definition 2.2.24 (Causality condition) Let (M,g) be a time- oriented Lorentz manifold, 
i.) M is called causal if there are no closed causal curves in M. 

ii.) An open subset U C M is called causally convex if no causal curve intersects with U in a 
disconnected subset of U . 
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Hi.) M is called strongly causal at p £ M if every open neighborhood of p contains an open causally 
convex neighborhood. 

iv.) M is called strongly causal if M is strongly causal at every point p £ M. 

Without proof we mention the following interpretation of the strong causality condition, see e.g. |6j 
Prop. 3.11]: 

Theorem 2.2.25 (Kronheimer, Penrose) A time- oriented Lorentz manifold (M,g) is strongly 
causal if and only if the Alexandrov topology coincides with the original topology of M. 



The last ingredient we need is the following: In Example |2.2.8 we have seen examples of time- 



oriented spacetimes where the sets J^(p) are not closed and hence not the closure of the It>(|>). 
To cure this effect one demands that the diamonds Jm{p,q) = Jm(p) H J^(q) are compact for all 
p,q 6 M. Here one has the following nice consequence, see e.g. |45| : 

Proposition 2.2.26 Assume that Jm{Pi1) = ^mQ 3 ) I" 1 Jm(q) * s compact for all p,q 6 M on a time- 
oriented spacetime (M,g). Then the causal past and future J^(p) of any point p € M are closed 
subsets of M. 

Remark 2.2.27 In this section we only introduced some of the characteristic features of a time- 
oriented Lorentz manifold. There are many other notions of causality with increasing strength. Re- 
markably, many fundamental insights have been obtained only recently. We refer to the very nice 



review article of Minguzzi and Sanchez |45 for an additional discussion. 



2.2.4 Globally Hyperbolic Spacetimes 

We are now in the position to define a globally hyperbolic spacetime according to [10]: 



Definition 2.2.28 (Globally hyperbolic spacetime) A time- oriented Lorentz manifold (M, g) is 
called globally hyperbolic if 
i.) (M,g) is causal, 

ii.) all diamonds Jm(p,q) o- re compact for p,q G M. 

Note that in earlier works the notion of globally hyperbolic spacetimes involved a strongly causal 
(M, g) instead of just a causal one. It was observed only recently that these two notions actually 



coincide, see 10 



The relevance of this condition comes from the relation to Cauchy hyper surf aces. To this end, we 
first introduce the notion of a time function: 

Definition 2.2.29 (Time function) Let (M,g) be a time-oriented Lorentz manifold and t : M — > 
1R a continuous function. Then t is called a 

i.) time function if t is strictly increasing along all future directed causal curves. 

ii.) temporal function if t is smooth and gradi is future directed and timelike. 

Hi.) Cauchy time function if t is a time function whose level sets are Cauchy hyper surf aces. 

iv.) Cauchy temporal function if t is a temporal function such that all level sets are Cauchy hyper- 
surfaces. 

Remark 2.2.30 (Time functions) 

i.) With the other sign convention for the metric a temporal function has past directed gradient. 
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Figure 2.20: The gradient flow of a Cauchy temporal function. 

ii.) If t is temporal, its level sets are (if nonempty) embedded smooth submanifolds since the gradient 
is non-zero everywhere and hence every value is a regular value. Note that they do not need to 
be Cauchy hypersurfaces at all: In fact, remove a single point from Minkowski spacetime then 
the usual time function is temporal but there is no Cauchy hypersurface at all. 

Hi.) The gradient flow of t gives a diffeomorphism between the different level sets of t. Since every 
timelike curve intersects a Cauchy hypersurface precisely once we see that this gives a diffeomor- 
phism 

M~i(¥)xS iD1 (2.2.33) 

and all Cauchy hypersurfaces are diffeomorphic to a given reference Cauchy hypersurface X^. 
This gives a very strong implication on the structure of M. 

iv.) By rescaling t we can always assume that the image of t is the whole real line R. This follows 
as the image of t is necessarily open and connected (for connected M). 

The following celebrated and non-trivial theorem brings together the notions of globally hyperbolic 
spacetimes and the existence of Cauchy temporal functions. 

Theorem 2.2.31 Let (M,g) be a connected time- oriented Lorentz manifold. Then the following 
statements are equivalent: 

i.) (M,g) is globally hyperbolic. 

ii.) There exists a topological Cauchy hypersurface. 
Hi.) There exists a smooth spacelike Cauchy hypersurface. 

In this case there even exists a Cauchy temporal function t and (M, g) is isometrically diffeomorphic 
to the product manifold 

ExS with metric g = f3 dt 2 - g t , (2.2.34) 

where (3 6 C°°(1R x X) is positive and gt £ r°°(S 2 T*S) is a Riemannian metric on £ depending 
smoothly on t. Moreover, each level set 

St = {(t,a) eExS}CM (2.2.35) 
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Figure 2.21: The Minkowski strip 



of the temporal function t is a smooth spacelike Cauchy hypersurface. 



Remark 2.2.32 The equivalence offzjj and is the celebrated theorem of Geroch [25). The 
enhancement to the smooth setting is due to Bernal and Sanchez (7-10 . Conversely, having a metric 
of the form j3 d t 2 — gt on IR, x S it is trivial to see that all level sets S^ are spacelike hypersurfaces 



diffeomorphic to E. Note however, that the form (2.2.34) alone does not guarantee that the St are 
Cauchy hypersurfaces. 

Example 2.2.33 (Minkowski strip) We consider S = (a, b) an open interval with — oo < a < b < 
+oo and M = RxS C IR 2 as open subset of Minkowski space. Then St is not a Cauchy hypersurface 
for any t. This is clear from the observation that there are inextensible timelike geodesies not passing 
through St. In fact, M is not globally hyperbolic at all: while M is causal (and even strongly causal) 
it fails to satisfy the second condition of global hyperbolicity: there are diamonds Jm(p, q) which are 



not compact, see Figure 2.21 Thus by Theorem |2 . 2 . 3 1 1 there cannot exist any Cauchy hypersurface. 



Nevertheless, the metric is of the very simple form 



g = dt 2 -dx 2 



(2.2.36) 



The problem with this example comes from the geometric feature of the open interval S = (a, b) C 
IR of being "too short". The following proposition gives now a sufficient condition such that this can 
not happen: 



Proposition 2.2.34 Let M = IR x S with Lorentz metric 



1 , 

-dt V dt 
2 



(2.2.37) 



where g-% is a Riemannian metric on S and f £ C°°(IR) is positive. The time- orientation is such that 
is future directed. Then (M, g) is globally hyperbolic if and only if g-£ is geodesically complete. 

For a proof see e.g. |4j Lem. A. 5. 14]. Many of the physically interesting examples of spacetimes from 
general relativity can be brought to the form (2.2.37) whence the above Proposition can be used to 
discuss the global hyperbolicity of (M,g). 
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Figure 2.22: The future directed normal vector field of a Cauchy hypersurface E. 



For later use we mention the following result which still enhances Theorem 2.2.31 see [9l Thm. 1.2]. 



Theorem 2.2.35 Let (M,g) be globally hyperbolic and let E C M be a smooth spacelike Cauchy 
hypersurface. Then there exists a Cauchy temporal function t such that the t = Cauchy hypersurface 
coincides with E. 



2.3 The Cauchy Problem and Green Functions 

Having the notion of a Cauchy hypersurface we are now in the position to formulate the Cauchy 
problem for a normally hyperbolic differential operator. Here we still be rather informal only fixing 
the principal ideas. The precise formulation of the Cauchy problem will be given and discussed in 
detail in Section [4.21 

Thus let (M, g) be globally hyperbolic and E C M a smooth Cauchy hypersurface which we 
assume to be spacelike throughout the following. At a given point p 6 E C M the tangent plane 
T p E C T p M is spacelike whence there exists a unique vector n p G T p M which satisfies 



(2.3.1) 

(2.3.2) 
(2.3.3) 

This vector is called the future directed normal vector of S at p. Taking all points p G E we obtain 
the future directed normal vector field of E, i.e. the vector field 

n e r°° (tm| s ) , 



£/p(n p ,T p E) = 0, 

g P (n p ,n p ) = 1, 
rip is future directed. 



(2.3.4) 



such that (2.3.1), (2.3.2), and (2.3.3) hold for every p £ E. Since E is a smooth submanifold, n is 



smooth itself. We consider now a normally hyperbolic differential operator D G DiffOp(-E') on some 
vector bundle E — > M. Then this operator gives the homogeneous wave equation 



Du = 0, 



(2.3.5) 



or more generally 

Du = v, (2.3.6) 

where v G T°°(E) is a given inhomogeneity and u G T°°(E) is the field we are looking for. Having 
specified the inhomogeneity which physically corresponds to a source term, we can try to find a 
solution u which has specified initial values and initial velocities on E. More precisely, we want 



u 



uq g r°°(£;| 



(2.3.7) 
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and 

Vfu| =ii G r°°(£:| E ) (2.3.8) 

with a priori given no and Uq. The hope is that this Cauchy problem has a unique solution, probably 
after considering compactly supported v, no, and uq. Moreover, one hopes that the solution u depends 
in a reasonably continuous way on the initial values uq and uq and perhaps also on v. 

More generally, one can try to find solutions u G T~°°(E) for distributional initial values uq,uq G 
Y^iE^ and distributional v G r~°°(E). In general, however, we meet difficulties with this Cauchy 
problem. Namely, we can not just restrict a distribution u to a submanifold £ in order to make sense 



out of ( |2.3.7 ) and (2.3.8): this is only possible if u behaves nicely enough around S. Clearly, the 
restriction is not problematic as soon as u is at least S 1 . 

As a last comment we note that the Cauchy problem still makes sense if £ is just a spacelike 
hypersurface which is not necessarily a Cauchy hypersurface. In this case we still can hope to get a 
solution to the Cauchy problem but we have to expect non-uniqueness for obvious reasons. 

The main idea to attack this problem is to construct particular distributional solutions, the fun- 
damental solutions F p G F-°°(E) ® E* ® \A top \T*M such that 

DFp = S p , (2.3.9) 

where 6 P is the (^-distribution at p G M viewed as E* <%> \A top \T*M- valued generalized section of E, 
i.e. for a test section n G T^(E* ® \A top \T*M) we have 

5p{ii) = /z(p) G <g> |A top |r;M. (2.3.10) 



Definition 2.3.1 (Green function) Let p G M. A generalized section F p of E which satisfies 



(2.3.9) is called fundamental solution of D at p. If a fundamental solution F^ in addition satisfies 



suppi^ C J±(p), (2.3.11) 



then F^ is called advanced or retarded Green function of D at p, respectively. 



Remark 2.3.2 (Green function) Note that the notion of a fundamental solution makes sense for 
every differential operator on any manifold. The notion of advanced and retarded Green functions 



makes sense for any differential operator on a time-oriented Lorentz manifold, see also Figure 2.23 



The remaining part of these notes are now devoted to the study of existence and uniqueness of Green 
functions F^. Moreover, we have to relate the Green functions to the Cauchy problem for D. Here 
it will be important not only to have a Green function F p for every p G M. We also will need a 
reasonable dependence of F p on p. 
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Chapter 3 

The Local Theory of Wave Equations 



The purpose of this chapter is to discuss the existence and uniqueness of fundamental solutions for the 
wave equation determined by a normally hyperbolic differential operator at least on small enough open 
subsets of M. Thus the global structure of M does not yet play a role in this chapter. Nevertheless, 
already locally the geometry enters in form of non-trivial curvature terms and resulting non-trivial 
parallel transports. Thus already at this stage we will be beyond the usual flat situation of the wave 
equation in R 2n . 

We basically follow 14] and construct the fundamental solution first in the flat case of Minkowski 
spacetime. Here we use the approach of Riesz (49j by specifying the fundamental solutions using 
holomorphic function techniques. Then one constructs a formal solution on a domain as a series with 
certain coefficients, the Hadamard coefficients. This solution will be a series with no good control 
of convergence and in fact, no convergence in general. Thus an additional step is needed to find 
the "true" fundamental solutions. To this end certain cut-off parameters are introduced yielding a 
convergent series which is however no longer a fundamental solution but only a parametrix. With 
some convolution tricks this can be cured in the last step. The fundamental solution will have nice 
causal properties allowing to find solutions to the inhomogeneous wave equation with good causal 
properties as well. 



3.1 The d'Alembert Operator on Minkowski Spacetime 

As warming up we consider the most simple case of a normally hyperbolic differential operator, the 
d'Alembert operator on flat Minkowski spacetime. 

3.1.1 The Riesz Distributions 

We shall not only construct the fundamental solutions of the d'Alembert operator 

□ = ^-A (3.1.1) 

in n dimensions but a local family of distributions associated to □. Sometimes we will set t = x° 
and x = (x , ■ ■ ■ ,x n ~ l ) for abbreviation. In more physical terms, we set the speed of light c to 1 by 
choosing appropriate units. Here we follow essentially the approach of Riesz |49| , see |4[ Sect. 1.2] for 
a modern presentation of this approach. 

Using the Minkowski metric r\ we have the following function, also denoted by rj, 

rj(x) = r](x, x) (3.1.2) 
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on R n . Clearly rj £ Pol 2 (E, 2 ) is a homogeneous quadratic polynomial. Explicitly in the standard 
coordinates we have 



n-l 



r,(x°, x^ 1 ) = (x ) 2 - J>*) 2 = t 2 ~ (3-1-3) 

i=i 

We consider the following family of continuous functions on Minkowski spacetime: 
Definition 3.1.1 Let a £ <D have Re(a) > n. Then one defines 

R±(a)(x) = h a > n)r,{x) ^ 1 fOT « eI± (°) (3.1.4) 
else, 



where the coefficient is 



-, 2 — n 



c(a,n) = — ; : — ; -. (3.1.5) 

v > j r(f)r(^ + i) v 1 



Remark 3.1.2 (Gamma function) The Gamma function 

Y: C\{0,-l,-2,...} — >C (3.1.6) 

is known to be a holomorphic function with simple poles at — n for n £ Nq. One has the following 
properties: 
i.) The residue at — n G No is given by 

(-l) n 

res_„r = (3.1.7) 
n! 

ii.) For z £ <C \ {0, —1, —2, . . .} one has the functional equation 

T(z + 1) = zT(z) with r(l) = l. (3.1.8) 
Hi.) For n £ No one obtains from ( 3.1.8[ ) immediately 

T(n + l) = n!. (3.1.9) 
iv.) For Re(z) > one has Euler's integral formula 

/>oo 

r( z )= / rVMi (3.1.10) 



in the sense of an improper Riemann integral. 
v.) For all z E C \ {0, —1, —2, . . .} one has Legendre's duplication formula 

T(z)T{z + ] 2 ) = 2 1 - 2z ^T(2z). (3.1.11) 

For more details and proofs of the above properties of T we refer to any textbook on complex function 
theory like e.g. |48| Chap. 2]. The graph of the Gamma function along the real axis can be seen in 
Figure |3.1| 

Since the Gamma function T has no zeros we conclude that the prefactor c(a, n) is holomorphic 
for all a £ <C: indeed, for those a £ C where T(^) or r(^-^ + 1) has a pole the inverse is well-defined 
and has a zero of the same (first) order as the pole of the V function. This happens for 

OL Oi — Tl 

-=0,-1,-2,... and __ + 1 = 0,-1,-2,... 
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\J 





Figure 3.1: The Gamma function along the real axis 



Thus we conclude 



c(a,n)=0 iff a G {-2k \ k G N } U {n - 2k \ k G N } 



(3.1.12) 



since the nominator has clearly no zeros. For a not being in the above special set but still with 
Re(a) > n, the function R^(a) is continuous but not smooth on R n : 

Lemma 3.1.3 For Re(a) > n the function R^(a) is continuous on R™. It is smooth in 1^(0) and 
in IR n \ J^O). 

Proof. The function x i— > c(a,n)rj(x) 2 is clearly smooth for x G -^(O) since here r](x) > 0. 
Conversely, on the open subset R n \ J^(0) the function R^(a) is zero and hence smooth, too. The 
continuity follows as rj(x) — > for x G / (0) with x — > dl^(0) and a > n guarantees that the 

a — n 

function < £ 1— > £ 2 is at least continuous at 0. □ 
The next lemma clarifies the behaviour under Lorentz transformations. 

Lemma 3.1.4 Let A G L^(l,n — 1) be an orthochronous Lorentz transformation and Re(a) > n. 
Then 

A*R ± (a) = R ± {a). (3.1.13) 
If T G L(l,n — 1) is the time-reversal x° h-> —x° then 



T*R ± (a) = R*(a) 



(3.1.14) 



Proof. If A G L(l, n— 1) is an arbitrary Lorentz transformation then by the very definition ofL(l,n — 1) 
we have 

(A*rj)(x) = r](Ax) = rj(Ax,Ax) = r](x,x) = J](x), 



and thus A*r] = 77. But then (3.1.13) and ( 3.1.14[ ) are obvious since the light cones ./^(O) are mapped 
to J^O) and to J^(0) under A G L^(l,n — 1) and under T, respectively. □ 
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In particular, it would be sufficient to consider R + (a) alone since we can recover every information 



about R~(a) from R+(a) via (3.1.14). 



Since R (a) G C°(IR n ) we can consider R^(a) also as a distribution (of order zero) via the usual 
identification, i.e. 

R ± (a):^^ [ <p{x)R ± {a){x)d n x (3.1.15) 

for test functions ip G C§°(1R"'). Here and in the following we use the Lebesgue measure d n x for 
integration. Note that this coincides with the Lorentz density induced by ry. 

Lemma 3.1.5 Let Re(a) > n. 

i.) For every x G R" - the function 

a ^ R ± (a)(x) (3.1.16) 

is holomorphic. 
ii.) For every test function ip 6 Co°(IR, n ) the function 

a ^ R ± (a)((p) (3.1.17) 

is holomorphic. 

Proof. The first part is clear as the Gamma function and hence the coefficient c(a, n) is holomorphic. 
Moreover, for x G </ =t (0) the map a \— > rj(x) 2 is holomorphic. However, this pointwise holomorphy 
of R (a) is not the relevant feature for the following. Instead, we need the second part. To prove 
this, we consider if G Cq°(IR). Then 

R ± (a)(<p)= [ tp(x)R ± (a)(x)d n x= [ >p(x)R ± (a)(x) d n x. 

JTR," ./supp ip 

Since supp(^ is compact we can exchange the orders of integration for every closed triangle path A 
in {a E C I Re(a) > n} by Fubini's theorem. Thus 

R ± (a)(p)da = j j ip{x)R ± (a)(x) d n x da = f ip(x) I R ± {a){x) d a d n x = 0, 

A J A J supp ip J supp f J A 



since i? =t (a)(x) is holomorphic for every x G R n . It follows by Morera's theorem that (3.1.17) is 
holomorphic, too. □ 
In this sense we have a holomorphic map 

{«GC Re(a) > n} B a ^ R ± {a) G D'(R n ) (3.1.18) 



with values in the distributions. The key idea is now to investigate (3.1.18) in detail to show that, as 
a holomorphic map, it has a unique extension to the whole complex plane <D. To this end we need 
the following technical lemma: 

Lemma 3.1.6 In the sense of continuous functions we have: 

i. ) For Re(a) > n we have 

??i? ± (a) = a(a-n + 2)R ± (a + 2). 

ii. ) For Re(o;) > n + 2k the function R ± {a) is Q k and we have 
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Hi.) For Re(a) > n we have 

gradi]-R ± (a) = 2agrad J R ± (a + 2). (3.1.20) 

iv.) For Re(a) > n + 2 we have 

Qff t (a + 2) = R ± (a). (3.1.21) 
Proof. The first part is a simple calculation. We have 

a(a + 2- n)R ± {a + 2) = a(a + 2 - n)c{a + 2, r^rf^^ 21 

= a (a + 2 — n)c(a + 2, n)re 2 77 

a (a + 2 - n)c(a + 2, re) , 

= 7 v (a), 

c(a, n) 

and 



c (a + 2,n) 2 1 - 2 ^^r(f)r(^ + i) 2" 2 r(f )r(^ + 1) 1 



c(a,n) r( a±2 )r( a+2-n +1)2 i- Q7r g=a |r(f )<*±§=^r(^ + 1) a(a + 2 - re) 



(*) 



For the second part we recall that in 1^(0) the function R (a) is smooth as well as in R n \ J (0). 
On the latter, the function and hence all its derivatives are zero. In / (0) we compute 



= c(a,n)— i r ] (x) 2 = c ( a , n )^— r/(x) 2 

a - U a-2-n • a-2-n , 

= c(a,n) — - — r/(x) 2 2rjijX J = c(a,n){a — n)r] 2 r/^x 

C(a ' n) (a - n^a - 2)nyz j = -(a - - 2) % ^ 



c(a — 2,n) (a — 2)(a — n) 

= ( a - 2) ^" ~ 2 ^ x3 - 

Now if Re(a) > n + 2k then Re(a — 2) > n + 2/c — 2 is still larger than n for positive E N. Thus 
the partial derivative ^R iz (a)\ I ±, ^ is the continuous function j^z^jR^i® ~ 2)r]ijX^ in 1^(0) which 

continuously extends to R n by setting it zero outside of 1^(0). Indeed, since R ± (a - 2) has this 
as continuous extension, we obtain a continuous extension of ^ T i? =t (a)| /± ^ ^. But this matches the 

partial derivative of R iz (a) outside of J =t (0). Thus we obtain a continuous partial derivative -J~R^(a) 
on all of Minkowski space R n which shows that R (a) is at least 6 . By induction we can proceed 
as long as a — 2k > n. The third part is now a simple consequence of the first and second part. We 
have 

gradr? = ( |^ dx'Y = = 2r] ik x k ^ = 2x J ^- = 2£. 

\ax* / ox 1 ox3 ox3 oxi 

Thus grad?] is twice the Euler vector field on R n , which, remarkably, does not depend on the metric 



r\ but only on the vector space structure. Using (3.1.19) we compute for Re(a) > n 



2a grad ^ (a + 2) = 2a^ dR± ^ t + 2) = 2arj^ —^—R ± (a)r ]lk x k ^- 

ox % ox3 a + 2 — 2 ox3 

= R±(a)2x k -^ = R ± (a) gradr?. 
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For the last part we use (3.1.19) twice and obtain 

n 



"A * /i±( a + 2) 



V 



Ml 



dx l dxi 

d_ 

dx' 

1 



1 



a + 2-2 



R ± (a + 2-2)r ]jk x k 



a 



—rf 3 — 
a a 



^ m x l R ± (a - 2) Vjk x k + -R ± {a)r J ij rt jk d^ 



1 



l —r lil x l x i R ± (a - 2) + -R ± (a) 

a a — 2 a 



a (a 



' — j]-R ± {a-2) + -R ± {a) 
2 a 



ft? (a-2)(a-2-n + 2) ^ (a) + "^(a) 
a(a — 2) a 



a — n + n ± 



a 



IF (a) = ^(a). 



□ 

The above relations hold in the "strong sense", i.e. they are equalities of continuous or even 
C fc -functions valid point by point. Since C fc (lR n ) D'(lEl n ) is injectively embedded via (3.1.15) we 
conclude that the above relations also hold in the sense of distributions. This gives us now the idea 
how one can define R^(a) for arbitrary a G C at least in the sense of distributions. On one hand, 
we want to obtain a holomorphic family of distributions R (a) for all a E C extending the already 
given ones as in Lemma 3.1.5| [M^. Since a holomorphic function is already determined by its values 
on the non-empty open half space of Re(a) > n, such an extension is necessarily unique if it exists 
at all. On the other hand, we can make use of the relations in Lemma |3. 1 .6 in particular the one 
in]^,), to define such an extension. Indeed, we can express R^(a) as the d'Alembert operator acting 
on R^(a + 2) for Re(a) > n + 2. Now if Re(a) > n we define R^{a) as distribution by 

R ± {a) = UR ± {a + 2). (3.1.22) 

Since a i— > i? =t (a) is a holomorphic family of distributions for Re(a) > n by Lemma 3.1.5 ii.) the 
definition ( 3.1.22[ ) and the previous Definition 3.1.1 coincide as they coincide for Re(a) > n + 2 by 
Lemma 3.1.6, ujj. Thus we can define inductively for Re(a + 2k) > n 



R ± {a) = UR ± {a + 2k) 
for k G N. We need the following Lemma: 
Lemma 3.1.7 Let a G C and define R ! (a) by 

R ± (a) = n k R ± (a + 2k), 



(3.1.23) 



(3.1.24) 



where k G No is such that Re(a + 2k) > n. Then ( 3.1.24[ ) does not depend on the choice of k and 
yields an entirely holomorphic family of distributions which extends the family {-R ± (o;)}Re(o)>n- 
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Proof. First we note that (3.1.24) yields a well-defined distribution as R ± (a + 2k) is even a continuous 
function for all k G No with Re(a + 2A:) > n and derivatives of distributions yield distributions. Thus 
R ± (a) G D'(lR n ) is well-defined. If k' G No is ano ther num ber with Re(a + 2k') > n, say k' > k, then 
D k R ± (a + 2k) = 'R ± (a + 2k') since by Lemma |3~L6p^ J we have R ± (a + 2k) = U k '- k R ± {a + 2k'). 
This shows that (3.1.24) does not depend on k. In particular, if already Re(a) > n then k = 
would suffice and R ± (a) coincides with the previous definition in this case. Thus (3.1.24) extends our 
previous definition. Finally, let cp G Cg°(]R n ) be a test function, then 

if 4 (<*)(¥>) = (n k R ± (a + 2k)) (<p) = R ± (a + 2k)(D k <p) 



depends holomorphically on a since D k ip G Cg° (IR") is again a test function and R^(a + 2k) depends 
holomorphically on a by Lemma 3. 1 . 5| [¥^[ ^ in the distributional sense. Thus (3.1.24) is a holomorphic 
extension of our previous definition. □ 



Corollary 3.1.8 The family {R (a)} a e<D °f distributions as in (3.1.24) is the unique holomorphic 
family of distributions extending the family from (3.1.17). 

After these preparations we are now in the position to state the main definition of this section: 

Definition 3.1.9 (Riesz distributions) For a G <D the distributions R + (a) are called the advanced 
Riesz distributions and the R~(a) are called the retarded Riesz distributions. 

3.1.2 Properties of the Riesz Distributions 

Having a definition of i? ± (a) for all complex numbers a G C we can start to collect some properties 
of the Riesz distributions. In particular, they will turn out to provide Green functions for □ on 
Minkowski spacetime. We start with the following observation: 

Proposition 3.1.10 Let a G C Then we have: 
i.) For all orthochronous Lorentz transformations A G L^(l,n — 1) we have 

A*R ± (a) = R ± (a), 

and for the time-reversal T G L(l, n — 1) we have 

T*R ± (a) = R T (a). 

ii.) One has 



r 1 R ± (a) = a(a-n + 2)R ± (a + 2). 



Hi.) For all i = 1, . . . , n one has 



d 

(a - 2)—R ± (a) = R ± (a- 2)rj ij x : > . 
ox 1 



iv.) Let A > 0. Then for all if G C^IR/ 1 ) one has 

\ a - n R ± (a)(<p x ) = R ± (a)(v), 



(3.1.25) 

(3.1.26) 
(3.1.27) 

(3.1.28) 
(3.1.29) 



where (f\{x) = \ n (p(\x). Infinitesimally, this means for the Lie derivative with respect to the 
Euler vector field 

^R ± {a) = (a-n)R ± (a), (3.1.30) 
i.e. R^(a) is homogeneous of degree a — n. 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



96 



3. THE LOCAL THEORY OF WAVE EQUATIONS 



v.) One has 



and 



grad 77 • R (a) = 2a grad R ± (a + 2 



±1 



DR ± (a + 2) = R ± (a). 



(3.1.31) 



(3.1.32) 



Proof. For the first part we first note that the Jacobi determinant of the diffeomorphism x 1— > Ax is 
±1 for A G L^(l,n— 1) whence it preserves the Lorentz volume density |dx 1 A---Adx n | = d n x. Thus 
the general definition of A*i? ± (a) simplifies in this case and is compatible with (3.1.15) for Re(a) > n. 
In fact, we have for Re(a) > n and ip G 69° (R n ) 



<p(x)(A*R ± (a)){x)d n x = I <p(x)R ± (a)(Ax)d n x 



v(A- 1 y)R ± (a)(y)d n y 



{A^){y)R ± (a){y)d n y. 



Since the continuous function R^(a) for Re(a) > n is L t (l,n- 1) -invariant by Lemma 3.1.4 and 
since 

a 1 — y (A*R ± (a))(ip) = R ± (a)(Ai P ) 

as well as ot 1 — V R ± (a)(ip) are both holomorphic for all a G <D, these holomorphic functions coincide 
for all a G C The second and third part follow by the same arguments as both sides are holomorphic 
functions of a when evaluated on ip G C§°(lR ra ) and they coincide for Re(a) sufficiently large by 
Lemma 3.1.5 Now let A > 0. Then a 1— > X a is holomorphic on C and thus a 1— > \ a R ziz (a)((p\) is 



holomorphic on C for any fixed f G C§°(lR n ). Thus we have to show (3.1.29) only for sufficiently 
large Re(a) in order to apply the uniqueness arguments. But for Re(a) > n we have 



R ± (a)(\x) 



c(a, n)r)(Xx) 




f\ - - i'i 
2 



x G /+(()) 
else 



a — n. , , a — n \ , 

a~ X G ^(0) 



!c(a,n)(\ 2 )~2" rj(x) 
else 

= \ a ~ n R ± (a)(x) 

for all x G R n . Then, in the sense of distributions, 

\ a ~ n R ± (a){ip x ) = \ a ~ n [ R ± (a)(x)X n p(\x)d n x 



R ± (a)(Xx)( P (Xx)X n d n x 



R ± (a)(y)<p(y)d n y 



Thus we conclude that (3.1.29) holds for all a € C To prove the infinitesimal version (3.1.30) one can 



either use (3.1.28) and (3.1.27) or differentiate (3.1.29): Indeed, since (X,x) 1— > X n ip(Xx) is smooth 
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and compactly supported in x "locally uniform in A", a slight variation of Lemma 1.3.38 shows that 
A i — y \ a ~ n R ziz (a)((p\) is smooth in A and the derivatives can be computed by differentiating "under 
the integral sign" as in Lemma 1.3.38 We find 

() (\ a - n R ± (a)(vx)) = (a •<- ! - I 



OX 



n)\ a - n - l R ± {a){vx) + \ a - n R ± {a)[j^{x ^ A>(Ax)) 



= (a - n)X a - n - l R ± {a)(^x) + \ a ' n X n R ± (a) ( ^(Xx)x 

\ox l 

+ \ a - n n\ n - l R ± {a){x i ^ <p(\x)). 
Since the left hand side does not depend on A, this has to vanish for all A > 0. Setting A = 1 yields 



= (a - n)R ± (a)(f) + R ± (a) x 



dx l 



+ nR ± (a){<p) 



aR ± (a)(<p) + R+ia) 



_d_ 

dx l 



x i — y x 



<p(x)) ) -R ± {a)(nv) 



(o-n)i? ± (^) 



dR ± ( 



dx % 



(a-n)R ± (a)((p) 



-(*V) 

R ± (a))( i p), 



and thus (3.1.30). The last part again follows from Lemma 3.1.6, Hi) and H ) as well as the 



uniqueness argument: clearly both sides evaluated on a test function give holomorphic functions of a 
which coincide for large Re(a). □ 

Remark 3.1.11 (Homogeneous distributions) In general, a distribution u G D'(lR n \ {0}) is 
called homogeneous of degree a G C if for all test functions (p G C§ (]R n \ {0}) one has 

\ a u(ip x ) = u(<p) (3.1.33) 

for all A > 0, where <px (x) = \ n ip(\x) as before. By the same argument as in the proof one can show 
that (3.1.33) implies 

££ i u = au. (3.1.34) 

In fact, (3.1.34) turns out to be equivalent to its integrated form ( 3.1.33[ ). It is then a non-trivial but 
interesting question whether a homogeneous distribution u G D'(lR n \ {0}) of some degree a can be 
extended to a distribution u G D'(lR n ) such that the homogeneity is preserved. A detailed discussion 
of homogeneous distributions can be found in 31 Sect. 3.2]. As a final remark we mention that many 
problems in renormalization theory of quantum field theories can be reformulated mathematically as 
the question whether certain homogeneous distributions on K" \ {0} have homogeneous extensions 



to R n , see e.g. 52,55 



In a next step we want to understand the support and singular support of the Riesz distributions 
R ± (a). Here we can build on the results from Lemma 3.1.3 and 3.1.4 the support and singular 
support have to be Lorentz invariant subsets under the orthochronous Lorentz group L'(l,n—1). We 
denote by 

C±(0) = {x G IT | x G J^O) &ndr](x,x) = 0} (3.1.35) 

the boundary of 1^(0). The particular values a G C where c(a,n) vanishes play an exceptional role 
for the support of R ± (a). We call them exceptional, i.e. a G C is exceptional if 



a G {n - 2k, -2k | k G N }. 



(3.1.36) 



Then we have the following result: 
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Proposition 3.1.12 (Support of ff^a)) Let qeC. 
i.) If a is not exceptional then 

supp -R* (a) = J^O), 

and the singular support 

sing supp fl* (a) C 8^(0) = C^O) 

is either {0} or 6^(0). 
ii.) If a is exceptional then 

suppi? =t (a) = singsuppi? ± (a) C 0^(0). 
Hi.) Let n > 3. For a G {n — 2k \ k G No, k < ^} we have 

suppi? =t (a) = singsuppi? =t (a) = 0^(0). 
Proof. Let a G C be arbitrary. Since by definition of i? (a) we have 

^(a) = U k R ± {a + 2k) 
for A; sufficiently large such that Re(a + 2k) > n, we have by Theorem 1.3.27 



(3.1.37) 
(3.1.38) 

(3.1.39) 
(3.1.40) 



R ± (a) 



R"\C±(0) 



O k R t (a + 2k) 



R»\C±(0) 



'□ fc c(a + 2/c,n)r/ Q+2 2 fe " on J±(0) 
else, 

c(a,n)ri^~ on / (0) 
else, 



using the explicit computation of Or] as in the proof of Lemma 3.1.3 Thus on the open subset 
R n \ C^O) = 1^(0) U (R n \ J^O)) we have a smooth function 



R ± (a) 



Q — 71 I 

c(a,n)r] 2 on 1(0) 
else, 



R"\C±(0) 

for all a G C From this we immediately conclude that for all a G C 

supp ^ (a) C J^O) 

and 



(*) 



sing supp R ± (a) C C±(0), 

since J^O) and the light cone C =t (0) are already closed. Then the Lorentz invariance a* a* (a) = 
R^(a) for all A G L^(l, n — 1) yields that the support and the singular support have to be Lorentz 
invariant subsets. Indeed, in general one has 

supp A^R^la) = A(supp i? ± (a)) 

sing supp A^R^ 1 (a) = A(singsuppi? =t (a)) 

for every diffeomorphism A. Thus supp R^ 1 (a) and sing supp are closed Lorentz invariant 

subsets of Minkowski space. In particular, sing supp R^ (a) is either {0} or C =t (0) as these are the 
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,C+(0) 



SUpp if 




.,x" 



X = 1 here 



Figure 3.2: The test function constructed in the proof of Proposition 3.1.12 



only Lorentz invariant subsets of C =t (0). Now let a be not exceptional. Then c(a,n) is non-zero and 
hence R ± (a)\ I±(Q , is non-zero and even smooth. Thus 



suppi? ± (a) D I (0). 



On the other hand, by (*), we note supp-R =t (a) C ./^(O), whence (3.1.38) follows. This shows the first 

vanishes 



part. For the second part, let a be exceptional. Then c(a,n) = whence R^\ 



Oi) 



Ir™\c±(o) 



identically. Thus 

suppi? ± (a) C 6^(0) 

follows. Now C^(0) has empty open interior whence the support of i? ± (a) is either empty or neces- 
sarily entirely singular. Thus 

supp-R ± (a) = sing supp R^ 1 (a) 

follows, proving the second part. For the last part we follow El Prop. 1.2.4.] and prove first the 
following technical statement. We consider a test function ip E Cq°(IR) with supp?/' C [a,b] and 
a bump function \ S C§°(IR n_1 ) such that x\b iq\ = 1 f° r some r > b. Then the test function 



ip(x°)x{x 1 , • • • , x n 1 ) has the property that 



J+(0) 



{x°,...,x n - 1 ) = ip(x°) 



for all x G J + (0), see also Figure 3.2 Then the claim is that for all Re(a) > one has 

1 



R + (a){<p) 



Via) 



(x ) Q -V(^°)dx . 



(***) 



Indeed, we first note that both sides are holomorphic in a. For the left hand side this is true for all 
a € C and for the right hand side this follows as is entire and the integral is holomorphic by the 



same Morera type argument as in the proof of Lemma 3.1.5 Thus it will be sufficient to show (****) 
for Re(a) > n where we can use the explicit form of R + (a) as continuous function. We compute 



R + (a) ((f) = c(a,n) I ij(x) 2 tp(x)d n x 
lj+(o) 
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r°° r a— n 

= c(a,n) / dx° / ((x ) 2 - (x) 2 )^ ^(x^x^d^x 
Jo J\x\<xO 

{ *= ] c(a, n) d x V(x°) / ((x ) 2 - (x) 2 ) d^ 1 x. 

JO J\x\<x° 

For the x-integration we use (n — l)-dimensional polar coordinates r and Q, i.e. the radius r = \x\ 
and the remaining point f2 = jjjr on the unit sphere S n_2 . We evaluate for fixed x° the inner integral 

f ((x ) 2 - (x) 2 )^ d n ~ l x = f r n ~ 2 dr [ ((x°) 2 -r 2 )^dft 
J\x\<xO Jo JS"- 2 

rx° 

= vol(S n ~ 2 ) • / ((x ) 2 - r 2 ) r n ~ 2 d r. 



The remaining integral can be brought to the following form. First we substitute p = \ and then 
p = cos 8. This yields 

((i°) 2 -»- B ) S? r n - 2 dr= / (l-p 2 )^p n - 2 (x°r~ n+n - 2+1 dp 
o Jo 

Jo 

= (x°) a - 1 (sin 2 ^)^(cos0) n - 2 sind^ 
Jo 

f n/2 

= (x°)°- 1 / (sin0) a - n+1 (cose) n - 2 d^. 
Jo 

The last integral is Bronstein-integrable, see e.g. |13| Sect. 1.1.3.4, Integral 10] and gives 
Since finally the surface of the (n — 2)-dimensional unit sphere is known to be 

n-l 

vol($^ - 27F 2 



r(n=i)' 

see e.g. |24| p. 142], we obtain 

2^ i r(g=g + i)r(gf^ + 1) 
r(2=i)*2 r(^ + i) 



CO 



Jo 

i—3 I -i \ <>oo 

2 + } 1 (x o r"V(x°)dx° 



2 1 -«7rV i 2^ ir(^ + i)r(^ + i) 



r(f)r(2=n + i)r(=fi) 2 r(^ + i) 



r(a 



(x°) a -V(^°)dx , 
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where the last equality is valid thanks to Legendre's duplication formula (3.1.11). This finally estab- 
lishes the claim (****). In particular, for a = 2 we obtain 



oc 



R+{2) ^ ) = W)io ^° t ~ 1 ^ dx ° = J (x°) Q -V(x°)dx°, 

from which it follows that the support of R + (2) cannot be S M" alone as we get a non-trivial 
result for a if with ^ supp<£> by taking a ip with support away from zero. Thus by the previous 
arguments the support is at least C + (0). So if n is even then 2 is an exceptional value whence 
supp.R + (2) = singsuppi? + (2) C C+(0) and thus 

suppi?+(2) = singsuppi?+(2) = C+(0) 

follows. Since in this case also 2, 4, . . . ,n — 2,n are exceptional and 

R + (2) = U k R + (2 + 2k) 



for all k G No we conclude from the locality (1.3.60) of differential operators by Theorem 1.3.27 that 

C+(0) = suppi? + (2) C suppi?+(2 + 2k) C C+(0) 

for all those k with 2 + 2k < n. But then again suppi? + (2 + 2k) = C + (0) follows. Now let n be odd. 
Since R + (a)((p) is holomorphic for all a and since the limit a — > 1 of (****) exists, we conclude 

poo 

B+(l)(<p)= / V(x°)dx°, 



whence the support of R + (l) is again not only {0}. Thus we can repeat the argument with R + (l) 
instead of R + (2) and obtain ( |3. 1 .40 ) also in this case. Of course the result for R~(a) is completely 
analogous or can be deduced from the time reversal symmetry (3.1.26). □ 
The following counting of the order of the Riesz distributions R ± (a) is straightforward: 

Proposition 3.1.13 (Order of R ± (a)) Let qeC. 
i.) If Re(a) > n then the global order of i? =t (a) is zero 

ord(R ± (a)) = 0. (3.1.41) 

ii.) The global order of R^(a) is bounded by 2k where k £ No is such that Re(a) + 2k > n. 
Hi.) If Re(a) > then the global order o/i? =t (a) is bounded by n if n is even and by n + 1 if n is odd. 

Proof. The first part is clear since for Re(a) > n the distribution R ± (a) is even a continuous function. 
For the second part let k £ No be such that Re(a) + 2k > n. Then 

ord(i? ± (a)) = oxA{U k R ± (a + 2k)) < ord(i? ± (a + 2k)) + 2k = + 2k, 

since or d(ii ± (a + 2k)) = by the first part. Finally, let Re(a) > and n = 2k be even. Then by the 
second part ord(ii ± (a)) <2k = n since Re(a) + n > n. If on the other hand n = 2k + 1 is odd then 
by the second part oid(R^(a)) < 2{k + 1) = n + 1 since Re(a) + 2{k + 1) > n. □ 
The next statement is on the reality of R^{a) for real a S R. In fact, one has the following 
statement: 

Proposition 3.1.14 (Reality of R ± {a)) Let a G C. Then one has 

R ± (a) = R ± {a). (3.1.42) 

In particular, for a£E one has 

R±(a) = R ± (a). (3.1.43) 
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Proof. First we consider Re(a) > n. Then we have 



{c(a,n)r](x) 2 for x G 1^(0) 
else 

Jc(a, n)r]{x) 2 for x G 1^(0) 
[0 else 



for all x G R n since r(a) = T(a) and hence c(a,n) = c(a,n). For arbitrary a G <D let k G No be 
such that Re(a) + 2k > n. Then 



R ± (a) = D k R ± (a + 2k) = n k R± (a + 2k) = D k R ± (a + 2fc) = i?* (a 



since □ is a real differential operator and R^(a + 2/c) = i? (5 + 2k) for Re(a + 2k) > n. □ 
The next statement is the key observation why the Riesz distributions are actually what we are 
looking for. 

Proposition 3.1.15 One has 

R±(0) = S . (3.1.44) 

Proof. We have to compute R ± (0)(ip) for 99 G C XD (lR n ). Let ip G C^(lR n ) with some compact K CR n 
and choose x £ Cg°(lR n ) with x\ K = !• Then we have </3 = x<P- Moreover, by the usual Hadamard 
trick we have smooth functions ipi G C°°(lR n ) such that 

En 
. . x l tpi{x). 

In fact, 

will do the job. Note that supp^ is not compact. In any case, we have 

En 
. 1 x l xifi 
i=i 

with compactly supported x ( / 9 (0) an d x t x i fi- Only now we can apply the distribution R^(0) to both 
terms giving 

R ± (0)(cp) = R ± (0) (xm + J2 xi ™) =^(0)ii ± (0)(x) + ^(^ ± (0))(x^). 



Now 2x % is the z-th component of gradr/ whence by Proposition 3.1.101 \v\) for a = we obtain 



2 (^±(0)) ( XW ) = 2 • • ^^^-(xfi) = 0- 

This shows 

Since -R =t (0)((/?) does not depend on the choice of the cut-off function x the constant i? (0)(x) does 
neither. However, it might still depend on the chosen compactum K which is easy to see to be not 
the case. This shows that 

R ± (0) = R±(0)(x)5o = c-5 
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is a multiple of the ^-functional at zero. We are left with the computation of c = i? =t (0)(x). To this 
end it is obviously sufficient to compute i? =t (0)((/?) for one function with <p(0) 7^ 0. Thus we again use 
a factorizing function 

v{x) = iP{x Q ) X {x\...,x n - 1 ) 

with ?p G Sq°(1R) and \ £ Cg°(]R n_1 ) such that x ls equal to 1 on a large enough ball around in 
order to have 



J+(0) 



if>(x°). 



Recall that we constructed such a function in the proof of Proposition 3.1.12, Hi,). Then we have 



Dip 



J+(0) 



since the x 1 - 



x 



n-l 



derivatives in □ do not contribute. From the above proof we know that 



R ± (0)&) = R ± (2)(nv) 



x°i>(x°)dx c 



ij(x°)dx° = -0(0) = 99(0), 



by integration by parts and using that ip has compact support. Thus R^(0)(if) = y>(0) whence the 
multiple is 1 and the proof is finished for dimensions n > 3. The two remaining cases n = 1,2 
are indeed much simpler. Either, one can modify the above argument to work also in this simpler 
situation. Or, as we shall do in Subsection 3.1.3, one uses a direct computation. □ 
The last proposition allows us to formulate the following main result of this subsection: we have 
found the advanced and retarded Green functions of the scalar wave equation on Minkowski spacetime. 



Theorem 3.1.16 (Green function of □) The Riesz distributions R^{2) are advanced and retarded 
Green functions for the scalar d'Alembert operator □ on Minkowski spacetime. 



Proof, 
tion 



First we know by Proposition |3.1.10| ^) that □i? ± (2) = R ± (0) which is 5 



3.1.15 



by Proposi- 

we 



3.1.12 



Thus the R^(2) are fundamental solutions of □. Moreover, by Proposition 
know that supp R ± (2) C J ± (0) whence we indeed have advanced and retarded Green functions 



□ 



Remark 3.1.17 For the later use we mention that for ip G Gq(R"') the distribution R^(a) can still 
be applied to cp as long as ord(i? =t (a)) < k by Remark 1.3.10 This is the case for 



Re(a) > n - 2 • 



(3.1.45) 



by Proposition 



3.1.13 



0;. In this case R ± (a)((p) = R ± (a + 2t)(D i (p) for 2£ < k and since R ± (a)(tp) 
is still holomorphic for Re(a) > n and if G C[](]R n ) we obtain the result that R^(a)((p) is holomorphic 
for Re(a) > n - 2 ■ [§] and <p G 6g(R n ). 



3.1.3 The Riesz Distributions in Dimension n = l,2 

In this small section we compute the Riesz distributions R (a) and in particular R^(2) for low 
dimensions explicitly. 

We start with the most trivial case n = 1. In this case R 1 is equipped with the Riemannian 
metric 7] = dt 2 , where we denote the canonical coordinate simply by t. Though we do not even have 
an honest Lorentz spacetime in this case the results from the preceding sections are nevertheless valid. 

In this case, the advanced and retarded Green functions R^(2) are even defined as continuous 
functions since Re(2) = 2 > 1 = n. 
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Proposition 3.1.18 Let n = 1. Then the advanced and retarded Green functions of □ 
explicitly given as the continuous functions 

R + m) 

and 



di- 



are 



R~(2)(t) 



\t for t>0 

I else 

'\t\ for t<0 

else. 



(3.1.46) 



(3.1.47) 



Moreover, for Re (a) > 1 we have 



R ± (a)(t)= ^ 



Proof. First we compute for all a G C 



)1— a 



c(a, 1) 



7T 2 



0,-1 for t € R± 
else. 

ol—a 



(3.1.48) 



7T 



r(«)r(2=i + i) r(f)r(f + i) r(«) 



by Legendre's duplication formula. Since rj(t) = t 2 and 1^(0) = R 1 * 1 we have (3.1.48). Finally, 
r(2) = 1 whence ( |3.1.46| ) and J3.1.47) follow. □ 

Remark 3.1.19 (Riesz distribution in one dimension) 

i.) It is an easy exercise to compute ^i? ± (2) in the sense of distributions directly to show that 



dt 2 



i?±(2) 



(3.1.49) 



In fact, we have done this implicitly in the proof of Proposition 3.1.15 
ii.) The functions R^(a) for Re(a) > 1 coincide with the functions x± _1 °f Hormander in 



31 



Sect. 3.2., (3.2.17)]. In fact, even though the function R (a) defined by (3.1.48) is no longer 
continuous for Re(a) > 0, it is still locally integrable. Thus it defines a distribution also in this 
case, depending holomorphically on a. Hence we conclude 



R ± {a){t) 



fortGR± 







else 



(3.1.50) 



is valid for Re(a) > in the sense of locally integrable functions. The functions x± are a t the 
heart of the study of homogeneous distributions and can be used to obtain fundamental solutions 
of much more general second order differential operators with constant coefficients than just for 
□, see [31] Sect. 3.2]. 

We turn now to the case n = 1 + 1. Here it is convenient to use the coordinates (i, x) G R 2 with 

rj(t,x) = t 2 - x 2 . (3.1.51) 
First we compute the prefactor c(a, n) for n = 2. We have 



c(a,2) 



r(§) 2 



(3.1.52) 
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Figure 3.3: Light cone coordinates. 



as one immediately obtains from the definition. In order to evaluate rj 2 we introduce new coordi- 
nates on IR 2 . We pass to the light cone coordinates 



1 , 

u = —p=(t — x) 
V2 



and v = —i=(t + x), 
y/2 



i.e. 



t=—=(u + v) and x = — =(v — u). 
V2 V2 



(3.1.53) 



(3.1.54) 



Since this is clearly a global difieomorphism we can evaluate R^(a) in these new coordinates. The 
prefactors are chosen in such a way that the difieomorphism is orientation preserving and has Jacobi 
determinant equal to one: It is just the counterclockwise rotation by 45° in the (t, x)-plane, see 



Figure 3.3 First we note that the function 77 in these coordinates is 



i](u,v) = -(u + v) — — [v — u) = - (u + 2uv + v — u + 2uv — v ) = 2uv. 

Moreover, the future and past 1^(0) of can be described by 

I+(0) = {(u,v) £ R 2 I u,v > 0} 

and 

r(o) = {(«,«) G H 2 I u,v < 0} , 



see again Figure 3.3 Thus we have for Re(a) > 2 

C 2 1_a 







(2uv) 2 for u, v G 
else 



(3.1.55) 

(3.1.56) 
(3.1.57) 

(3.1.58) 



TXfF 




f 2 



for u,»£ IR 1 * 1 
else, 



(3.1.59) 



whence R :iz (a) is factorizing in these coordinates. This suggests to consider the following functions 



2"T 



r±(a)(«) = ^ r (f) 




u\ 2 



for «6E ± 
else 



(3.1.60) 



for Re(a) > 2. Since the prefactor is still holomorphic for all a G C and since \u\ z is locally integrable 
for Re(z) > — 1 we can extend this definition to the case Re(a) > 0. 
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Proposition 3.1.20 Let Re(a) > 0. 
i.) The functions r =t (a) on R are locally integrable and thus define distributions of order zero with 



suppr ± (a) = R ± U {0}. 



ii.) For every <p € Cq°(]R) the function 



(x i — Y I (a)(u)ip(u) du 



(3.1.61) 



(3.1.62) 



is holomorphic for Re(a) > 0. 
Hi.) For a = 2 we have 



r*(2)(u) 



i. e. a multiple of the Heaviside distribution. 



^ foru € 
else, 



(3.1.63) 



Proof. Let Re(a) > 0. Clearly, the only interesting thing about the local integrability of r =t (a) is 
around zero since on 1R \ {0} the function is clearly smooth and thus in L\ QC . Thus we consider 
a = (3 + i7 with /3 > and 7 E R. Then 











r±(a)(u)| = | 


r( ^±i7) 




\U\ 2 







else 



< Cp t y\U\ 2 . 



But the function u 1— >• | -t* | 2 is locally integrable for f3 > 0. This shows the first part as (3.1.61) 
is obvious. Now let ip £ C§°(1R) or, which would be sufficient, 99 S Gq(R). Let supp^ C [a, b] and 
without restriction 6 > 0, then 

r + (a)(u)(p(u)du= [ ^r—u^tp(u)du = ^—[ u^ip(u)du. 

R JO 1 1 ^2 J J 

a — 2 

Since the function u 1— >■ u^~(p(u) is integrable over [a, 5] we can again exchange the integration over a 
triangle path da in the complex half space with Re(a) > and the integral f Q du. Thus Morera's 
theorem again yields the statement that (3.1.62) is holomorphic. The last part is clear. □ 

Lemma 3.1.21 In the lightcone coordinates the d'Alembert operator is 

& 2 



□ 



dudv 



Proof. This is a trivial computation. 

Proposition 3.1.22 Let u,v be the light cone coordinates on 1R 2 . Then the distributions 

i? ± (2)(w,?;) =r ± (2)(«)r ± (2) (v) 
are advanced and retarded Green functions of □ of order zero. 



(3.1.64) 

□ 

(3.1.65) 



Proof. Of course, we know this from the general Theorem 3.1.16 but here we can give a more 
elementary proof. We consider the + case where we have 

r+{2){u) = -Le(u) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



3.2. The Riesz Distributions on a Convex Domain 



107 



with the Heaviside function 0. Since r + (2) is locally integrable, we have a distribution r + (2) £ D'(JR) 
of order zero. Moreover, one knows 

e = s . 

ou 



The same holds for the f- dependence. Thus we can interpret (3.1.65) as external tensor product 



whence 



Since the Jacobi determinant of the coordinate change is one, the 5-distribution in (u, v) is the same 
as the one in (t,x). Thus the claim follows. Note that this formulation is of course more elementary 
and can almost be "guessed". □ 

Remark 3.1.23 In n = 1 + 1 all the Riesz distributions are factorizing as external tensor products 
of the distributions r =t (a) of one variable. This simplifies the discussion considerably. Note however, 
that this is a particular feature of n = 1 + 1 and no longer true in higher dimensions. Note also that 



from Proposition 3.1.13 we only get the estimate ord(i? =t (2)) < 2 which is clearly not optimal: The 
Riesz distributions i? ± (2) in n = 1 + 1 are locally integrable and hence of order zero. 

It is a good exercise to work out the cases n = 1 + 2 and n = 1 + 3 explicitly. 



3.2 The Riesz Distributions on a Convex Domain 

We pass now from Minkowski spacetime to a general Lorentz manifold (M, g) and try to find analogs 
of the Riesz distributions at least locally around a point p E M. The main idea is to use the Riesz 
distributions on the tangent space T p M, which is isometric to Minkowski space, and push forward 
the Riesz distributions via the exponential map. 



3.2.1 The Functions g p and r\ p 

Since on M we have a canonical positive density, namely the Lorentz volume density fi g from Proposi- 
tion [2Tl5] @ ), we can use this density to identify functions and densities once and for all. In partic- 
ular, this results in an identification of the generalized sections T~°°(E) of a vector bundle E — > M 
with the topological dual of T^(E*) and not of T^(E® |A top |r*M) as we did before. In more detail, 
for s E T-°°(E) and a test section ip £ T^(E*) we first map 99 to ip <g> fi g £ T^(E* (8) |A top |T*M) and 
then apply s, i.e. we set 

S(lf) = S(<P® fig), (3.2.1) 



and drop the explicit reference to \i g to simplify our notation. Since 

T™(E*) 3 ip ^ if® fi g £ rg°(E* (8) \A top \T*M) 



(3.2.2) 



is indeed an isomorphism of LF spaces as discussed in Remark 1.3.8, we have an induced isomorphism 



of the topological duals which is (3.2.1). 



If we now want to push forward the R^ 1 (a) from T p M to M we have to take care of the two different 
notion of volume densities. On T p M we have the constant density coming from the Minkowski scalar 
product g p while one M we have fi g . In general, the push-forward of fi g (p) via exp p to M does 
not coincide with fi g whence we need a way to compare the two densities. This is done by the 
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following construction. Let V p C T p M be a suitable open star-shaped neighborhood of p and let 
Up = exp p (V p ) C M be the corresponding open neighborhood of p such that 

exp p : V p — > Up (3.2.3) 

is a diffeomorphism. Then we define the function 

A*s \u 

Q P = , 7», • (3-2.4) 



Lemma 3.2.1 The function g p is well-defined and smooth on U p . We have g p > and 

QpexPp*{Vg(p)) = V g (3.2.5) 



on Up. 



Proof. Since on V p the exponential map is a diffeomorphism, the push-forward of the constant density 
fJ- g (p) 6 | A top | T*M gives a smooth density on U p . Clearly, it is still positive whence the quotient (3.2.4) 



is well-defined and a smooth function. Since also [i g > it follows that g p > everywhere. □ 
Sometimes it will be convenient to work on V p instead of U p . Thus we can pull-back everything 
to V p by exp p and obtain 

exp*(£>p) exp*(exp p * n 9 (p)) = exp* p (g p )^ g (p) = exp*((i g ) (3.2.6) 

V v ' 

m 9 (p) 

on V p . To simplify our notation we abbreviate 

Q P = ex P ;(g p )€e 00 (V p ) (3.2.7) 

and have 

Bpfigip) = ex Pp(^ 9 )- (3.2.8) 

Thus Q p is the function which measures how much exp*(fi g ) is not constant. 

To effectively compute g p or g p one proceeds as follows. Let e±, . . . , e n G T p M be a basis. Then 
we can evaluate both densities on ei, . . . , e n to get ^ p and More precisely, by the definition of the 
pull-back we have for v E V p 

~ , s _ ^g(exp p (i;)) (r„ exp p e u ...,T v exp p e n ) 

Thus we have to compute "determinants" of the tangent map of exp p in order to obtain g p . This 
can indeed be done rather explicitly by using Jacobi vector fields at least in a formal power series 



expansion in v. We give here the result without going into details, but refer to Appendix A. 3 for 
more background information. 

Proposition 3.2.2 The Taylor expansion of g p up to second order is explicitly given by 

Q P (y) = 1- -Bicp(v, «) + ■•• , (3.2.10) 
where Ric p is the Ricci tensor at p and v £ T p M. 
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Proof. First we note that fi g is covariantly constant and hence parallel along all curves. Thus we 
do not get any contributions of covariant derivatives of \x g . This simplifies the general result from 
Theorem A. 3. 5 and yields the result (3.2.10). 



□ 



Corollary 3.2.3 At p G M we have 



scal(p). 



(3.2.11) 



Proof. By general results from Appendix A.l we know that for any function / G C°°(M) one has the 
formal Taylor expansion 

1 1 



(exp;/)(u) ~„_> Yl ~\-\ Dr /| P ( U > 



r=0 



where D is the symmetrized covariant derivative. By Proposition 3.2.2 we have for g p = exp p!f (^p 



| D 2 g p \ p {v,v) = --Bicp(v,v), 



whence the Hessian of g p at p is given by 



Thus we conclude 



Hess£>„ 



Og p \ =-(g-\D 2 g p ) 



D 2 g p 



-Ricp. 



(g-\m C ) 



scal(p) 



by the definition of the scalar curvature as in (2.1.43) as well as by Proposition 2.1.19 iv})- □ 
With the general techniques from the appendix it is also possible to obtain the higher orders in the 
Taylor expansion of g p in a rather explicit and systematic way. They turn out to be universal algebraic 
combinations of the curvature tensor and its covariant derivatives. However, we shall not need this 
here. Instead, we mention that by the usual expansion \J\ + x = 1 + \x H we immediately find 



and 



UJQp 



□ - 



1 



scal(p) 



scal(p). 



(3.2.12) 



(3.2.13) 



For the Riesz distributions we needed the quadratic function r\(x) = rj(x,x) as basic ingredient. 
Clearly, we have this on every tangent space whence we can define 



V P {v) = 9 P {v,v) 

for every v £ T p M. Analogously to the relation between g p and g p we set 

Vp(q) = ^(expp 1 ^)) 
for q £ Up. With other words, r] p G Q°°(U P ) is the function with 

exp*(??p) = r} P - 

We collect now some properties of the functions f] p and rj p . 



(3.2.14) 



(3.2.15) 



(3.2.16) 
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Proposition 3.2.4 Let (M, g) be a time- oriented Lorentz manifold andp G M. Moreover, let U C M 
be geodesically star-shaped with respect to p. 

i.) The gradient of rj p G C°°(A r ) is given by 



gradffr| g = 2T cxp -i (q) exp p (exp p \q)) 

for q G U. 
ii.) One has 

5f(gradr? p ,gradry p ) = 4rj p . 

Hi.) On Ijj(p) the gradient of rj p is a future resp. past directed timelike vector field, 
iv.) One has 

Dr] p = 2n + #(grad log g p , grad r? p ) . 
Proof. For the first part we need the Gauss Lemma which says 

SexpJv) (T v exp p (v),T v exp p (w)) = g p (v,w) 



(3.2.17) 



(3.2.18) 



(3.2.19) 



for v G V p C T p M and w G T p M arbitrary, see Proposition A. 2. 11 Using this we compute for q G U 



and w q G T q M 



d Vp\ q (w q ) = Wg(r] p o exp p l ) 



expp (q) 

2g p (exp p 1 (q),T q exp p 1 (w q )) 

2 9q (^xp-^^^Pp^Pp^^))'^ 



by the Gauss Lemma for v = exp p 1 (q) and the chain rule. By the very definition of the gradient this 
gives (3.2.17). For the second part we again use the Gauss Lemma and get with v = exp~ 1 (q) for 
q G U 

0,(grad7/ p | g ,grad77p| 9 ) = 4g exPp{v) (T v exp p (v),T v exp p (v)) 

= ^9p(v,v) 

= 4:9 P {exp~ 1 (q),exp~ 1 (q)) 
= 4r? p (g) 

as claimed. For the third part we first notice that the points in l^(0p) C T p M are mapped under exp p 
to points in I^jip) since there is a timelike curve joining p and such a point q = exp p (v), namely the 
geodesic 1 1— > exp p (tv). This is indeed a timelike curve for all t thanks to the Gauss Lemma. Thus for 
q G Iyip) we have q = exp p (v) with v G I^iOp) C T p M whence rj p (q) = g p (exp~ 1 (q), exp~ 1 (q)) > 0. 
This shows rj p > on Iy(jp). By the second part we conclude 



g(grad?7p,grad?7p) > 
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on Iyijp) whence grad?7 p is timelike on I^(p). Now let v £ I + (0 P ) C T p M be future directed. Then 
1 1 — y exp (tv ) is a future directed geodesic with tangent vector 



li exp p O) = T tv exp p (v) = ^grad??p 



exp p (to) 



Thus for i > the gradient of rj p is a positive multiple of the tangent vector of exp p (tv) and hence 
future directed itself at exp p (tv). Since every point in Iy(p) can be reached this way, gradr/p is future 
directed on all of l£ (p) . With the same argument we see that grad rj p is past directed on 1^ (p) . The 
last part is again a computation. First we note that thanks to g p > everywhere, we have a smooth 
real-valued logarithm log g p £ G°°(U). The Leibniz rule (1.2.55) for div gives 

+ — div grad r/ p = g ( grad — , grad rjp] + — Dg p 
V Qp J Qp 



div — grad rj p = ^f grad 



Q P 



and thus 



Ug p = g p div 
= £>pdiv 
= g p div 









1 + 1 


Qp/ 


' Qp 


1 




Q P 






Qp 






Qp 



, grad — , grad 5 
Qp 

■ad log — , grad 
Q P 

grad rjp) + g (grad log g p , grad r? p ) 



We still have to compute the first divergence. Since div here is always the divergence with respect to 
H g we consider on U 



div 



l-'g 



1 

Qp 



X 



div 



&>exp pJ ,(/i 9 (p)) 



1 

Qp 



X 



div, 



exp pJ ,(/i s (p)) 



0p 



x +jSfx(ioge P ) 



^ + ^ diVeX P P .(M 9 (P))^) + ~Q~ p ^ XQP 



Qp 



&v exPpM p))(X) 



by the chain rule and the behaviour of the divergence operator under the change of the reference 
density, see e.g. 60 Lemma 2.3.45]. Thus we have for a general vector field X 



g p div ( — X 

.Qp 



div cxp {flg(p)) (X) 



on U. Since the definition of the divergence operator is natural with respect to diffeomorphisms we 
have 

div ex p pt(Ai9 (p))(X) = ex P?Mt (div /j9(p) (ex P ;X)) . 
Now we consider again X = grad rj p whence 

exp* (grad r/p) = T; ' (u) exp" 1 ( grad r/p ) 

v pry exp p (v)J 
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= 2T exPp( „) ex Pp 1 [T cxp -i (cxpp{v)) exp p (exp p \exp p (v))) 
= 2v. 

With other words 

exp*(gradr? p ) = 2£ TpM 

is twice the Euler vector field on the tangent space T p M. But the divergence of £t p m with re- 
spect to the constant density is easily seen to be n = dimM. Thus we end up with Dr] p = 
2n + g(grad log g p , grad r] p ), finishing the proof. □ 

Remark 3.2.5 In fact, it will be the last statement of the last proposition which causes new compli- 
cations compared to the trivial, flat case. Here we have of course 

□ flat 7?p at = 2n (3.2.20) 

without the additional term as in (3.2.19). Clearly g p = 1 whence this additional contribution 



vanishes. However, (3.2.20) was essential for the correct functional equation of the (flat) Riesz distri- 



butions in Section 13.11 

3.2.2 Construction of the Riesz Distributions Rfj(a,p) 

For Re(a) > n the Riesz distributions it^a) are even continuous functions on Minkowski space. As 
such we can simply push-forward them via exp p , at least on the star-shaped V C T p M, to a continuous 
function on U Q M. There, a continuous function defines a distribution after multiplying with the 
density [i g . 

Remark 3.2.6 Let / G Q°(T p M) be a continuous function on the tangent space of p. We view / as 
a distribution as usual via 

/(¥>) = / f(vMv) N {p) (3.2.21) 
J T P M 

for (p G (TpM). Using exp p we can write this as follows. Let <p G 6§°(M) with supp(£> C U then 
the continuous function exp p;t (/|^ / ) G Q°(U) can be viewed as a distribution on U 



expp,(/| )(y>) = / exPp*(f\ v )(qMq)Hg(q) (3.2.22) 
J M 

according to our convention. This equals 

exPp*(/|yX<p) = / ^P P *(f\ v )eWp*{ex.p*ip)(q)g p (q)(exp p ^ g (p))(q) (3.2.23) 
JM 

exp p „ (f\ v exp* cp exp* g p n g (p)) (q) (3.2.24) 



/ 

J A 



fexp*(pQ p p,g(p) (3.2.25) 

A 

= fe/)(exp». (3.2.26) 

Thus, if we want to have a consistent definition of the push-forward of a distribution on T p M to a 
distribution on M we should include the prefactor g p : let u G T>'(T p M) = S§°(T p M)' be a distribution. 
Then one defines exp pi< u as the distribution exp p!|t (u| l/ ) G T)'(U) = Cg° ([/")' via 

exp^HyX^) =u(g p exp*tp), (3.2.27) 
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which is a well-defined distribution as the restriction of u to V is a well-defined distribution on V 
and supp(£ip exp* tp) C V thanks to supp tp C U. Note that this definition differs from the entirely 
intrinsic definition of the push-forward of distributions in Proposition 1.3.23| in so far as we have 
modified our notion of distributions itself. 

We apply this construction of the push-forward now to the Riesz distributions R^(a). First we 
note that R^(a) is intrinsically defined on T p M without specifying a particular isometric isomor- 
phism (T p M,g p ) ~ {JRP,rj). The reason is that on Minkowski spacetime is invariant under 
orthochronous Lorentz transformations. We still denote the Riesz distribution on T p M by R^(a). 
Then the following definition makes sense: 

Definition 3.2.7 (Riesz distributions on U) Let p G M and let U C M be a geodesically star- 
shaped open neighborhood of p. Moreover, let V = expp 1 (C7) C T p M be the corresponding star-shaped 
open neighborhood of G T p M. Then the advanced and retarded Riesz distributions R^(a,p) G 
C^(Uy are defined by 

R±(a,p)(tp) = exp p , (R ± (a)\ v ) (tp) = R ± (a)\ y feexp^) (3.2.28) 

forae<C and tp G &g>(U). 

We collect now the properties of R ± (a,p) in complete analogy to those of R (a). In fact, most 



properties can be transferred immediately using (3.2.28). However, when it comes to differentiation, 



the additional prefactor g p has to be taken into account properly. 

Proposition 3.2.8 Let U C M be geodesically star-shaped around p G M. Then the Riesz distribu- 
tions Ry(a,p) have the following properties: 
i.) If Re(a) > n then R u (a,p) is continuous on U and given by 



a — n 



Rtj{a,p){ q ) = l c{a > n){ll v {q)y2 ~ f ° r q£l v {p) (3.2.29) 
I gJiSg. 

ii.) For Re(a) > n + 2k the function R^(a,p) is even Q k on U . 

a — n 

Hi.) For all a we have R^j(a,p)\ I ±, > = c(a,n)r] p 2 G C°° (ly{p)) and = R ± (a,p)\ u < J ±, > G 



Proof. By definition of exp pst (it^a)]^) the singularities of R^(a) correspond one-to-one to the 
singularities of R^j(a,p) under exp p since exp p is a diffeomorphism and the function g p is smooth 
and nonzero on V. In particular, for q ^ Jij{p) we have exp~ 1 (g) ^ «^(0) Q T p M. Thus on 
this open subset, R^(a) coincides with the smooth function being identically zero. This shows 
Ru(a,p)\]ji j±, , = 0. Inside the light cone, i.e. for q G Iy(p) and hence exp" 1 ^) G 1^(0), we have 

a — n 

that R^(a) is the smooth function c(a,n)rj p 2 . Thus by (3.2.27) we have for tp G S§° (l^(p)) 



R± ( a ) J±(0) (^ex P ;^) 

R ± (a)(v)g p (v)(e W * p tp)(v)d n v 

J±(0) 
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c(a,n) (r] p oexpp 1 ) 2 (q)cp(q) fj, g (q) 

a — n 

c(a,n) [T)p(q))~^~ ^(q) Mg (g) 



c(a,n)r] p 2 (</>) 



1 = rjp by definition of rj p . This shows the third part. The first and second part follow 



since r] p o exp p 

from the continuity properties of R ± (a) as in Lemma 3.1.3 



and Lemma 



3.1.6| [zz[j 



□ 



The analogue of Lemma 3.1.5 and Lemma 3.1.7 is the following statement: 



Proposition 3.2.9 Let U C M be star-shaped around p G M . Then for every fixed test function 
(f G 6§°(f7) the map a \— > R^(a,p)(ip) is entirely holomorphic on C 

Proof. Since for ip G C§°(C/) the function g p exp* <p is a test function on V C T p M and hence on T p M, 

guarantee that a i— > R ziz (a)(Q p exp* <p>) is holomorphic. 



Lemma 



3.1.5 



and Lemma 



3.1.7 



□ 



Proposition 3.2.10 Let U C M be geodesically star- shaped around p G M . 
i.) For all a G C we /iai>e 

r] p R^(a,p) = a(a — n + 2)i?^(a + 2,p). 

M.j For a// a G C we Ziawe 

gradr/p • R^(a,p) = 2a grad R^(a + 2,p). 
Hi.) For all a G <D \ {0} we have 

'Dr] p — 2n 



DR*(a + 2,p) 



iv.) For a = we have 



2a 



R±(0,p) = 5 p 



+ l)R±{a,p). 



(3.2.30) 
(3.2.31) 

(3.2.32) 
(3.2.33) 



Proof. The first part is the literal translation of Proposition S.l.lOl flil^) together with the fact that 
Vp = Vp exp" 1 . For the second part we have to be slightly more careful: in general, the gradient 
operator grad on M with respect to g is not intertwined into the gradient operator on T p M with 
respect to the flat metric g p via exp p . This is only true for arbitrary functions if the metric g is flat. 
Nevertheless we have for Re(a) > n on Iij(p) 

/ a+2-n 

2a grad Rjj(a + 2,p) = 2ac(a + 2, n) grad I rj p 2 

a + 2 — n 
= 2ac(a + 2, n) %, grad r\ v 

a — n 

= c(a, n)r] p 2 grad r\ p 
= grad?7 P • R^(a,p). 

Since for Re(a) > n the distribution R^(a + 2,p) is actually a (^-function and since on U \ L^(p) 



the relation (3.2.31) is trivially fulfilled, (3.2.31) holds on U in the sense of 6°-functions and thus 



also in the sense of distributions. The usual holomorphy argument shows that (3.2.31) holds for all 
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a G C For the third part we repeat our considerations from Lemma 3.1.6 Ji/^). We first consider 
Re(a) > n + 2 whence R^(a + 2,p) is C 2 , R^j(a,p) is C 1 , and we can compute □ in the sense of 
functions. On I^{p) we have 

UR${a + 2,p) = div(grad R±(a + 2,p)) 



(3.2.31) 



div ( — gradr/p • R v (a,p) 



—g(gradR^(a,p),gradrf p ) + — jR^(a,p)D7^, 



2^ 9 ( 2 ( a _ 2) grad?? P -Rui^- 2,f>),grad?7p^ + ^D^p ■ Ru(a,p) 

— . 1 A r) p Rf r (a -2,p) + — • fl£(a,p) 
2a2(a-2) /p C/V 2a /p 17 v ; 

1 ( a _ 2 ) (a - 2 - n + 2)R±(a,p) + ^-i^(a,p)D7j, 
a(a — 2) 2a 



a — n 1 . , 

+ — DT/p i^(a,p) 



a 



2a 



|^ + 1 )^(a.,). 



Since for Re(a) > n + 2 Equation ( |3.2.32 ) is an equality between at least continuous functions, we 
have shown (3.2.32) since on U \ Ju{p) we trivially have (3.2.32) as both sides are identically zero. 
Thus (3.2.32 ) holds for Re(a) > n + 2 and by the obvious holomorphy in a G C \ {0} of both sides it 
holds for all Finally, we have 



Ru(°>P)(<P) = R± (°)(ep ex Pp < P) = ^o(^exp*(/?) = q p (0) ■ (^(expp(O)) = 1 • ip(p) = 5 p (ip), 



since Q p (0) = 1. 



□ 



Note that in the flat case we have Dr/p = In whence (3.2.32) simplifies to □fj at it! flat (a + 2,p) 



Rq Ja,p) from which we deduced that Rq J2,p) is the Green function to Dflat m Theorem 
However, in the general situation we have 



3.1.16 



Dt) p = 2n + g(grad log q p , grad r] p ) 



(3.2.34) 



by our computation in Proposition 3.2.8, ~vi\)- This additional term is responsible for the failure of 
Ry(2,p) to be a Green function at p. 

In order to determine the support and singular support of Rjj{a,p) we recall that under exp p the 
chronological future and past 1^(0) of G T p M are mapped to Iy(p). The same holds for J ± (0) and 
Jlj{p) since exp p is assumed to be a diffeomorphism on the neighborhood U of p. Then the following 



statement is again a direct consequence of Proposition 3.1.12 



Proposition 3.2.11 (Support and singular support of R^(a,p)) Let U C M be star-shaped 
around p G M and let a G C 
i.) If a is not exceptional then 



and 



supp Rfj(a,p) = Ju(p) 



singsuppi^(a,p) C dl^(p). 



(3.2.35) 
(3.2.36) 
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ii.) If a is exceptional then 

sing supp i?^ (a, p) = suppi?^(a,p) C dly(p). (3.2.37) 
) If n > 3 and a € {n — 2k\k £ Nq, k < §} we have 



in 



singsupp Ry (a, p) = supp i?^(a,p) = dly(p). (3.2.38) 



Proof. This follows from Proposition 3.1.12| and the general behaviour of supp and sing supp under 
push-forwards with diffeomorphisms and multiplication with positive smooth functions. □ 



Proposition 3.2.12 (Order of Rfj(a,p)) Let U C M be star-shaped around p G M and let a £ C 

i. ) If Re(a) > n then oidif(Rfj(a,p)) = 0. 

ii. ) The global order of Ry(a,p) is bounded by 2k where k £ No is such that Re(a) + 2k > n. 

Hi.) If Re(a) > then the global order of R^(a,p) is bounded by n if n is even and by n + 1 if n is 
odd. 

Proof. The order of a distribution does not change under push-forwards with diffeomorphisms and mul- 



tiplication with positive smooth functions. Thus the result follows directly from Proposition 3.1.13 



□ 

Proposition 3.2.13 (Reality of R^(a,p)) Let U C M be star-shaped aroundp 6 M and let a E G. 

Then we have 

R±(a,p) = R±(a,p). (3.2.39) 



3.1.14 



□ 



Proof. Since g p = g p > this follows from Proposition 

In a next step we need to understand how the Riesz distribution R u {a,p) depends on the point 
p G M. To this end we have to be slightly more specific with our definition of R^j{a,p). In order to 
compare (3.2.28) for different p it is convenient to choose a common reference Minkowski spacetime. 
Thus we consider the following situation: assume that U is not only star-shaped with respect to p 
but also with respect to p' E O where O C U is a small open neighborhood of p. In particular, if U 
is even geodesically convex then we can choose O = U. Moreover, let e\, . . . , e n be a smooth Lorentz 
frame on U inducing isometric isomorphisms 

I p i : (T p ,M,g p ,,t) — > (R n , V A) (3.2.40) 

preserving the time orientation. Clearly, I p i depends smoothly on p' in this case. Then for <p £ Q^(U) 
we have for all p' £ O 

R±{a,p'){ip) = R ± {a) (fy.fe exp* pl <p)) (3.2.41) 
with i? =t (a) being the Riesz distributions on IR™, independent of p' . 

Lemma 3.2.14 Let K C U be compact. Then for every compact subset L C O there exists a 
compactum K C M n such that 

supp (ip'*(gy exp*/ Lp)) C K (3.2.42) 

for all ip € Q^{U) and all p' € L. 



Proof. For all p' £ O the function x \— > f I p '*(q p ' exp*, <p)j (x) is a compactly supported smooth 
function on ]R n . Since I p > is a linear isomorphism and g p i is strictly positive, 

Kp> = supp (I p '*{g p > exp*, ip)) = I p/ (exp" 1 (supp tp)) 
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by the general behaviour of supports under diffeomorphisms. The various compacta K p i depend on 
p' in a continuous way. More precisely, there is a map $„, : V C R n — > R n such that K p i = $„, (K p ) 
which depends continuously on p' . In fact, define 

$(p',x) = / p ,(exp- 1 (exp p (/- 1 (x)))) 

for x G ip(^) C R n . Then & : O x V — > IR™ is even smooth. Now for {p'} C O compact we have 
K p i C <$({p'} x iifp) and thus (J p , .fTp, C <I> ^U p '{p'} x K p \ If jp' € 1/ runs through a compact subset 
L C O then the union of the -Ry is contained in a compactum itself since $ is continuous. This is 
the K we are looking for. □ 
Using this lemma we see that the support of I p /* (g p t exppi (p) is uniformly contained in some 
compactum in R n . This allows to use the continuity of the distributions R^(a) to obtain the following 
result: 

Proposition 3.2.15 Let U C M be star-shaped aroundp £ M and letOCU be an open neighborhood 
of U such that U is star-shaped around every p' G O. 
i.) For every compacta K C U and L C O there exists a constant cx,L,a > such that 

\R^{a,p')((f)\ < ck,L0Pk&o(<p) (3.2.43) 

for all (p G Gj((U) and p' £ L where k G No is such that Re(a) + 2k > n. 
ii.) In particular, for Re(a) > and every compacta K C U and L C O there exists a constant 
cx,L,a > such that 

\R±(a,p'){cp)\ < c K , L , aVK)n+1 { V ) (3.2.44) 

for all ip £ (17). 

Hi.) Let k £ No satisfy Re(a) + 2k > n. Then for every $ £ e 2 k+e (O x U) the map 

3p' ^ R±(a,p')(<S>(p', • )) £ C (3.2.45) 

zs on O. 

iu.J Again, for Re(a) > and <3? £ Q n+1+i (0 x U) the corresponding map (3.2.45) is C on O. 
Lei </? £ Qq(U) then the map 

a ^ B$(a,p)(<p) (3.2.46) 

is holomorphic for Re(a) > n — 2 [|1 . 

vi.) If $ G C°°(0 x [/) is ewen smooth and has support supp^ COxA' mf/i some compact K, then 
the function 

03 p> i2±( a ,p')W, •)) (3-2.47) 

is smooth on O. 



Proof. By Lemma 3.2.14 we have a compact subset K C R n such that 

supp (lp>*(g p > exp*, (/?)) C 7T 

for all p' £ L and <£> G Q^(U). Thus by continuity of R (a) and the fact that R ± (a) has order < 2fc 
whenever Re(a) + 2k > n, see Proposition 3.1.13 we have 

\ r u(<x>p'){<p)\ = \R ± (ci)(I p '*(Qp> exp^, ip))\ < cp^ )2A .(Jp^(gT p /exp*, tp)) = c'p Ki2k (<p), 

since I p '*Q p ' is bounded with all its derivatives on the compactum K as it is smooth anyway, and 
Ip/* exp*, <p is also smooth on K. Since the exponential map exp p , also depends smoothly on p' all 
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its derivatives up to order 2k are bounded as long as p' G L, the same holds for I p /. This gives the 
new constant d independent of p' but only depending on L. This proves the first part. The second 
follows since for Re(a) > the order of i? ± (a) is bounded by n + 1 by Proposition 3.1.13 in ). The 



third part follows immediately from the technical Lemma 3.2.14 and a careful counting of the number 
of derivatives needed in the proof of that lemma, see also Proposition 1.3.39 The fourth part is a 
particular case thereof. The holomorphy follows immediately from Remark 3.1.17 For the last part 
note that by definition of R^(a,p') we have 

R±(a,p')m P ', ■ )) = fl±(a) ex P ;, • ))) , 

and the function 

(p, x) ^ I p >*(q p > exp*, $<y, • )) 

X 

has support in O x K with K C R n compact. Moreover, by the smooth choice of I p i and the smooth- 



ness of g and exp we conclude that it is smooth in both variables. Thus we can apply Lemma 1.3.38 



to obtain the smoothness of (3.2.47). □ 
In particular, it follows from the fourth part that the map p' i-> (id C3-R^)(a,p')( < I ) ) is smooth on 
O for $ G eg°(0 x U). 

Let us now discuss an additional symmetry property of the Riesz distributions. In the flat case 
the exponential map 

exp p : T p M — > M 
is just the translation, i.e. for (M,g) = (JR n ,r]) we have 



exp p (u) = p + v . 

Thus in this case for Re(a) > we have 

/^(a.pXg) = (exp p ,R ± (a))(q) = R ± (a) {exp-^q)) = R ± (a)(q - p). 

In particular, 

R ± (a,p)(q)=RT(a,q)(p) 



(3.2.48) 
(3.2.49) 



(3.2.50) 



(3.2.51) 



follows since q — p G ^ + (0) iff p — q G -f~(0) and the function r] is invariant under total inversion 
x i — V —x. While the phrase u R ± (a,p)(q) depends only on the difference q—p" clearly only makes sense 
on a vector space, the symmetry feature ( |3.2.51 ) remains to be true also in the geometric context. Of 
course, now we have to take care that the points p and q enter equally in (3.2.51 ) whence the domain 
U has to be star-shaped with respect to both. But then we have the following statement: 

Proposition 3.2.16 (Symmetry of Ry(a,p)) Let U C M be geodesically convex and a G C 
i.) If Re(a) > n then 



(3.2.52) 



for all p,q G U. 
ii.) For all $ G ^{U x U) one has 



R- 



~~(a,p)(<S>(p, -))pLg{p) = / R T (a,q)(<S>(- ,q)) fi g (q). 

Ju 



(3.2.53) 



Proof. First we note that thanks to the convexity of U the Riesz distributions R^j(a,p) are defined for 
all p G U. For Re(a) > n the Riesz distributions are continuous functions explicitly given by (3.2.29) 
in Proposition 3.2.8 ijj. We compute 

Vp(l) = 9 P (ex P p 1 (g),ex P p 1 (g)) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



3.2. The Riesz Distributions on a Convex Domain 



119 



exp J-(q) 



T v exp p (v) 




T v exp p (v) 



Figure 3.4: A geodesic running backwards. 

= 9 q ( T ex p -\ q ) exp p (exp" 1 (q)),T exp -i (q) exp p (ex P ; 1 (g))) 

by the Gauss Lemma. Now v = exp~ 1 (g) is the tangent vector of the geodesic t i— > exp p (tv) which 
starts at p and reaches q at t = 1. Reversing the time the curve r i— )• exp p ((l — t)v) is still a geodesic 
which now starts at q for r = and reaches p at r = 1. Thus the tangent vector of this geodesic is 
uniquely fixed to be exp~ 1 (g) since in the convex U the exponential map exp p is a diffeomorphism. 
On the other hand, by the chain rule it follows that 



d 

dT 



T=0 



exp ((1 - t)v) = T v expJ-v) = -T v exp (v), 



whence we have shown 



It follows that 



exp 9 \p) = -T exp -i (g) exp p (exp p 1 (g)). 



V P (q) = 5g(exp„ 1 (p),exp l (p)) = r] q (p). 



(*) 



Since rj p (q) is something like the "Lorentz distance square" it is not surprising that this quantity is 
symmetric in p and q: everything else would be rather disturbing. Since we have a relative sign in (*) 
we see that if exp~ 1 (g) € I + (0 P ) then the geodesic t \— > ex p D (te xp~ 1 (g)) is future directed for all times 



whence exp p 1 (q) S / (0 g ) is past directed. From Figure 3.4 this is clear. But then (3.2.52) follows 



directly from (3.2.29) since the prefactors c(a,n) are the same for the advanced and retarded Riesz 
distributions. For the second part we first consider Re(a) > n. Then R^(a,p)(q) is a continuous 
function on U x U since rjp(q) is smooth in both variables. Thus R^(a,p)( ■ ) is locally integrable and 
hence the function 

(jp,q) !->• Ru{a,p)(q)®(p,q) 

has compact support and is continuous. Thus we apply Fubini's theorem and interchange the q- and 
p-integrations 

Ru(a,p)($(p, •)) figip) = / Ru(a,p)(q)${p,q) Hg(q)n 9 (p) 

Ju Ju 

Ru(a,q)(p)<5>{p,q) fi g (p)n g (q) 



U 



( |3.2.52| 



U JU 



V 



I%(a,q)($(-,q))n g (q), 
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which proves (3.2.53) for Re(a) > n. For general a G C we notice that the integrands of both sides 



are compactly supported smooth function on U thanks to Proposition 1.3.39 and Remark 1.3.40 
Thus the usual Morera type argument shows that both sides are holomorphic functions of a since 
the integrands are holomorphic in a and we exchange the integrations Jjj and J^da as usual: by 



holomorphy we conclude that the equality (3.2.53) holds for all a as it holds for Re(a) > n. □ 



3.2.10 



3.3 The Hadamard Coefficients 

Differently from the flat situation, the Riesz distribution Ry(2,p) does not yield a fundamental solu- 
tion for □. Indeed, we cannot evaluate \3R^(2, p) as we did in the flat case since in Proposition 
we had to exclude the value of a needed for n\R^(2,p) explicitly. Instead, from 

DR±(a + 2,p)= ( DVP 2 ~ 2U + l) Kt(a t p), (3.3.1) 

valid for a / we only see the following: The limit a — > of the right hand side, which would 
be the interesting point, is problematic. One has Ry(0,p) = 5 P but the prefactor itself is singular, 
at least on first sight. However, the simple pole in Dr? 2a 2 " ^ s no ^ as dangerous as it seems. In fact, 
we know that a i— > Ry(a + 2, p) (□</?) is holomorphic on the whole complex plane. Hence the limit 
a — > of the left hand side certainly exists. Thus we do have an analytic continuation of the right 
hand side for a = 0, the singularity was not present after all. However, the precise value at a = is 
hard to obtain and not just 5 p . Of course, we know it is OR^j(2,p), but this does not help. 

Thus one proceeds differently. The Ansatz is to use all Riesz distributions Ru(2 + 2k, p) and 
approximate the true Green function by a series in the Ry(2 + 2k, p) for k G No with appropriate 
coefficients. These coefficients are the Hadamard coefficients we are going to determine now. The 
expansion we obtain can be thought of as an expansion of the Green functions in increasing regularity 
as the Rij(2 + 2k, p) become more and more regular for k — > oo. 

3.3.1 The Ansatz for the Hadamard Coefficients 

The setting will the following. We consider a normally hyperbolic differential operator D = d v + B 
on some vector bundle E — > M over M with induced connection S7 E and B G r oo (End(£')) as in 



Section 2.1.4| Moreover, for p G M we choose a geodesically star-shaped open neighborhood U C M 



on which R u (a,p) is defined as before. According to our convention for distributions, the Green 
functions are now generalized sections 

^(p) £r-°°(E)® E;, (3.3.2) 

as we take care of the density part using jj, g . The pairing with a test section tp G T'^ ) (E*) yields then 
an element in E*. The equation to solve is 

D'R ± {p) = 5 P , (3.3.3) 

where 8 p is viewed as E^-valued distribution on T'^ ) (E*) and D0l :iz (p) is defined as usual. 

The Ansatz for ^^(p) is now the following. Since the R^j{a,p) have increasing regularity for 
increasing Re(a) we try a series 

oo 
k=0 

with smooth sections 

V p k eT 00 (E\ v ) ® E;. (3.3.5) 
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Then (3.3.4) should be thought of as an expansion with respect to regularity. The starting point for 
k = will be the most singular term coming fromi?^(2,p). Of course, such an Ansatz can hardly be 
expected to work just like that. Even if we can find reasonable V k such that (3.3.3) holds "in each 
order of regularity", the series ( 3.3.4[ ) has to be shown to converge: In fact, this will not be the case 
(except for some very particular cases) whence we have to go a step beyond (3.3.4). However, for the 
time being we shall investigate the Ansatz (3.3.4). 

First we note that a scalar distribution like R^(a,p) can be multiplied with a smooth section like 
V k and yields a distributional section 



V k R^(2 + 2k, p) € T™(E*Y ®E* p = T-°°(E) ® E* p . 



(3.3.6) 



In Remark 1.3.9 it is only necessary that one factor of the product is actually smooth. We compute 
now (3.3.3). First we assume that the series (3.3.4) converges at least in the weak* topology so that 
we can apply D componentwise. This yields 

oo 

DK ± {jp) = DY J V*B±{2 + 2k,p) 

fc=0 



Y J D(V p k R±(2 + 2k,p) 



(3.3.7) 



k=0 



k=0 



£ (D{V*)R±(2 + 2k,p) + 2Vf rad ^ (2+2M ^ + V k UR^{2 + 2k, p) 



by the Leibniz rule of a normally hyperbolic differential operator as in Remark 2,1,27| Note that 
in (2.1.68) it is sufficient that one of the factors is smooth. Inserting the properties of R^(a,p) from 
Proposition |3.2.8| yields then 



D&lp) = D(V»)R±(2,p) + 2V 



0\ n±t 



gradiJ±(2,p) 



V p ° + V p °nR±(2,p) 



:,p)grad7/ p P 



yk , yk 



+ £ [D(V p k )R±(2 + 2k,p) + 2Vl R ± i2k> 

k=l V 

oo 

2V g E r ad^ (2 , P )^ + v^Rt&p) +Y. D{ yp k ) R u( 2 + 2k ^ 



□r/p — 2n 
4k 



+ l)R±(2k,p) 



OO 



+ £ 2V 



k=l 



4^gradr; p P 



yk , yk 



k ( Ur} p - 2n 
4k 



2V 

gradK±(2,p) 



V p ° + V p °nR±(2,p) 



oo i 

+ ^(D(V p k - 1 ) + 2V 
k=i ^ 



4fegradr?p P 



+ 1 )R±(2k,p) 



Dijp — 2n 
4k 



+ 1 )V k )R$(2k,p). 



(3.3.8) 



We view (3.3.8) as an expansion with respect to regularity. Thus, we ask for (3.3.7) in each "order", 
i.e. (3.3.7) should be fulfilled for each component in front of the Rjj(2k,p). This yields the following 
equations. In lowest order we have for V p the equation 



gradR±(2,p)'P 



V£ + V£DR±(2,p) = 6 p , 



(3.3.9) 
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while for k > 1 we have the recursive equations 



1 



-V 



2£; gradrfr v p 



□r/ p — 2n 
4fc 



+ 1 ]V, 



-D(V« 



for VL fc . Equivalently, we can write this for k > 1 as 



V 



+ -a Vp - n + 2k\V; = -2kD(V t 



rk-l\ 



(3.3.10) 



(3.3.11) 



Since (3.3.11) also makes sense for k = it seems tempting to unify (3.3.9) and (3.3.11). To this end, 
we take (3.3.11) for k = and multiply this by R^(a,p) yielding 



which is equivalent to 



7 t^R^ + 2, P ) V v + « + 2,P) - Rfji^v)) V p ° = 0, 



by Proposition 3.2.10 Now we can divide by a and obtain the condition 
whose limit a — > exists and is given by 



(3.3.12) 



(3.3.13) 



(3.3.14) 



(3.3.15) 



since R u (a,p) is holomorphic in a for all a € C Since moreover Rjj{{),p) = 5 P we can evaluate the 
condition (3.3.15) further and obtain 

2V g 1ad^(2, P )^° + ^W(2,P) = V p \. (3.3.16) 



Thus we conclude that (3.3.11) for k = implies (3.3.9) iff Vp°(p) = \6e p - This motivates that we 
want to solve (3.3.9) with the additional requirement 



V p °(p) = \d Ep , 



(3.3.17) 



which we can view as an initial condition. Indeed, all the gradients grad-R^o^p) are pointing in 

Thus a differential equation like (3.3.9) 



3.2.10 



"radial" direction parallel to grad??p by Proposition 
should have a unique solution once the value is fixed in the "center", i.e. at p. Then one has just 
to follow the flow of gradry p in order to determine the value elsewhere. Of course, this geometric 
intuition has to be justified more carefully. In any case, we take these heuristic considerations as 
motivation for the following definition: 

Definition 3.3.1 (Transport equations) Let k 6 No and let D G DiffOp 2 (£') be normally hyper- 
bolic. Then the recursive equations 



Vf r ad^ + " n + 2k) V p k = -2kDV p k ~ l 



together with the initial condition 



V p °(p) = \d Ep 



(3.3.18) 
(3.3.19) 



are called the transport equations for V p 6 F oc (E\ u ) ® E* corresponding to D. 
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Remark 3.3.2 (Transport equations) Let D G DiffOp 2 (£') be normally hyperbolic. 
i.) According to our above computation, the transport equation for k = implies 

2V g r ad^(2, P )^° + ^□^(a.P) = V (3-3.20) 

ii.) The transport equations are the same for the advanced and retarded 5^{p). Thus we only have 
to solve them once and can us the same coefficients V p k for both Green functions. 

Definition 3.3.3 (Hadamard coefficients) Let D G DiffOp 2 (-E) be normally hyperbolic and U C 
M geodesically star-shaped around p G M as before. Solutions V p k G F 0O (E\ u ) (g) E* of the transport 
equations are then called Hadamard coefficients for D at the point p. 

In the following we shall now explicitly construct the Hadamard coefficients and show their unique- 
ness. Note however, that even having the V k does not yet solve the problem of finding a Green function 



since the convergence of (3.3.4) is still delicate. 



3.3.2 Uniqueness of the Hadamard Coefficients 

We shall now prove that the Hadamard coefficients are necessarily unique. To this end we need the 
parallel transport in E with respect to the covariant derivative V s induced by D. Since on U we 
have unique geodesies joining p with any other point q G U, namely 

lp->q(t) = exp^expp 1 (<?)), (3.3.21) 
we shall always use these paths for parallel transport. For abbreviation, we set 

Pp-+q = Pjp^qfl^i ■ Ep — > E q . (3.3.22) 
From the explicit definition of the parallel transport we find the following technical statement: 
Lemma 3.3.4 The parallel transport along geodesies in U yields a smooth map 

U 3 q^ Pp^ q G E q ® E* p , (3.3.23) 
which we can view as a smooth section 

P p ^. G T 00 ^)® (3.3.24) 

Proof. Let e a G T°°(E\ U ) be a locally defined smooth frame and let Aa be the corresponding smooth 
connection one-forms. Then the parallel transport is determined by the equation 

s (t) + € exp p (t exp" 1 ^))) s a (t) = 0. (*) 

Since the map (q, t) i— > exp p (i exp~ 1 (g)) is smooth on an open neighborhood of U x [0, 1] C U x 1R the 
solutions to (*) also depend smoothly on q and t on this neighborhood. Thus, the solutions depend 



smoothly on q when evaluated at t = 1, which implies the smoothness of (3.3.24). □ 



Using this smoothness of the parallel transport we can obtain the following result: 

Theorem 3.3.5 (Uniqueness of the Hadamard coefficients) Let U C M be geodesically star- 
shaped around p and let D G DiffOp 2 (i?) be normally hyperbolic. Then the Hadamard coefficients for 
D at p are necessarily unique. In fact, they satisfy 

V p ° = ^=P p ->. (3.3.25) 
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and for k > 1 and q £ U 



V p k (Q) 



-k- 



1 



p-*q 



(jT 1 V^W^))^^)-* (^(^"^(T^JCr))) dr. (3.3.26) 



Proof. We consider the "Lorentz radius" function r. 



•p — y\Vp\ £ C (£/) which is continuous but not 
differentiable. However, on U \ Cjj(p) where Cjj(p) = Cy(p) U Cy(p) with 

C±(p)=ex Pp (C ± (0)nF), 

the function r\ p is non-zero and hence r p € C°°(£7 \ Cjj{p)) is smooth. On C7 \ Cjj{p) we have 

r? p = er 2 p 

with e(g) = +1 for exp~ 1 (g) timelike and e(g) = — 1 for exp~ 1 (g) spacelike, respectively. Using our 
results from Proposition |3 . 2 .4] we find 

-□r? p -n = ^(gradlog g p , grad?? p ) = - ^ gu ,d np log Q P = -^ g radr, p log 



valid on f7 since £ p > 0. Moreover, by (3.2.18) we get on U \ Cjj(p) 

-^grad r/p (log T p ) = fc .S^grad r? p (log ?" p ) = A; -Sfgrad r; p ( r p) = ^ 



grad »? p 



(v^) 



1 e 

^^=7T^=-^gradr, p Vp = 7T~ (g r &d 7? p , grad 7/p) = 2fc. 

^/erjp2^/er}p 2r] p 



Since ^[q^tZ, > on £7 \ Cjj(p) we can rewrite the transport equation (3.3.18) equivalently as 



^(T^- 1 ) = Vf radr?p U p fc + ( W -n + 2k) V p k = V* adrjp V p k + — ^ if gradr?p (y^rj) U p fc , 



and thus as 



V 



E 

grad r/p 



g p r k p V k 



p p 



Y P rpkD{V p k - 1 ). 



(*) 



Since on U \ Cjj{j)) the additional factor yJ~Q^r p is both positive and smooth, (*) is equivalent to the 
transport equation on U \ Cjj{p)- 

Now we consider first k = 0. Then (*) means that 



V 



grad rip 



U\Cu{p) 



0. 



(**) 



Since the gradient grad?7 p is at every point q just twice the tangent vector of the geodesic 7 p _ >? (i) = 
exp p (i exp~ 1 (g)) we conclude from (**) that the local section y/Q^Vp £ T oc (E\ u ) (g) E* is covariantly 
constant in direction of all geodesies 7 p ->g as long as q £ U \ Cu(p), i.e. as long as exp~ 1 (g) is either 
timelike or spacelike. But ^J~Q^V p is smooth and thus by continuity we conclude that (**) holds on 
all of U . But this shows that yJ~Q^V p is parallel along all geodesies starting at p whence it is given by 
means of the parallel transport, i.e. 



Q P V. 



o 

P \q 



P 



p^q 



QpV % 



P \p 



Pp^q (l • id_B p ) — Pp^-q, 



since by assumption V p (p) = id^ p and g p (p) = 1 by Proposition 3.2.2 Indeed, if e a G E p is a basis 



then P, 



p^q 



id. 



Pp— >q( e a ® e a ) — Pp^q{e c 



P p -+q since the parallel transport only acts on 
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the Ep-pait of \6e p and not on the £"*-part which is considered as values in all of our considerations 
up to now. But this shows (3.3.25) and hence the uniqueness of V p °. 

Now let k > 1. Then we again consider (*) on U \ Cjj(p)- To this end we first note that since 
gradr/p is twice the push-forward of the Euler vector field £t p m on T p M its flow can be computed 
explicitly. In fact, let c(t) = exp p (e 2 * exp~ 1 (g)) then for small t around we have by Proposition 3.2.4 

= ^xp^exp- 1 ^))^ (2e 2 'exp- 1 (g)) = 2T c(i) exp p (exp; 1 (c(t))) = grad Vp \ <t) , 
whence c(t) is the integral curve of gradr/ p through c(0) = q. Thus (*) implies 

V| (c#^g- p r k p V p k ) = -Mc# (^rjl^ 1 )) , (***) 



where V* is the pull-back connection with respect to the curve c. Thus yJ~Qpr p V p satisfies the 
perturbed parallel transport equation along c with perturbation given by the right hand side of (***). 
The solutions of such equations are obtained in terms of the parallel transport as follows: 

Lemma 3.3.6 Let 7 : / C R — > M be a smooth curve on an open interval and let f E T°°('y^E) be 
a smooth section. Then the perturbed parallel transport equation 

V*s = f (3.3.27) 

at 

has ^ 

s(t) = R /A ^ t (s(t ) + jf P- ( U(/(r))drj (3.3.28) 

as unique and smooth solution s E r°°(7*i?) with initial condition s(to) E E-y(t ) f or ^0 £ I- 

Proof. We choose a frame e a (to) E ^Mt ) a ^ 7(^0 ) an d parallel transport it to e a {t) = P^ ^o^t{^a{to)) ■ 
This yields a covariantly constant frame e a E r°°(7*i?), i.e. we have V% e a = 0, see also the proof of 



Lemma 
becomes 



A. 1.1 Then s(t) = s a (t)e a (t) for any section s E T°°(j*E) with s a G e°°(I). Thus (|3.3.27[) 



s a (t) = r(t) 



for all a with initial conditions s a (to) for t = to. The unique solution to this system of ordinary first 
order differential equations is 

s a (t) = s a (t )+ f f (r)dT. (o) 



to 



Now we compute 

P 7 , t0 ^ t o p-^ T (f a (r)e a (r)) = f a (r)P 7 , to ^ t (e a (t )) = f a (r)e Q (t), 

whence 

P Tjt0 _ t (s(t )+ f P^M(r))dr) = P, A ^ t ( S a (t )e Q (to)) + f f a (r)e a (t)dr 

= (V^ + ^V^dr) e a (t) 

= s a (t)e a (t) 
= s(t) 
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as wanted. The uniqueness is clear from specifying the initial conditions and smoothness follows from 
the smoothness of the f a and the explicit form (o). V 

We apply the lemma to the curve c(t) = exp p (e 2 * exp~ 1 (g)) where v = exp~ 1 (g) is either spacelike 
or timelike and t S (—00, e) with some small e > such that e 2t v is still in the domain V C T p M of 
expp. Then the homogeneous transport equation for k > 1 implies 

V%c*(^Q p r k X)=Q, (©) 
St v ' 

and hence 

VQP''P "P l C (t) ~ J C ' { 0->' V V '-'I" r ' i> , 

Taking e.g. to = we obtain for all t E (—00, e) 

,2t„,\\ _ 1 r> I n^„k~\rk\ 



Suppose Vp fc ((/) 7^ then also y^fpty^| 7^ 0. Since the parallel transport is reparametrization 
invariant we can write this equally well as 



with 7(4) = exp p (tf ) being the geodesic reparametrization by the "arc length". Now the limit t — > 
of P 7; ( _>t exists and is given by PpZ+ q - Thus the limit of t — > of P^j ->t {^/Qp r p^p\qj ex ists and is 
a certain non-zero vector. But for k > 1 the limit of r k (exp p (tv)) for t — > is whence the prefactor 
in (©) becomes sing ular. Thus V k can not be continuous at p. Thus V k (q) 7^ for some q £ U\Cjj{p) 
already implies that V^f is non-continuous at p. We conclude that the homogeneous equation (©) has 
only the trivial solution V k = as everywhere smooth solution. This implies that the inhomogeneous 
transport equation (***) can have at most one everywhere smooth solution which shows uniqueness 



of the V k for k > 1. It remains to shows that they necessarily satisfy Equation (p. 3. 26ft. According 



to Lemma 3.3.6 a particular solution along the curve c is given by 

-t 



sfF P r k p V*){cttj) = P c , t0 -> t ((VT P r k p V p k ) (c(t )) + ^ (P^-r)" 1 (^fc^rJ^V?- 1 )) (c T )drj , 

where t, to € (—00, e) with some suitable e > 0. Since we are interested in a solution V k which is still 
defined at q = p, the limit of V k (c(to)) for to — > —00 should exist. But then the limit to — > —00 
yields {yfQQr k )(c{to)) — > {^J~QQT k ){p) = whence the first term on the right hand side does not 
contribute in this limit. Thus under the regularity assumption we have 

(V0pr k V k )(c(t)) = P c ,_oo^ (£ (-2k^Q- p r k p D{V k - 1 )) (c T )drj 

VT P (c(T))r k (c(T))P c -^ T (D{V k - l ){c{r))) dr. 



IkPc—oQ^t 

Now we have by the isometry properties of the exponential map in radial direction 



g p (e 2t exp p 1 (q), e 2t exp p 1 (q))\ 
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e V l#*> (exPpH^expp 1 ^))!, 



and by assumption g p (exp p 1 (q), exp p 1 (q)) ^ 0. After dividing by y \g p (exp p 1 (q), exp p 1 (q)) | we 
obtain 



2kl 



T P (c(t))V p k (c(t)) 



-2kP, 



c,—oc—tt 



-2kP n 



^(c(r))e 2fcT P-^ T (D(V p k - l ){c(T))) dr 

dd 



2a' 



with the substitution a = e 2r and thus dr = Note that with this substitution c(r(a)) = 

expp (e 21- ^- 1 exp~ 1 (^)) = exp p (o" exp~ 1 (g)) = 7(a) is indeed the geodesic from p to q. By the invariance 
under reparametrization of the parallel transport we get P^ 00 - ¥T = P 7i o-s.<r which explains the above 
formula. Taking t = we find c(0) = 7(1) = q and thus 



g p (q)V k (q) = -kP p ^ q J v ^(7 p ^(t))t a - 1 P-^ i0 ^ t (^(^-^(exp^rexp- 1 ^)))) dr 



after replacing a by r again. Since > this gives (3.3.26). Indeed, (3.3.26) only follows for 
q £ U \ Cu(p) but the continuity of the right hand side makes (3.3.26) correct everywhere. □ 



Remark 3.3.7 Note that the additional r p in the higher transport equations yields a completely 
different behaviour of the solution for q — > p. While for k = no singularities arise the case k > 1 
behaves much more singular. In fact, only one solution is everywhere smooth. This is the reason why 
for k = we have to specify an initial condition V p (p) = id£ p while for k > 1 the boundary condition 
of being smooth at q = p fixes the solution. 

3.3.3 Construction of the Hadamard Coefficients 



In Theorem |3.3.5 we have not only shown the uniqueness of the Hadamard coefficients which was 
essentially a consequence of the desired smoothness at p but we also obtained a rather explicit recursive 



formula for the V p k . Using (|3_3_25j) and ( |3.3.26[ ) we recursively define V p for k > by 



(3.3.29) 



and 
V p k (q) 



P p ^ q I ^^(t^t^P-^o^ (^(^-^exp^rexp; 1 ^))) dr (3.3.30) 
J x 



k 

for q € U. Thus it remains to show that these V k indeed define smooth sections satisfying the 
transport equations. The smoothness is guaranteed from the following proposition which even handles 



the smooth dependence on p. We again formulate it for a situation as in Proposition 3.2.15 



Proposition 3.3.8 (Smoothness of V k ) Let O C U C M be open subsets such that U is geodesi- 
cally star-shaped around all p 6 O. Then the recursive definitions (3.3.29) and (3.3.30) yield smooth 
sections 

V k e r°°(J5* M E\ 

via the definition 

V k {p,q)=V k {q) 

for (p,q) G O x U and k > 0. 



\OxU> 



(3.3.31) 
(3.3.32) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



128 



3. THE LOCAL THEORY OF WAVE EQUATIONS 



Proof. First we note that g(p,g) = Q p (q) is actually a smooth function g E C°°(0 x U) with g > 
everywhere. This follows from Lemma |A.3.2| From Lemma 3.3.4 we deduce that the dependence of 
Pp->q on q is smooth and a similar argument shows that also the dependence on p is smooth. In fact, 
the parallel transport depends smoothly on (p, q) E O x U yielding thereby a smooth section 



p e r°° e* m e 



\OxU 



It follows that V is smooth on O x {/. We rewrite the recursive definition (3.3.30) in terms of g, 



and the V*. Then (3.3.30) becomes 



fc 



By induction we assume that V is smooth. Now 7 is smooth on O x U x [0, 1] and thus the 
integrand is smooth with a compact domain of integration. This results in a smooth V k . □ 

we can e.g. take a convex U C M and set O = £7 in order to meet 
It remains to show that the V k actually satisfy the transport 



As already in Proposition 3.2.15 



3.3.8 



the conditions of Proposition 
equations with the correct initial condition. 

Proposition 3.3.9 Let U C M be geodesically star-shaped around p E M. Then the sections V k E 



id, 



T°°(E\ U ) ® E* defined by (3.3.29) and (3.3.30) satisfy the transport equations (3.3.18) with initial 
condition V p (p) 



Proof. Clearly V9(p) = ide p since g p (p) = 1. In the proof of Theorem 
is equivalent to 



3.3.5 



we have seen that (3.3.18) 



V 



grad r? p 



Qp r pVp 



-2k^r^D(V f 



fc-l> 



w 



on the open subset U \ Cjj{p)- Since we already know that the section V k are smooth on U by 



Proposition 3.3.8 we know that they satisfy (3.3.18) on U iff they satisfy (3.3.18) on U \ Cjj{p) by a 
continuity argument. Thus it suffices to show (*) on U\ Cjj(p)- In the proof of Theorem 3.3.5 
have shown that (*) implies 



we 



(**) 

for the curve c(t) = exp p (e 2t exp~ 1 (g)) with q E U and t E (— 00, e) and e > sufficiently small. But 
if we have (**) for all such curves c then we get back (*) since grad = c(0) and the left hand side 

of (*) can be evaluated point by point as V^. ad??jj is tensorial in gradry p . Thus (**) for all such curves 

is equivalent to (*). But V p k (q) was precisely the solution of (**) at t = by Lemma 
means at q we have 



3.3.6 



But this 



V 



2k^r k p D(V p k ~ 1 )\ 



grad??p 

Since q E U \ Cjj{p) was arbitrary, (*) follows which completes the claim. 



□ 



Theorem 3.3.10 (Hadamard Coefficients) Let O C U C M be open subsets such that U is 
geodesically star-shaped around all p E O. Let D E DiffOp 2 (£') be normally hyperbolic. Then for 
each p E O the operator D has unique Hadamard coefficients V k E T°° (E\ u ^ <g> E* explicitly given by 

V k (q) = V k (p,q) where V k E F°° ( E* M E\ 0xU ) is recursively determined by 



(3.3.33) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



3.3. The Hadamard Coefficients 



129 



and 



k 

7e 



P J (*/qP (\6MD{V k - v 



o 7 r T k 1 d r, 



(3.3.34) 



where P G T°° E* El E 



\OxU 



is the parallel transport P(p,q) = Pp-^q along 7 p -> (? (t) = ^ T {p,q) 



exp p (r exp p 1 ((?)). On the diagonal we explicitly have the simplified recursion 



V k (p,p) = -((\dMD)(V k - 1 )) (p,p). 



(3.3.35) 



Proof. It remains to show the simplified recursion (|3.3.35|) for p = q. For k > 1 we have 

k 



V k (p, P ) 



-fiPr+pf (VeP {i^D)(V k - 1 ))) ( 7r (p,p))r fe - 1 dr 



-k 



^ 1 (idH J D)(^- 1 )| (pp) r fc - 1 dr 



' (p,p) 
I (p,p) ' 



r k -Ur 



□ 

We illustrate the recursion formula by computing the first non-trivial Hadamard coefficient along 
the diagonal. 

Example 3.3.11 (First Hadamard coefficient) Let D = D v +i? be normally hyperbolic as usual. 
Thus let s p 6 E p be a vector in E p and let 



s(q) = P p ^ q (s p ), 



(3.3.36) 



which defines a vector field s G T°° (i?^). We compute the covariant derivatives of s at p. At general 
points q 6 U this might be very complicated but at p we have by Proposition |A. 1 . 7] the formal Taylor 
expansion 



i(e n )...i(e ife )-(D E ) 



gk 



P dv %1 ■ ■ ■ dv %k 



i-(P 7 ,,o-,l)- 1 (a(7i,(l))), 



(3.3.37) 



with a basis e\, . . . , e n 6 T p M and 7„(i) = exp p (t?;) as usual. But 

(^O^ir 1 (*(7«(l))) = (iV.O-n) -1 Pp^ q =e*p p (v)(Sp) = S p 



is independent of v. Thus all partial derivatives vanish and we conclude (D s ) fc s| = 0. But then 



follows as well. From this we conclude by ( |3.3.35[ ) 



-(]d®D)(y°)(p, P ) = -(id KID) (^P) (P,P) = (^=^-(e 



0p 



D (P p ^ . (e Q )) ® e a - 2 ( V^ ad _^P P _> . (e a ) ) ® e a 



-□— 

P v/ft 



P p ^. (e a ) ® e c 
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-(□ v + J B)(P p ^.(e a )) 
1 



<g>e a + 0-D — 

V y/Qp 



-B 



(e a ) <g> e c 



6 



scal(p) \d Ep , 



by (3.2.13) and \dE p = e c 



e a with a basis e a of E p . Thus we have 



V 1 (p,p) = -- scal(p) \d Ep -B(p). 



(3.3.38) 



3.3.4 The Klein-Gordon Equation 

Even though in general the convergence of ( |3.3.4 ) is hard to control and may even fail in general 
there is one example where we can compute the Hadamard coefficients explicitly and show weak* 
convergence of (3.3.4). 

We consider again the flat Minkowski spacetime (JR, n ,rj) but now the Klein-Gordon equation 

(□ + m 2 ) <p = (3.3.39) 

instead of □ alone. As usual m 2 denotes a positive constant. The physical meaning in quantum field 
theory of m is that of the mass of the particle described by (3.3.39). 

Since the metric r\ is translation invariant and the operator □ + m 2 is translation invariant as well, 
we only have to compute the Hadamard coefficients at a single point p £ R" - and can then translate 
everything. Thus we can choose p = 0. As already mentioned before, exp p is just the addition with 
p whence 

exp : T R n = R n — > R n (3.3.40) 
is simply the identity map. Also the density function g p becomes very simple as we have 

g p = 1 (3.3.41) 

for all p. Thus the recursion for the Hadamard coefficients simplifies drastically. Finally, we note that 
the Klein-Gordon operator □ + m 2 has already the normal form with B = m 2 . Thus the covariant 
derivative is the flat one and the parallel transport is the identity. Therefor we have 



V: 



1 



-Pn 



id 



and 



Ve P (q) 



p, 



(l P ^ q (r))p-l q ^ r (D{V p k - l ){ lp ^ q {T))) r*- 1 



dr 



fc-l 



Now V p is constant. We claim that, since m is constant as well, all Hadamard coefficients are 
constant, too. Indeed, assuming this for k — 1 shows that 



V p k (q) = ~k ^ D(V p k - l ){p + r(q - p))r k ~ l dr 
Jo 



-kD{V p k ~ l ) 



r k -Ur 
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fc-i\ 



= ~D{V % 
= -m 2 V p k ~\ 

which is again constant. Thus by induction we conclude the following: 

Lemma 3.3.12 The Hadamard coefficients for the Klein- Gordon operator □ + m 2 on Minkowski 
spacetime are constant and explicitly given by 

V* = {-m 2 ) k (3.3.42) 

for k E Nq and all points p E M". 



This particularly simple form allows to determine the convergence of (3.3.4) explicitly. We consider 
large k E Nq such that i? ± (2 + 2k) is actually a continuous function. More precisely, we fix JV 6 Nq 



then for Ik > n—2+2N the distribution i? =t (2+2fc) is actually a function according to Lemma 3.1.3 
explicitly given by 

i2 ± (2 + 2k)(x) = /0 ^ , N — jrr r rj(x)^^- = -. - , . r r7(x) fc+1 "t (3.3.43) 

v ; r(g^)r( 2+2 2 fc -" + i) 2 2k - l k\v (k + 2 - f) /w v y 

for x E I (0) and elsewhere. We want to estimate R^{2k) and its derivatives over a compactum 
X C R n . To this end we compute the first partial derivatives of Br 1 [a) explicitly. We know already 

®.n£f a ) = — l —R ± ( a -2)r] Ui x j = — i —R ± (a-2)x h , (3.3.44) 
<9x*i v 1 a -2 v ' 111 a-2 y ' 1 v ' 

where we use the notation 

Xi = rjijx 3 . (3.3.45) 

Thus we get 

d 2 ™t, n ^(a-4) R ± (a-2) ,„ An . 

R ( Q ) = 7 ^7 ^^1^2 + n - ^ a , (3.3.46) 



Q x ixQ x i% ^ ' (a-2)(a-4) 12 a-2 

y - - 

dx l 2 



since clearly jrj^x^ = Tfo^. Moving on from this we get 



d 3 „±, g(a-6) 

it (^QJ — , . , . . . Xjj X j 2 Xj 3 



<9x*i 9^*4 v ' ( a _ 2) (a - 4) (a - 6) 



R ± (a-4) t 
(a — 2){a — 4) 



(3.3.47) 



and 

<9 4 



dx ll dx l2 dx l4 dx H 

R ± (a 



R ± (a) 



(a -2) (a -4) (a -6) (a -8) 



tt : (a-6) 

+ 7 TV/ 77T \ 7 lhi4 X i2 X i3 + Vi2i4, x h x i3 ' r lhii X i\ x i2 + r \i\i2 X h x i-4 7 liii3 X h x i4J 

(a — 2)(a — 4)(a — oj 
, 4) 

\Vhi2Vi3i4 ' ^/»i»3 "7*2*4 ' ViiiiVisis) ■ 



(a-2)(a-4) 

(3.3.48) 
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Now we see how one can guess the general formula: For I = 2r derivatives we have contributions of 
(a-2)— (a-2(r+s)) ^ ( a ~ s )) w ith coefficients consisting of symmetrizations of s factors r] and 

2r — 2s factors of x where only those symmetrizations are done which are not automatic, i.e. x^x^ 
only occurs once and not twice. For £ = 2r + 1 we have the analogous statement. Summarizing this 
in a more formalized way gives the following result: 

Proposition 3.3.13 (Taylor coefficients of i? ± (a)) Let £ £ No and set r = [|1 whence £ = 2r or 
£ = 2r + 1 depending on £ being even or odd. Then the partial derivatives of the Riesz distribution 
R ± {a) for a ^ {2, 4, . . . , 4r} are given by 



dx %1 ■ ■ ■ dx %l 



-R ± (a) 

In v ' 



A R ± (a-2£ + 2(r + s)) ^ 

^ (a-2)---(a-2£ + 2(r-s)) V Vi ° (1)i ° (2 



l a(2r-2s-l) i cr(2(r-s)) Xi <7(2(r-s) + l) 



where S r ^ s denotes those permutations of {1, ■■-,£} such that 

a(l) <a(2),...,a(2(r-s)) 
a(3) <<T(4),...,<7(2(r-s)) 



(3.3.49) 



(3.3.50) 



<7(2(r-«)-l) <a(2(r-s)) 
and <r(2(r - s) + 1) < cr(2(r - s) + 2) < . . . < a{£). 
Proof. The proof consists in a rather boring and tedious understanding of the above symmetrization 



procedure. Since we only need some qualitative consequences of (3.3.49) we leave it as an exercise. □ 



Remark 3.3.14 The above result has again two possible interpretations. On one hand, (3.3.49) holds 



for all a except for the poles in the sense of distributions. Even for the singular a, the right hand 
side has an analytic continuation by the left hand side. On the other hand, for Re(a) large enough, 



(a) is a S -function and ( |3.3.49[ ) holds pointwise in the sense of functions. By Lemma |3. 1 . 3| this is 
the case for Re(a) > n + 21. 



We consider now the case Re(a) > n + 2£ and want to use (3.3.49) to estimate the t-th. derivatives 
of the function R^(a) over a compactum K C ]R n . Thus let R > be large enough such that 



K C B R (0) 



(3.3.51) 



for some Euclidean ball around zero. The following is then obvious from the definition of R (a) and 
gives a (rather rough) estimate on the sup- norm of R^^a) over K. 

Lemma 3.3.15 Let K C IR™ be compact and let R > with K C Br(0). Then for Re(a) > n we 

have 

p^oCR^a)) < \c(a, n)\R Re ^- n . (3.3.52) 
Proof. For those x G / (0) we have 

\t](x,x)\ = 



n-1 



0\2 



i=l 



<l(x°) 2 + 



n\2i 



+ {x n ) 
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and outside of 1^(0), the function R (a) vanishes anyway. 

Taking derivatives into account we have the following estimate for large Re(a): 



□ 



Proposition 3.3.16 Let K C M" be compact and let R > 1 with K C B R (0). Then for Re(a) > 
n + 21 we have 



p^(i? ± (a)) i? Re (°)-" • max ||c(a) 

with c(a) = c(a, n) for abbreviation. 



\c{a - 2) 
la - 21 



|c(a-2£)| 



|(a-2)---(a-2£)| J ' 



(3.3.53) 



Proof. From Proposition 3.3.13 we know that for precisely £' derivatives we have for x € K 



0' 



dx 11 ■ ■ ■ dx 



E 

s=0 



< 



£ E 

s=0 



\R ± (a-2£' + 2(r - s))(x)\ 
|(a-2)---(o-2f + 2(r-s))| 



E 



• • • r] ■ x ■ ■ ■ x\ 



\c(a - 2f + 2(r - s ))\R^(a)-2e'+2(r-s)-n 

|(a-2)---(a-2f + 2(r-s))\ ' 



since in the sum over all allowed permutations we have at most £'\ factors (In fact, we always have 
much less, but a rough estimate will do the job). Moreover, every factor in rj ■ ■ ■ r] ■ x ■ ■ ■ x is clearly 

< R in absolute value. Now since we assumed R > 1 we have for r = |- and s = 0, . . . , r 

^>Re(a)-2£'+2(r-s)-rt^' < ^ Re ( a )-^'+ 2 [i] ~« <- ^Re(a)-n 

is either —1 or 0. Thus we can simplify this to 



since -£' + 2 



C 



dx 11 ■ ■ ■ dx l i' 



7 R ± (a)(x) 



< R Re ( a ^ n £'\ 



< ^Ifl^W-V max 



\c(a-2£' + 2(r-s))\ 
(a-2)---(a-2£' + 2(r - s))\ 



\c(a - 2£' + 2{r - s))\ 



o \\{a-2)---(a-2£> + 2(r-s))\ J ' 

For we finally have to take the maximum of this expression over all £' = 0, . . . , £. In the maximum 
over s we can then simply take the largest of all, resulting in 



PK^ia)) < £ ■ £\ ■ R R < a )- n . ma x { \c(a)\, 



|c(a-2)| 



\c(a-2£)\ 



\a-2\ \{a-2)---{a-2l)\ 

which is what we wanted to show. □ 
Note that we only gave a rather rough estimate, which will nevertheless be sufficient for the 
following. We specialize this now to the case a = 2 + 2k with k large enough such that 2 + 2fc > n + 2£. 
Then an even rougher estimate specializes (3.3.53) to the following estimate: 

Corollary 3.3.17 Let £ G N be fixed and k G N such that 2 + 2k > 2£ + n whence R ± (2 + 2k) is Q e . 
Then we have for any compactum K C R n with K C -Br(O) for a sufficiently large R > 1 



p Ki {R ± {2k)) < ££\R 



l-n 

2+2fc-n n 2 



2 k-2 k r 



(3.3.54) 
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Proof. We compute explicitly by (3.3.43) 
c(2 + 2k - 21) 



2 — n 
7T 2 



(2 + 2k - 2) • • • (2 + 2k - 21) 2 2 ( fc - £ )" 1 (fc - £)\ V [k - i + 2 - § ) • 2A; • • • 2(k - I + 1) 



2 — n 
7T 2 



2 2k - e ~ 1 k\ T (jfc - £ + 2 - § ) ' 



Now by assumption 2 + 2 A: > 2£ + n whence on one hand £ < k since n > 1. Thus 2 



2A-- 



-1 



> 2 



fc-i 



Moreover, k — £ + 2 — ^ > 1 whence by the monotonous growth of the T function, see Figure 
smallest contribution of T (/c — £ + 2 — |) occurs at T (|) = ^v^"- Thus we have 



3.1 



the 



c(2 + 2fc - 2£) 



(2 + 2fe - 2) • • • (2 + 2k - 21) 



< 



2-n 
7T 2 



2 k ~ x k\\^ 



for all I. Inserting this into ( |3.3.53 ) gives the result. 
Again, estimating 



□ 



by \\J~Ti is very rough, in particular as we are interested for fixed 
£ in the asymptotic behaviour for k — > oo. The additional T- factor behaves essentially like a ^ 



r(fc-£+2-f N i " J 



therefor improving the estimate (3.3.54) significantly. However, for the following theorem, already 



(3.3.54) is sufficient. 



Theorem 3.3.18 (Green function of the Klein-Gordon operator) Let p G R n . Then the se- 



mes 



(3.3.55) 



k=0 



converges in the weak* topology to the advanced and retarded Green function of the Klein-Gordon 
operator □ + m 2 , respectively. More precisely, for 2 + 2k > 2£ + n the series 

(-m 2 ) k R ± (2 + 2k,p) 



E 

2+2k>2£+n 



(3.3.56) 



converges in the Q l -topology to a Q l -function on R n . Finally, on 1^(0) the series (3.3.55) converges 
in the C°° -topology to a smooth function given by 



3^(0) 



7T 2 



(— m 2 ) 



2\k 



/±(0) 



oo 

^M!r(H2-f) 



77* +1 -S 



(3.3.57) 



for p = from which the other ^^(p) can be obtained by translation. 



Proof. Clearly it suffices to show the convergence of (|3.3.56|) in the t l topolo gy: since C (Ml 



D'(lR n ) is continuously embedded, we can deduce the weak* convergence of (3.3.55) from that at once 



To show (3.3.56), we even show absolute convergence: let K C R n be compact with K C Br(0) for 
sufficiently large R > 1. Then 



E 

2+2k>2£+n 



{-m 2 ) k R ± {2 + 2k,0)) < { mZ YW-R 

2+2k>2£+n 



l-n 

2+2fc-ra 71 2 



2 k ~ 2 k\ 



< c 



(m 2 R 



^ /,•! 

2+2k>2l+n 

m?R 2 



2 j}2\k 



with some constant c > depending on £, R. Since the series on the right is dominated by e m we see 
that we indeed have absolute convergence with respect to p^- £ for all K. This shows (^-convergence 
everywhere and hence weak* convergence. Finally, on 1^(0) the functions i? =t (2 + 2k)\ I± ^ are 

always smooth whence the above result shows that they converge in all C^-topologies. But this means 



convergence in the C°°-topology, establishing the last claim (3.3.57). By translation invariance, the 
convergence results also hold for any other p £ Wi n . □ 
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Remark 3.3.19 Of course, there are much more straightforward techniques to obtain the Green 
functions for D+m 2 on Minkowski spacetime. The standard approach is to use Fourier transformation 
techniques and to construct 01^(0) as even tempered distribution on R n . In fact, for most applications 
in quantum field theory the momentum space representation of ^^(O) is needed anyway. However, 
our approach here is intrinsically geometric in the following sense: on a general spacetime Fourier 
transformation is not available, at least not in the naive way. Also, the above construction shows 
that ^^(O) depends analytically on m 2 : the series (3.3.55) being precisely the weak* convergent 
Taylor expansion in the variable m 2 which may even be taken to be complex. This gives an entirely 
holomorphic family of distributions for m 2 G C Finally, the series (3.3.57) can actually be expressed 
in terms of known transcendental functions, depending on the dimension n. 



3.4 The Fundamental Solution on Small Neighborhoods 



In this section we construct out of the local Riesz distributions R ± {a,p) and the corresponding 
Hadamard coefficients a fundamental solution on a small neighborhood of p G M. One proceeds 
in two steps, first the formal series Oi^(p) is made to converge by brutally modifying the higher 
order terms. The price paid is that the result is not yet a fundamental solution but differs from the 
fundamental solution by a "smoothing" kernel, i.e. one gets a parametrix for D. In a second step 
one shows how the parametrix can be changed to a fundamental solution by using an appropriate 
geometric series of the smooth kernel. Again, we follows essentially El. 

In the following we fix a geodesically convex open subset V C M and use the corresponding 
Riesz distributions R^,(a,p) which are now available for all p G U' . Moreover, by Theorem 
the Hadamard coefficients are now smooth sections 



3.3.10 



V k G r°° E* B E 



IU'xU' 



out of which we obtain the formal fundamental solution 

oo 



(3.4.1) 



(3.4.2) 



fc=0 



on U' . Of course, there is no reason to believe that (3.4.2 ) converges in general, even not in the weak 



sense. However, the Riesz distributions Rfj,(2 + 2k, p) are continuous functions if k is large enough. 
In fact, by Proposition 



3.2.8 



we know that R u ,(2 + 2k, p) is at least continuous if k > \. Thus we fix 
N G N with N > and split the sum (|3.4.2|) at k = N. 



3.4.1 The Approximate Fundamental Solution 

The idea is now that the finite sum 

N-i 

£ V p k R±(2 + 2k,p) G rg° (E*\ Uf )' (3.4.3) 
fe=o 

is a well-defined distribution. On the other hand, this contribution is believed to yield the most 
singular contribution to the yet to be found fundamental solution responsible for the 5-distribution 
in DR (p) = S p . Thus the hope is that the remaining, infinite sum can be modified and made to 
converge but yielding a less singular contribution than 6 p , in fact only a smooth one. 
For technical reasons we will need a cutoff function x £ Sq°(1R) with 

supp^C [-1,1], 0<x<l, and x \ 11= 1. (3.4.4) 

L 2 ' 2 J 

For every choice of such a cutoff function, we have the following technical lemma: 
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Lemma 3.4.1 Let leN and £' > £ + 1. Then there are universal constants c(£,£') such that for all 
< e < 1 one has 

Pk,o f i (x (-) A] < ec(£,e')p K A X ), (3.4.5) 



where K is any compactum containing [—1,1]. 
Proof. First note that X (f ) = 101 *| > 1 an d hence \t\ > e. Thus the support of t i— >■ x 



is 



contained in [— e, e] C [—1,1]. It follows that in (3.4.5) we can safely replace the supremum over K 



by a supremum over IR, everywhere. In any case, we have by the Leibniz rule and the chain rule 



At 



E 

m=0 



A d r ' 



mj dt n 



X 



d e- mf i> 



dt 



£—m 



m=0 v 7 v 7 



Now for |t| > e the factor ( ~) vanishes whence we find 



P/,-.«. I 4 ^ f - ) / ) ) < sup £ ( : - 1) ..•(*-/ + m + 1)/- 



di 



t — \m 

m,=U 



dt m \e 



^ 6 E (f) ^' - 1) ••■(/- ^ + m + 1) Pi ^(x), 

m=0 ^ 7 



since only \t\ < e contribute and e i ~ i < e for £' > £ + 1. □ 
Since £7' is assumed to be convex, the Lorentz distance square is defined on U' x U' and gives a 
smooth function 77 G S°°(L r/ x {/') by setting 



r/(p, qr) = r/ p (g) = 5 P (exp p 1 (qr), exp p 1 (q)) . 
We know from the proof of Proposition |3.2.16| that 77 is even a symmetric function 



(3.4.6) 



(3.4.7) 



Finally, since U' is assumed to be geodesically convex the geodesies joining p,q G V in U' are unique. 
Thus we see that r]{p, q) = iff the geodesic joining p and q is lightlike. Since the points q which are 
in the image of C(0) C T p M under exp are just Cjji(p) we see that 



ri-\{0})= \J{p}xCu,(p). 

peu> 



(3.4.8) 



The idea is now to keep the series (3.4.2) unchanged in a small, and in fact only infinitesimal, 



neighborhood of the singular support, i.e. the light cones t/ _1 ({0}), and modify it outside to ensure 
convergence. To this end we will choose a sequence €j G (0, 1] of cutoff parameters and consider the 
series 



(P,q) ^ £x( ) Vl(p,q)E±, (2 + 2j. ,,)(<,) 



j=N 



Eoo 
j=N X 



V j (p, q)c(2 + 2j, n)r](p, q) j+1 2 for q G Iy,(jp) 

else. 



(3.4.9) 
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Since N > § all the terms in the modified (and truncated) series are at least 6°. In fact, the j-th 
term is at least (j — iV)-times continuously difierentiable by Proposition 3.2.8| and by our choice 

in a suitable way, we first recall the following version 



of N. For estimating the derivatives of x 
of the chain rule: 



Lemma 3.4.2 Let g : U C R 

dx 1 



->• IR and f : IR — > 1R be smooth, then for every multi-index I 6 Nq 

r=l,...,|J| 
Jl,...,J r <I 



Q x Jr 



with some universal constants c r j 1 ...j r £ Q- 

Proof. This is clear by iterating the chain rule \I\ times. In fact, most of the Cj j are zero anyway. 

□ 

We shall now use an exhausting series of compacta for £/', i.e. we choose compact subsets 

K C...K e CK e+1 C...GU' (3.4.11) 

with U' = U^> Kt. This choice will give us seminorms p Ke k for all involved bundles satisfying a 
good estimate for natural pairings and 



PKe,k — VK t , 



(3.4.12) 



for £ < £' and k < k', see Remark 1.1.8 The filtration property (3.4.12) will turn out to be crucial. 
We shall use the same exhausting sequence of compacta (3.4.11) to obtain an exhausting sequence 
K e x Kt of U' x U' as well. 

We consider now the function 



Xj (p, q) 



v(p, q) 



j+i- 



for q G I^ip) 
else, 



3.2.8 



which is & for j > N > ^ according to the properties of r\ as in Proposition 
now Lemma 3.4.1 and Lemma 3.4.2 to obtain the following estimate: 

Lemma 3.4.3 Let £, k G No and j large enough such that j — N > k. Then we have 

with constants c(k,£,j) > independent of ej satisfying 

c(k,£,j)<c(k',£',j) 

for£< £' and k < k'. 



(3.4.13) 
~m). We apply 

(3.4.14) 
(3.4.15) 



Proof. We have by the chain rule as in Lemma 3.4.2 



PK e xK e ,k(xf) < 



sup 

UK* t -V 



J U ...,J r <I 



d" (x (^) 



dt r 



Q\Ji\-! 



dx Jl 



Q\Jr\ 1 



dx Jr 



< €j SUp E 



IJI<fc 



n 



r<\I\ 
Jl,...,Jr<I 
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with c r = maxf g ]R 



^(t) 
dt r W 



< oo. The maximum over r < k is denoted by c k . The finitely many 



coefficients dj j have a maximum depending only on k and the sum has a certain maximal number 
of terms, again depending only on k. Thus there is a c k with 

PKtxKt,h(Xj) ^ €jc k c k c(k,j + 1 - |J maxp^ x ^ ifc (r ? ) r , 

where c(k,j + 1 — = max r <fc c(r,j + 1 — ^). But this is already the desired form since clearly 

Cfc increases with k, c k increases with k and so does c(k,j + 1 — §). Finally, the last maximum also 
increases with k and £ whence we can set 

c(k,£,j) = c k c k c(k,j + 1 - -) maxp^ K fc (r|) r , 

which will do the job. □ 
Together with the usual product rule for the seminorms PK e xK e k we obtain the following result: 



Lemma 3.4.4 Let k,£ G No and j > N + k. Then the j-th term of the series (3.4.9) satisfies the 
estimate 



(3.4.16) 



PK t xx t ,k [X 7: V'B*,(2 + 2j, ■))< e jC (k,£,j)c(2 + 2j,n) VKlxKe:k (Vi). 



Proof. This is now easy from the product rule of the seminorms which gives a ^-depending universal 



constant absorbed into the definition of c(k,£,j) and the formula (3.4.9) for the j-th term. 
Choosing the e,- appropriately, this can be made arbitrarily small in the following way: 

Proposition 3.4.5 

i.) For any j > N and every tj S (0, 1] such that 



□ 



twx{c(fc, j,j)c(2 + 2j,n)p K . xK . >k (V J )} < 



(3.4.17) 



the series (3.4.9) converges absolutely in the -topology to a continuous section of E*M „, 
ii.) The series (3.4.9) starting at j > N + k converges absolutely in the Q k -topology to a Q k -section. 



Hi.) The series (3.4.9) restricted to the open subset U 1 x U' \ rj 1 ({0}) converges in the Q°°-topology 

to a smooth section of E* Kl E\ TT . ,,,, ,„.,,. 

J \U'xU'\ri- 1 ({0}) 

Proof. For a fixed j > N there are only finitely many k £ Nq with j — N > k whence the maximum 



over the k's in (3.4.17) is well-defined. Thus we clearly can choose €j € (0, 1] to satisfy (3.4.17). Since 
we can take k = 0, the second part implies the first as well. Thus let k £ No be arbitrary and consider 
the truncated series for j > N + k. First we note that every term is & whence we have to estimate 
their Y>KixKi fc" sem i norms - We have for every £ > N + k 



( Yl XjV j c(2 + 2j,n)\< ^ e j c(k,£,j)c(2 + 2j,n)p KexK ^ k (Vi) 

^j>N+k J j>N+k 

< 52 tjc(k,£,j)c(2 + 2j,n)p KexKe , k (Vi) 

N+k<j<£ 

+ 52 e i< k i e > -?>( 2 + 2 ^ n ) PK t x Kl ,k( vj ) 
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< const. + ^2ejc{k,j,j)c(2 + 2j,n) p KjXK . tk (V 3 

j>£ 

1 

< const. + > — < oo, 
— jL^i 2J 

j>£ 



by the choice ( 3.4. 17^ and the fact that for j > I we can replace PK e xK e ,k(V^) by P^x^.fct^'') as 
well as c(k,£,j) < c(k,j,j) according to (3.4.15). This shows absolute convergence with respect to 
PK e xK e ,k f° r £ > N + k. But the compacta are increasing whence this shows absolute convergence 

in the 6 fc -topology by the completeness of T k ( E* M E\ ur ut 



Finally, we note that every term in 
KAM is smooth on U' X U' \ r? _1 ({0})- Then we have C -convergence by the second part for these 



restrictions, since omitting the first k terms does not change the convergence behaviour of the series. 
But this means that we have convergence in the C°°-topology. □ 
We can thus define an approximate fundamental solution by taking 

AT-l oo , v 

%Up) = E V P R U 2 + 2j,p) + ^2x(-) ViR±{2 + 2j,p), (3.4.18) 
7=o j=N ^ e i ' 



after choosing the ej as in Proposition 



3.4.5 



From the support properties of the R^j,(2 + 2j,p) and 



the above convergence statement, we obtain the following result: 



Corollary 3.4.6 Let the Cj G (0,1] be chosen to satisfy (3.4.17). Then (3.4.18) is weak* convergent 
to a distributional section 

X±(p)eT-( n+ V(E\ w )®E; (3.4.19) 

of global order < n + 1 with 

supp£±(p)C J±(p), (3.4.20) 



sing supp ^(p) C Grjfip). 



(3.4.21) 



Proof. By Proposition 3.4.5 the series converges in the S fc -topology and hence also in the weak* 
topology. Since the series is a continuous section it is of order 0, the finitely many extra terms for 
j < N — 1 are all of order < n+ 1 by Proposition 3.2.12 Hi.). This shows (3.4.19). Since each term in 



(3.4.18) has support in J^,(p) also the limit has support in J^,(p) as this is already a closed subset of 
U' as we assume V to be geodesically convex. Moreover, the singular support of the first terms with 

u 



j < N — 1 is in Cjj, (p) . By Proposition 
follows as well. 



3.4.5 



/// 



), the series is smooth inside Ijji(p) whence (3.4.21) 



□ 



Let us now determine in which sense Jljj, (p) is an approximate solution. Since the series converges 
in the weak* sense we can apply D = d v + B term by term thanks to the continuity of differential 
operators, see Theorem 1.3.27 ~^). In our situation we can even argue in the sense of functions if we 
start the series at N + 2 because then we have C 2 -convergence for which D is continuous as well. In 
any case we get 



Af-l 



(p) =Y,D {ViR%{2 + 2j,p)) + 



j=0 



j=N 























\ e 3 



V->R±(2 + 2j,p) 



S p + J D«- 1 )i?±(2iV,p) + f^D(x (^) V'Rfr,(2 + 2j,p)^j , (3.4.22) 
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thanks to the transport equations for Vp . Indeed, the transport equations, by their very construction, 
yield Hadamard coefficients Vp such that 



N-l 



3=0 



D(V p °)R±frp) + 2Vf rad</(2p) y p ° + V p °nR±(2,p) 
+ DiV^Rfj^p) + 2Vf radfl±;(4jp) y p 1 + V'OR^p) 



+ 



+ D(V p N ^)RU2N,p) + 2V» adR±{m>p) V»-L + Vf~ L ni% t (2N f p) 



N-l , T WV-1|-1E>± 



2V g E r ad^(4, P )^ + V}nH±,(4,p) + D(V p ) Ru ,(2,p) 



+ 



zK^mP)^ 1 + Vi f - 1 OS^(2N t p) + D(V p N - 2 )R±(2N - 2,p) 



D{V p N - l )R±{2N,p) 



5 P + + • • • + + DiV^-^R^N.p) 



(3.4.23) 



for arbitrary N by (3.3.9) and ( 3.3. 10| ). We consider now the remaining sum over j in (3.4.22) and 
get by the Leibniz rule for D 



D[x[ T ^)V^R%{2 + 2j,p))=U[x 



Vv 



ViR%{2 + 2j,p) + 2V g ^ dx(?i) (vjRfr, (2 + 2j,p)) 



+ X ( 1]E )D{ViR±(2 + 2j,p)). 



(3.4.24) 



By the transport equations we have 

?± in i nA ^.W — rVTAnoi 



D {ViR±(2 + 2j,p)) = D(Vi)R±(2 + 2j,p) + 2V^ dR ^ {2+2 ^ + VpR*,(2 + 2j,p) 

= D(Vl)R%{2 + 2j» - D(V^ 1 )R^ l (2j,p). (3.4.25) 



By shifting the summation index appropriately, we get 



D%±(p) -5 P = D(V p N - l )R±(2N,p) + ^o(x(^yj VjR+p + 2j, 



P) 



+ V2V 
z / 

j=N 



E 

gradx(^) 



(V*B±,(2 + 2j,p)) + X ( I) D(y>)B±,(2 + 2j,p) 



j=N 



£ 

j = N 



X 



Vp 



L>(F/- 1 )i?±(2j,p) 
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rj(p, q) = 



< r](p, q) < 



Figure 3.5: The open neighborhood Sj of r] ({0}) in the flat case. 



i-x 



1p_ 



D(V p N - 1 )RU2N,p) + J2^ 



j=N 



X 



Vp 



ViR±(2 + 2j,p) 



+ E 2V s ldxM (^( 2 + 2 ^)) 

j=N Ve J 7 



j=N 



X 



Vp 



X 



Vp 



D(Vj)R±(2 + 2j,p) 



e N 



)) D{V p N - l )R±{2N,p) + Si + S 2 + S 3 , 



(3.4.26) 



where we abbreviated the last three series with Ei,E2, and S3, respectively. In order to investigate 
these three series we need the following technical lemma: 



Lemma 3.4.7 Let €j £ (0, 1] be chosen as in (3.4.17). 



i.) The function (p, q) 1— >■ 1 — x ( j^e^ ) van ishes on an open neighborhood of i] 1 ({0}). 

ii.) The vector field U' x U' 3 (p,q) (id Kl grad) (^x f G T q U' vanishes on an open neigh- 

borhood ofr]~ 1 ({0}). 

Hi.) The function (id KID) (^x feO) vanishes on an open neighborhood o/r/ _1 ({0}). 
iv.) The function x (^^^j ~ X f^+lj vanishes on an open neighborhood o/?7 — 1 ({0}). 
v.) The section ^1 — x (i^)) D(V N ~ 1 )R^,(2N, •) as well as all the sections in the three series 



Si,S2, and S3 are smooth on U' x U' . 
Proof. We consider the open neighborhood 

S j = {(p,q)eU' xU' 



< 



v(p,q) < 



c U' x U' 



of ?7 _1 ({0}). Clearly, by continuity of r\ this is an open neighborhood, see Figure 3.5 for the flat 
analogue. Since the cutoff function x is constant and equal to one on [ — f'f]' we see ^^ a ^ ^he 
function x{j:) i s equal to one on the open Sj. From thisjlp follows at once. Thus also the gradient 
vanishes on Sj whencehu) and Hi ) follow. Since SjClSj+i is still an open neighborhood of ?7 _1 ({0}), 
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we getp^/ But this means that the prefactors in all the above terms vanish on an open neighborhood 
of ?7 _1 ({0}) which was the only place where the Riesz distributions Ry,(2 + 2j, ■ ) were non-smooth. 
Thusj^lJ follows, too. □ 
This lemma suggests that the weak* convergence of all the three sums Ex, £2, an d £3, which we 
already know, can be sharpened to a C°°-convergence: in this case the defect of ^R u ,(p) of being a 
fundamental solution would be just a smooth section and not a general, distributional section. After 
possibly redefining the €j this can indeed be achieved as we shall see now. 

First we note that the functions % ( — ) are only interesting in the following subset 



H 



3 



{(p,q) € U' X U' || < V (p,q) < ej] . (3.4.27) 



Indeed, for rj(p, q) > ej the cutoff function produces a zero, for r](p, q) < -i the function is identically 
one until r](p,q) < But for negative r](p,q) the definition of R^,{2 + 2j,p)(q) gives already 

zero. Thus we only get contributions to each of the series £1 and £2 from Hj for the j-th term. 



Geometrically, Hj D {p} x U' looks like a thick mass shell, see Figure 3.6 It follows that for the j-th 
term in £1 or £2 we get only contributions from the compactum Ki x Kg Hj for the seminorm 

PK e xK e ,k- 

We start now estimating the Px»xKf it °f J~th term in the sum £2. To this end we first estimate 
the function r\ on Kg x Ki n Hj as follows. 

Lemma 3.4.8 Let j > N and k, £ G No arbitrary. Then 

V Ke xK e nH 3 ,k+i (V +1 -t) < d(k,£,j)e^-\ (3.4.28) 
with some constants d(k,£,j) > such that 

d(k,£,j)<d(k',£',j) (3.4.29) 

for k<k' and£< 



Proof. By the chain rule as in Lemma |3.4.2| we have 



PKixKtnH j,k+l [V 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



3.4. The Fundamental Solution on Small Neighborhoods 



143 



< sup 1 

(p^eKtxKtnHj <m 

w< fe +! .h,-j;<i 



< SUP C -h-Jr 
\/\<k+l ^ 

f<t<ej Ji,...,J r </ 





d^ + 1 -f 




d\Ji\ v 






Jr 


dt r 


t=v(p,<}) 


dx Jl 




dx Jl 



(i + i-?)---(i + i-^-r- + i)r 



fa) 



< 



SU P X] c ^i- 



l/l<fe+l 



e 1 -\J+ l -f-( fc + 1 ) 



fa) 



r<\I\ 
J lt ...,J r <I 



< e 



r<|/| 
Ji,...,J r <i" 



Note that the supremum over t and r < k + 1 of 2 _r is obtained for the smallest t = y and the 
largest r = k + 1. The constants d(k,£,j) clearly grow if the compactum Kg is replaced by the bigger 
one Ky. They also grow if we allow larger k. □ 
This can now be used to estimate the j-th term of the series £2- We have the following result: 

Lemma 3.4.9 Let k,£ G Nq and j > N. Then we have 



VK f xKp,k 



(3.4.30) 



j — —— 2k— 1 

< c k c(2 + 2j,n)d{k + l,e,j)v K xK k+1 (V : >) max p x x fe+1 (r ? ) r • e • 2 " . 

r<k+l J 

Proof. We simply compute 

Pw„* (v g l dx( ^) (^,(2 + 2,,.))) 

< Ck^PKtxKtnH^k+i ( X ( — J J P^x^nff.i+it^) P^x^n^.fc+il^f/'l 2 + 2 J> • ))> 



since we need one order of differentiation for the gradient and one for the covariant derivative. In the 
constant c^/ the estimates of the derivatives of the metric, the connection, the Leibniz rule, etc. enter. 
Note that since these quantities are smooth everywhere, we can take the supremum over Ki x Ki 



whence c k) t does not depend on j. Now by the chain rule as in Lemma 3.4.2 we have 

V 



PK e xK e nHj,k+l I X 



E 



< sup 

(p^eKixKiDHj . 

I^l< fc +! J lt -X<I 

3 







1 


Q\Jl\ n 




Q\Jr\ v 




dt r 


3 


Q X J\ 




Q x Jr 
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where the sum over the dj j as well as the supremum over the r-th derivatives of x are combined 



into the constant c k . For the seminorm of R^,{2 + 2j, ■ ) we get 



PKtxKtHH^k+liRu'i 2 + 2 h ■ )) < PK e xK e nH„k+l ( C ( 2 + 2 -?> n V +1 



<c(2 + 2j,n)d(k + l,l,M 



by Lemma 3.4.8 Putting things together we obtain 



j—- — 2k—l 

<c k c{2 + 2j,n)d(k + l,£,j)e j 2 " VK e xK e ,k+i(V J ) max p K K eik+1 (vT 

j r<k+l 



□ 



Lemma 3.4.10 Let j > N. Choose ej € (0, 1] such that in addition to (3.4.17) 



€j max c k c(2 + 2j,n)d{k + l,£,j)p K xK <ifc+ i(V J ) max r> K K (:k+1 {v) r < ^ ■ (3.4.31) 

r<~k-\-\ L J 



t<3 



T/ien i/ie sum S2 converges absolutely in the C°° -topology to some S2 £ r°° E3 £^1^, jj, 



Proof. First we note that we can indeed find ej E (0, 1] meeting the requirement (3.4.31). Then we 
have for fixed k, £ the estimate 



- I'/wxK,./, I E 2V ^ x (^) F ^( 2 i -^'■•) 



+ 2 ^ c fc c(2 + 2j,n)d(k + p^ x x,,/c+i(^) ma^P/^x/^fc+i^f • e 

i>io 



J-2 



-2fc-l 



1 

< const. + 2 > — < 00, 



j>jo 

provided we set jo larger than £ and such that jo — § — 2k — 1 > 1, which is clearly possible. In this 
2 < £j f° r J > Jo, and we can use (3.4.31) to get the estimate. But this shows absolute 



case e - 



convergence in the seminorm ¥>K i .xK l k as the finitely many terms with N < j < jo — 1 do not matter. 
Since £ and k were arbitrary we get C°°-convergence. Note that it is crucial that each term of S2 is 



already smooth, quite differently from the ideas in Proposition 3.4.5 



□ 



By a completely analogous argument one can estimate the terms in the sum Si and show that 
again finitely many conditions on each ej 6 (0, 1] yield C°° -convergence also of Si. We do not write 
down the explicit condition but leave this as an exercise. The result is the following: 



Lemma 3.4.11 There are choices of ej £ (0, 1] analogous to (3.4.31) such that the sum Si converges 
absolutely in the S°° -topology to some section Si 6 r°° ( E* E3 E^, „, J . 
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Finally, we consider the third sum £3. Here the argument is slightly different leading nevertheless 
to the same consequences. 

Lemma 3.4.12 Let £, k G Nq and let j > N satisfy j > 2k + \. Then we have 



P/V.x/v,./. \\^\T.)~ X (~ 1 



D{Vi)R± (2 + 2j, •)) < (e, +e i+ i)/(M,j), (3.4.32) 



tm'i/i some constants f(k,£,j) not depending on the choices of the €j. 
Proof. We estimate 



P/v.x/v,./, 1 ( \ 1 ~) ~X( ^ 



< c fc c(2 + 2j, n) 



X 



L»(^')i?±(2 + 2i, •)) 
' * V k+1 D{V j )c{2 + 2j, n)ri>-^- k 



ej+i 



< c fc c(2 + 2j,n) (e je (M, j) + e j+1 e(k,£,j))p KtxKl>k (d^V'" 5 "*) > 



with some c onstan ts e(fc, ^, j) obtained from a Leibniz rule and arguments as in the proof of Lemma 3.4.3 
and Lemma 



3.4.1 



Note that for j > 2k — § the function rf~ k ~^ is still C fc whence the last seminorm 
is still finite. Putting all the constants together, we get the desired estimate. □ 
Again, we can turn (3.4.32) into a condition on the €j in order to make the seminorm smaller than 



2.1 ■ 



Lemma 3.4.13 Let the €j G (0, 1] be chosen such that in addition to (3.4.17) we have 



<V max max f(k,£,j), max f(k, £, j - 1) ^ < ^ 

2k+~^<j 2fc+f<j-l 



(3.4.33) 



Then the sum £3 converges absolutely with respect to the C°° -topology and yields a smooth section 

s 3 Gr°° (e*me\ UIxU , 



Proof. Note that (3.4.33) are again finitely many condition on each e,- whence we indeed can find an 



€j G (0, 1] satisfying (3.4.33). Now Lemma 3.4.12 yields the estimate 

D(V j )R±(2 + 2j, 



j>N 



V>K e xK e ,kYl ( (x( — ) - X 



< 



VK e xK t 



jo-l 
j=N 



X 



X 



(^-\ ) D{Vi)R± (2 + 2j, ■ )) + f; (e, + e i+1 )/(fc, £, 
K ^ +lJJ J 3=30 



00 j 

< const. + 2 — < 



00, 



3=30 
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if we take jo > N such that jo > 2k + § and jo > t. Indeed, in this case we have 



both by (3.4.33). But then the absolute convergence of S3 is clear as the finitely many terms N < 
j < jo — 1 do not change the convergence. □ 
Collecting the results of the previous lemmas we arrive at the following result: 

Proposition 3.4.14 There is a choice of €j G (0, 1] such that the approximate solution l Jly,(p) satis- 
fies in addition to the properties described in Proposition 3-4-5 and Corollary \3-4- 6 



DX±(p) = 5 p + K±(p, •) 
with some smooth section K^, G T°° (E* Kl E\ ulxU , J for p G U' . 



(3.4.34) 



Proof. Indeed, the section K uf is obtained from the computation in (3.4.26) as 

K± = (l - X (jrA ) D(V N ~ 1 )Rfj, (2N, ■ ) + Ex + S 2 + E 3 . 
The convergence results on the series Si, S 2 , and S 3 yield K±, G T°° (e* El #| a , xa ,) 

as we wanted. 

Note that in total, we only have to impose finitely many conditions on each ej according to Proposi- 
tion 3.4.5 Lemma 3.4.10, the analogue condition from Si, and Lemma 3.4.13 



Remark 3.4.15 (Parametrix) The proposition just says that we have constructed a parametrix 
of D for every p G U', see also |31 Sect. 7.1] for more information on parametrices. 



In Proposition 



3.2.15 



we had some estimates for \R^,(p)((p)\ locally uniform in p. Since is 



build out of the Rjj,(a,p) we can expect a similar feature also for Jly^p). Indeed, this is the case: 

For a fixed ip G T^'(E*\ U ,) we can view U' 3 p i-> Jl^,(j))(<p) G E* as a section of E* defined on 
U'. This section has nice features, it will be smooth again. More precisely, we have the following 
statements: 

Proposition 3.4.16 Let Jl^,{p) be the approximate fundamental solution. Moreover, let k G No and 
K, L C U' be compact. Then we have: 

i.) There is a constant ck,l > such that 



(3.4.35) 



for all p G L and Lp G In particular, the distribution !R^,{p) is of global order 

< n + 1. 

ii.) The section ^R u ,( • )(</?) of E*\„, is smooth for all (p G Pq° (E* | v , ) . 
Hi.) There are constants CK,L,k > such that 



PL,Jfe 0^17' (•)(¥>)) ^ c K,L,kVK,k+n+l{v) 



(3.4.36) 



for all p G r%(E* 
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iv.) The operator 



(3.4.37) 



is continuous in the Cq°- anc? C°° -topology. 



Proof. Clearly, the estimate (3.4.35) is a particular case of the more general situation in (3.4.36) for 
k = 0. Thus fix E Nq. Then we have 



N+l N+k-1 

Ku>(p) = T, v p r U 2 + 2 3>p)+ E ^ 

j=0 j=Af 



Wi2±,(2 + 2j,p) + E X (-)viR±,(2 + 2j,p), 

j=N+k ^ e i ' 



(*) 



and we know that the third contribution converges in the S fc -topology to 

/*(?,?) = E x(J) W(<7)^(2 + 2i,p)(g) ) 

j=N+k ^ ^ ' 

which is a section 6 C k (E* M E\ u , „,). Now let 99 6 then the pairing of with 93 is 



(**) 



p ^ /jfc(p, ■) ( p = fip, q) • v(q) v-g(q) = / fkip, q) ■ <p(q) 

JU' JK 
which still yields a C fc -section. In fact, we immediately obtain an estimate of the form 

PL,k(fk( ■ )<f) < VOI(K) VLxK,kUk) PiO)0) 

by differentiating into the integral (**), which is legal as the compactly supported integrand is Q k in 
p and all first derivatives in p-direction yield still a continuous integrand in p and q. The first and 
second contribution in (*) are slightly more complicated. First we note that the sums are all finite 
and each term is of the form $ fc (p, • )Ry,(2 + 2j,p) with a smooth section & £ T°°(E* ^ E\ v , u ,). 
Thus applying this to a fixed test section ip S T ( ^(E*\ U ,) gives by the very definition of the Riesz 
distributions the map 

p 1 ^ <F(p, • )R% (2 + 2j,p)(<p) = R±{2 + 2j,p) (**(p, • )tp( • )) 

= R ± {2 + 2j) (e p ( ■ ) expW'(p, • )<p( ■ ))) . (***) 



If we want now to estimate the p-dependence we can rely on Lemma 1.3.38 The function (p, q) 1— >■ 
Q p (q) exp*(& 3 (p, q)ip(q)) is smooth in both variables and has support in U' X K thanks to the support 
condition on (p. Thus the lemma applies and yields a smooth function of p. Moreover, we can 
differentiate into the application of R^(2 + 2j) and have for the p-derivatives of (***) 



dx 1 



(p 1 ^ ^(p, .)R±(2 + 2j,p)(ip)) 

R ± (2 + 2j) Iq-j [p h- 3*(p, • )fl± (2 + 2i,p)(^)) 



(©) 



where x are some generic coordinates for the p-variable. Now we know that for j > the Riesz 
distribution i? =t (2 + 2j) is of order < n + l. In fact, the order is much less for some j, see also the low 
dimensional discussion in Section 3.1.3 but the above estimate on the order will do the job. Thus for 
each term we get an estimate of the form 



VL.k (® k Ru(-)v) < cUPK,ft+n+l(¥>)> 
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as we need the n+1 derivatives of ip for i? ± (2 + 2j) and up to k derivatives from the differentiation and 
the chain rule coming from (©). In the constant c* KL we get contributions of the first k derivatives 



of expp and g p as well as from the continuity of R (2 + 2j). Thus we arrive at finitely many 
estimates for the finitely many terms in (*) which can be combined into (3.4.36). This shows the 
third part. But then the fourth part is clear as well. □ 



Remark 3.4.17 The estimate in (3.4.36) also shows that we can apply the operator 31^, to less 
regular sections than smooth ones. In fact, extends to a well-defined continuous linear operator 

B± : rg + "+ 1 (S*| c// ) — >• T k (E*\ Uf ) (3.4.38) 

for all k > with respect to the Cq +,1+1 - and C fc -topology, respectively. This will sometimes be a 
useful extension. 

The last features we will need are some support properties of the "defect" K^, of IR^, being a 
fundamental solution. 

Lemma 3.4.18 The smooth section K^j, G T°° (e* Kl E\ v , v , ) satisfies 



(p,q) G suppK± C[/'x[/'^ge Jfj, (p). (3.4.39) 



Proof. Assume that K^,(p,q) is non-zero. From 



K$,(p, q)=(l-X (^) ) D [V^R^ (2N,p)) (q) + ^(p, q) + £ 2 (p, q) + E 3 (p, g) 

and the fact that each series Ei, S2, S3 has only terms involving Ry,(2 + 2j,p)(q), to have a non-zero 
contribution we necessarily need q G J^,(p). Thus K^,(p, q) ^ implies g G J^,(p). Since the support 
of -fT^, is the closure of all those point with if^, (p, g) 7^ it is contained in the closure of those points 
(p, g) G U' X C/' with g G J^,(p), all closures taken with respect to C 7 x Since £7' is assumed to be 
geodesically convex, one can show that the causal relation 

Ju> = {(p,q) £U' xU' \ qe J± (p)} CU'xU' 

is actually closed. Note that this is a stronger statement than all J^,(p) being closed in U', see 
e.g. (45] Prop. 2.10] or j46j Lemma 2 in Chap. 14]. But then (3.4.39) follows at once. □ 

Remark 3.4.19 (Future and past stretched subsets) A subset S C U' x U' with the feature 
that (p,q) G S implies q G J^i{p) is also called future or past stretched, respectively. Thus the 
support of Ky, is future and past stretched with respect to U' , respectively. 

We are now in the position to collect all the features of the approximate fundamental solution 
Jly, we shall need in the following: 

Theorem 3.4.20 (Approximate fundamental solution) Let U' C M be geodesically convex and 
let Vi G r°° (^E* M E\ ulxU ,^j be the Hadamard coefficients with respect to the normally hyperbolic 
operator D G DiffOp 2 (i?). Then there exists a sequence €j G (0, 1] for j > N > § such that 

N—l 00 , v 

^ (P) = E V i R u> ( 2 + 2 J» + E X ( - ) (2 + 2j, p) (3.4.40) 

3=0 j=N V ^ ' 

converges in the weak* topology to a distribution 3?^,(p) G T °° (i?|^,) ® 2£* mf/i i/ie following prop- 
erties: 
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i.) For the support and singular support we have 

suppK±(p)C J±,{p), (3.4.41) 

singsupp£±(p) C C± (p). (3.4.42) 

ii.) We have 

DX±(p) = S p + K±(p,-) (3.4.43) 

with a smooth section K^, G r°° (e* M E\ uly<u ^ ■ 
.) The support of K^, is future stretched and the support of K^, is past stretched. 
.) For a test section tp G Tq ( y E*\ u ^ the section p i-> Ol^,(p)((p) is smooth, 
v.) For compact subsets K, L C U' there exist constants ck,l > such that 

&w(p)(<p)\<CK,LPK, n+ i(<P) (3-4.44) 
for all p G L and <p G ( y E*\ u ^. In particular, for the global order ofX^,(p) we have 



in 
iv 



ord 



(^,(p)) <n + l. (3.4.45) 



3.4.2 Construction of the Local Fundamental Solution 

Having a (well-behaved) parametrix to a differential operator there is a more or less standard proce- 
dure of how one can obtain a fundamental solution from it. Roughly speaking, the defect in having 
a fundamental solution is so small that one can use a geometric series to resolve this problem. 
We will choose now an open subset U C U' such that 

U cl C U' (3.4.46) 



is compact. Later on, we will need additional properties of U but for the time being the com- 
• 1 ,nQ ss of U cl will suffice. Then we consider the following integral operator build out of K^j, G 

E* Kl E\ TT , tt , ). Let ip be a section of E* defined at least on U d then we can naturally pair 



\U'xU' r 

Ky,(p,q) ■ ip(q) and integrate. This gives 

(X±<p) (p) = [ K±(p, q) ■ <p(q) fi g (q). (3.4.47) 

Depending on the properties of <p the integral will be well-defined and yields a rather nice section of 
E* defined on U' . One rather general scenario is the following: 

Definition 3.4.21 With respect to some auxiliary positive fiber metric on E* we define 

Fb (.E*!^) = {ip : U — > E* | <p(q) G E* and ip is bounded and measurable} . (3.4.48) 

Here the fiber metric is used to define a norm on each fiber. With respect to these norms we want 
<p to be bounded over U. The following technical lemma is well-known and obtained in a completely 
standard way: 

Lemma 3.4.22 (The Banach space r& (i?*)^)) Let U C M be open with compact closure, 
i.) The definition ofFj, (-E*]^) does not depend on the auxiliary smooth fiber metric. 
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ii.) The vector space Vf, (-E 1 *]^) becomes a Banach space via the norm 



Pt/i oM = sup||^)|U. (3.4.49) 

q&U q 



Hi.) Different choices of positive fiber metrics on E* yield equivalent Banach norms (3.4.49). 
iv.) The restriction map 

T k (E*) B <p ^ <p\ v G V b {E\) (3.4.50) 
is continuous for all k G Nq U {+oo}. 



Proof. The measurability of a section is intrinsically defined and refers only to the Borel cr-algebra of 
the topological space M . Clearly, the boundedness does not depend on the choice of the fiber metric. 



Only the numerical value of the bound depends on this choice. Obviously, (3.4.49) is a norm and 



different choices of the fiber metric yield equivalent norms in (3.4.49). This can entirely be copied 
from our considerations in Theorem 



1.1.5 



We have to show completeness of T},(E*\ U ). Thus let 
£ ^b(E*\jj) be a Cauchy sequence with respect to P[/q- Then we have uniform convergence of 
fn(q) — > ^(q) on U cl . Since every ip n is bounded the limit is bounded as well. Finally, already the 
pointwise limit of measurable functions (and hence by local triviality: of sections) is known to be 
measurable again, see e.g. j^J Satz X.l.ll]. Thus (/? G Ij (i?*)^) is the desired limit of ip n . Finally, 
if cp G T k (E*) then (p\ v G {E*^^ since over a compactum U d any continuous section is bounded 
and measurable. Moreover, by elementary features of the supremum we have 

Pi/,o (v\u) = Pe/<=',o (</>)> 



with our previous definition of the seminorm p K g. This gives the continuity of (3.4.50). □ 

1^ is well-defined on Tf, (E* | v 



We claim that the operator %fj is well-defined on Tf, (E*\ TT ) and maps into the smooth sections 



m a continuous manner. 

Lemma 3.4.23 Let k G No and U C U' open with compact closure U cl C U'. 
i.) For ipeT b [E*\ v ) we have X±ip G r°° (E*\ u ,). 
ii.) We have an estimate of the form 

PK,k [Xu<p) < vol(C/ cl ) P KxU * k (K±) p u>0 (<p) (3.4.51) 
for all if G Tfe (E 1 *]^) and compact K QU' . 

Proof. We first proof continuity. Thus let p G U' be fixed and consider p n — > p. Since the 
integrand K^(p n , q) ■ tp(q) is bounded by some integrable function, namely by the constant function 
PkxU c1 o(^c/') P(7o(v) where K is any compactum containing the convergent sequence p n , we can 
apply Lebesgue's dominated convergence and find 



lim (%^(p){p n ) = lim / K±,(p n ,q) ■ ip(q) n g (q) 



Lebesgue / ^ x^,(p n , q) ■ <p(q) n g (q) 
Jjjcl n->oo 



K Uf {p, q) • <p{q) H g (q) 
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which is the continuity of X^jp. By an analogous argument we can also exchange the partial differen- 
tiation with the integration yielding a continuous partial derivative 



_d_ 

dx' 1 



X±<p 



dx 1 



(*) 



all with respect to some local trivialization of E* . Thus X^j<p turns out to be C 1 and by induction we 
get %y(p 6 r°° This shows the first part. For the second, we use a local trivialization and 

(*) to obtain 

from which we get 



ai'i 4. 



u- 



dx i (P»g) ' <P(o) Vail)' 



PudjtWvV) ^ SU P / 



\i\<k 



(p, q) 



dx 1 

< vol(C/ cl ) p KxU d jk (K±) p Ufi ((p). 



11^(9)11 



□ 

With other words, the integral operator behaves like a convolution integral: the result inherits 
the better properties concerning smoothness of both factors under the integral. 

The problem is now that the operator X^j is far from being "local": it changes and typically 
enlarges the support strictly. Thus it is slightly tricky to define powers of Xy. However, as we did not 
insist on ip being continuous at all we can proceed as follows: For ip G Tf, (E*\y^ the section X^(p is 
smooth and defined on the larger open subset U' . Thus restricting Xfjtp back to U cl yields a section 
which is clearly measurable and bounded and still smooth on the interior U of U . Thus we have 



T b [E*\ ) 3 ip ^ X^<p\ u ET b (E* 



(3.4.52) 



By some slight abuse of notation we denote the composition tp \— > Xfjip i— >■ Xy<p\jj again simply by 



Lemma 3.4.24 The linear operator 

%U : T b 

is continuous with operator norm 



E* 



3<p m- X±<p\ €T b [E*\ ) 



\X±\\<vol(U ci )p UclxU * (K±). 



(3.4.53) 
(3.4.54) 



Proof. From Lemma 



3.4.23 



we know that for all ip G F b (i?*^) we have 

which gives the continuity as well as the estimate on the operator norm ( |3.4.54 ). 

Corollary 3.4.25 If the open subset U C U' is sufficiently small in the sense that 

vol(U cl ) VuclxUclfi (X±)<l, 

then the operator 

\d+X± :F b (E*\ v ) ^T b (E*\ v ) 



□ 



(3.4.55) 



(3.4.56) 



is invertible with continuous inverse given by the absolutely norm-convergent geometric series 



id+3C±) 1 = X)(" 3 ^) i - 

3=0 



(3.4.57) 
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Proof. Since the operator norm of %fj is smaller or equal to vol(C/ cl ) P(yci X [/ci q{%^) the statement 
follows from general arguments on the geometric series and the fact that bounded operators on a 
Banach space form a Banach space themselves with respect to the operator norm. □ 

Note that since P[/ci X [/ci o(K^) is only getting smaller for smaller U c \ there always exists a small 
enough U C U' around a given point in U' . 

The idea is now to use the inverse (id to correct the approximate solution 31^, at least on 

some small enough U C U'. There are now two problems: the inverse a priori maps into Tb 
but we want some smooth section instead of a bounded and measurable one. Moreover, we want to 
control the support of the result at least in so far that we get "causal behaviour". 

The first problem is solved by a more careful investigation of the geometric series: indeed the 
operato r %fj a lready maps into much nicer sections than just bounded and measurable ones. By 
Lemma 3.4.23 they are restrictions of smooth sections on U' . 

The second problem will persist unless we make some additional assumptions on the subset U. It 



has to be causal, see Section 2.2.3 We will postpone this investigation to Section 3.4.3 



We start to discuss the smoothness properties. For continuous sections things are still very simple 
as there is a good and easy notion of a continuous section over a compact subset. In fact, the 
continuous sections over U d form a closed subspace 



crJfil 



ijjdj ^ & ^ \u) (3.4.58) 

with respect to the norm p^ = Pf/ci g- Clearly, restricting a continuous section ip G F° (i?*^,) to 
U cl yields (p\ Ucl G T° (E*\ ud ). From Lemma |3~4~23[ we obtain 

,) —> r° (E*\ 



%f T : r° (E* 



(3.4.59) 



in a continuous way. Moreover, the operator norm estimate ( |3.4.54 ) for the restriction (3.4.59) of 
%y to continuous sections is still valid. Since T° (2£*|^ cl ) is a Banach space by its own, we get a 
continuous invertible operator 



j=0 



-x±y-.r° (e*\ uc1 )^t° (e*\ uc1 ) 



(3.4.60) 



with absolutely norm-convergent geometric series analogously to Corollary 3.4.25 



In order to control the smoothness properties of the inverse of id we introduce the following 

subspaces of T° (£ ; *| [/cl ). The tricky point is to define smoothness on a closed subset t7 cl instead of 
an open one in such a way that we still get a good functional space. 

Definition 3.4.26 (The space T k J) Let k G N , then a section <p e T° (E*\ Ucl ) is called 

C on U d if it can be approximated by sections ip n \ TTC i, with ip n G T k ( E* \ TJ ) with respect to the norm 



Pjyd k , where U n 3 t/ cl is open. The set of all such section is denoted by 



Xjcl 



) = {^r c 



[E* 



ip is e fc } . 



(3.4.61) 



Remark 3.4.27 For sections in T (E* 



which are Q k in U and have bounded derivatives the 



seminorm pjjci f. is actually a norm with Vu cl ,0 — Pu cl ,k- We obtain a norm topology on the subset of 
sections ip G T° (E*\ ucl ^ which are restrictions of C fc -sections defined on an (arbitrarily small) open 
neighborhood of U cl . By definition, F k (£'*| [/cl ) is the Banach space completion of these sections. 
Note however that for tp G T k (S*| f/cl ) it is not clear whether there is a section tp G T k with 

<P = <p\u* (3-4.62) 

for some open U 5 U d . In fact, the existence of such a 6 fc -section <p depends very much of the form 
of the boundary dU cl of U cl which can be very "wild". 
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Though this is a difficult question in general, we shall not be bothered by it too much as in the end 
we are only interested in (p\„ for ip £ F k (l?*|„ cl j which is Q k on U. In fact, we have that 



v k {E% cl )3 V \ v ^ e r*(JEry 



is a continuous injective linear map with 



(3.4.63) 
(3.4.64) 



PK,k(f) < Vu<*,k(<P) 

for all compact K C U cl . This is obvious. Note however, that in general (3.4.63) is far from being 
surjective. 

Remark 3.4.28 Let D £ BiSOp k (E*) be a differential operator of order k and i > k. Then there is 
a canonical extension of D\ v to T^(E* \ Ucl ) such that for y£r' (E*\ Ucl ^j we have Dip £ r^ _fc (E 1 * | f/cl ) 



and 



z) : r £ (e*\ uc1 ) — 



(3.4.65) 



is continuous. Indeed, let ^ 6 T { (i?*]^) then Pf /C i^_^(-D^) < cp^/ci ^(y) for some c > depending 
on D by Theorem 1.2.8 Since the restrictions of such <p to U d form a dense set in the Banach space 
r f (£ , *|^ cl ) we obtain the result. 



T° (E* 

-A: 



) restricts to a continuous linear oper- 



Lemma 3.4.29 The operator %^ : T° [E*\ ucl ) - 
ator 

X± : T fc (E*\ ucl ) — ► T fc (E\ cl ) (3.4.66) 

/or a// A; £ No whose image are restrictions of smooth sections of E* defined on U' . The operator 
norm of (3.4.66) is bounded by 



\\X§\\ <rol(U cl )p UclxUcl>k (K±). 
Proof. Since F k (.E*|„ i) C T° (.E*|^ c1 ) C Tf, (_E*|^ cl ) we can use Lemma 



3.4.23 



(3.4.67) 
to get the estimate 



P[/cl,fc(K a ¥>) < V0l(C/ C ) Pf/clxc/cl^^,) Pj/ci.qM 



and Xfjip £ T°° (E*\ u ,). Since in general Pu^fii 1 ^) — Pc/ cl ,fe(v 9 ) f° r £ T fc (E 1 *!^) we have the 
continuity and also the estimate for the operator norm of %fj as in (3.4.67). □ 
If we want to repeat the argument of invertibility of % v : T k (E* \ ucl ) — ► T fc (.E*|^ cl ) we face 
the following problem: for a fixed k we can certainly shrink U in such a way that the operator norm 
(3.4.67) becomes less than one, but as we are interested in all k £N the countable intersection of all 
shrinkings of U might be empty. Thus we have to proceed differently. The idea is that we influence 
the numerical value of the operator norm of Xy by passing to a different but equivalent Banach norm 
ioiT k (E*\ Ucl ). 



Lemma 3.4.30 Let U C U' be small enough such that 

<5 = vol(C/ cl ) P(/clxC/cli0 (^)<l, 

and let k £ No- Then 

1-5 



2vol(U cl )p U c lxU ci k (K u ,) + l 



(3.4.68) 



(3.4.69) 



defines a norm on F k (E*\ ucl ^ C T° (E*\ ucl } which is equivalent to P[/ci&. With respect to this Banach 
norm the operator X^j has operator norm 



X 



u I 



< 



1 + 5 



< 1. 



(3.4.70) 
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Proof. We know that 1 — 6 > by assumption. Thus it is an easy task to see that the two norms 
Pjyd k and P[/ci fc are equivalent, since Vu^fli'-P) — Vu^^kif) as wen as Pu^fliv) < P[/ cl fc(¥>)- Moreover, 
by (3.4.67) we have for the operator norm of %^ the following estimate 

^ ^ 

Pc/ci, fe (^aV) = Pu«o(Xu<P) + UTTcl , (K-±\>-i Vu^kWuV) 

2 V0l(£/ Cl ) Pt/d x ^el iJk (if^,) + 1 

< 6 Pt/d oM + - — tttt^t — - — ^ fTr ±. ■ - vol(?7 cl ) Pc/cixc/ci^') Pc/d,o(y) 
2vol([/ cl )p c/ ci x , 7 ci iA .(K ;7 ,) + 1 

. 1 + ^ , , 

for (p E r fc (£ , *|y cI ). Since < 5 < 1 by assumption (3.4.68) we conclude < 1 as desired. □ 

Corollary 3.4.31 Let k € No- T/ien i/ie operator 

id+X±:F k (E*\ ucl ) ^T k (E*\ ucl ) (3.4.71) 

is linear, continuous, and bijective with continuous inverse given by the absolutely norm-convergent 
series 

oo 

(id +3C*)- 1 (3.4.72) 

Proof. This is now obvious by the lemma. □ 
We shall now compute the inverse of id +3C^ slightly more explicit: in fact, it is again an integral 
operator with a nice kernel. The j-th power of is explicitly given by 

((X±y<p) (p) = [ K±,(p, Zl ) (CK±rV) (*i) Hgizt) 

■ ■ K±(p, Zl) ■ ■ ■ K$,(Zj-l,Zj)(p(Zj) Hg(Z\) ■ ■ ■ Hg(Zj) 

u cl Ju cl 



(/ ■■■ / K u>(Pi z i)--- K u>( z j-i>q) Vg( z i)---l 1 9( z j-i)) ^iv) Vgiv) 
u cl \Ju cl Ju cl J 

(3.4.73) 

by Fubini's theorem. Thus (%^y has again a nice kernel given by 

Kp 3 \ Pl q)= [ ■■■ [ K±,(p,z 1 )...K±,(z j - 1 ,q) l i g (z 1 )-'-iJi a (z j - 1 ). (3.4.74) 
JU cl JU cl 

For this kernel we have the following properties: 

Lemma 3.4.32 Let j E N. Then the j-th power of%fj has again a smooth integral kernel K^, S 
r°° (^E* M E\ utxU ^j explicitly given by 

Kp 3) (p,q)= [ ■■■ [ K±(p,z 1 )...K±(z J „ 1 ,q)v 9 (z 1 )...v g (z^ 1 ), (3.4.75) 
JU cl JU cl 
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satisfying the estimate 



PKxK,k[ K tji j) ) < vol (U cl )P(KuU^)x(KuU^),k( K U') 61 Z ' 



± W-2 



(3.4.76) 



with 5 as in (3.4.68) where K QU' is compact. 

Proof. The above computation (3.4.73) shows that (3.4.75) is indeed the kernel of (X^Y '■ T° (i?*|^ cl ) — 
r° (^*| f/cl ). From the explicit formula (3.4.75) and an argument analogous to the one in the proof 

we see that Krj has a continuation for all (p, q) G U' x U' to a smooth section by 



of Lemma 3.4.23 



-- . - ±(7) 

the very same expression (3.4.75). Moreover, we can differentiate Kjj by differentiating under the 

integral. This yields 

PKxK,k ( Ku J ') — / '"/ PKxU cl ,k(Ku>) Pu cl xU cl ,o(^U') ' ' ' Pu cl xU cl ,o(^U') 

K 7 JU cl JU cl *« v ' 

j—1 times 

Pu*xK,k( K u>) • • ■ 

= vol^^^^p^uc/c^x^uaci)^^/ 



since only the first and last Ky, in (3.4.75) depend on the points p,q G C [/' which are used 
for differentiation in Y>KxKk- Thanks to the factorization of the variables, we do not get extra (k- 
dependent) constants from the Leibniz rule. Thus (3.4.76) follows. □ 

Corollary 3.4.33 The operator (id+IK^) -1 o %^ has a smooth kernel explicitly given by the series 
Y,%i{- l ) j ~ lK tj' j \ which converges in the Q°°-topology ofT°° (e* ® ^| £/ , xt/ ,). 

Proof. By the lemma, each is smooth on U 1 x U' . Moreover, with respect to a given seminorm 

PkxK fei the above series converges since 5 < 1 by assumption on U d . This shows that the series 

Y^jL\{~ l) J-1 -^x^ converges (even absolutely) with respect to Y>KxK,k- Since K C U' and k G No 
are arbitrary, we have C°° -convergence. Clearly, when restricting to U d x U , the series is the kernel 



of (id+X^) 1 o 



□ 



Lemma 3.4.34 Let tp G r°° (JS*)^,) 6e smooth. T/ien (id +Xy) 1 (^lyci) ^ m T fc (-E^d) /or a// 
fc G No- Moreover, 

Gr°°( J E*| c/ ) 



(id+3C±) 



and f/ie map 



(3.4.77) 



(3.4.78) 



is continuous. The image is even in the subset of those smooth sections on U which are restrictions 
of smooth sections of E* on U' . 



Proof. First we note that <p\ Uc \ G T k (E*\ ncl ) by the very definition as in Definition 



3.4.26 



Moreover, 



since 



the restriction map is a continuous map 

r°°(E*\ n ,)^T k (E*\ uclJ 
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for any k G N . Now (id +%^) 1 (^L d ) G r fc (^*| l/cl ) by Corollary 3.4.31 and applying (id +X%) 



-±\-i 



is again continuous. Finally, restricting a section in Y k (_E*|^ cl ) to J7 gives a C fc -section in the usual 
sense by (3.4.63) in Remark 13.4.271 Moreover, this restriction is again continuous whence finally 



r°° (E*\ Uf ) b <p ^ (id+x^rVW a ei*(s*y 

is continuous for all G Nq. In particular, it follows that (id 1 (y|y c i) 

the inverse is given by the geometric series we see that 



G r°° (£*y. Since 



(id+^i)- 1 {<p\ Ucl ) =<p\ ucl - ((id+0C±) 'oOC^) (^ cl ) . 



-±\-i 



Now ylfjci is the restriction of the smooth section ip on {/' to U . Also the operator (id +3^) 



3.4.31 



\u cl 

%U has a smooth integral kernel defined even on U' x [/' by Corollary 
^(id 1 ° ^ij^j (^Ij/ci) can a l so be viewed as the smooth section 

((id+3^) _1 oOC±) {<p\ u *)(p) = \^(-iy- l K^ j) (p,q)j <p(q)p B (q), 

defined even for p 6 U'. Since the kernel of (*) is smooth it follows easily that 

(id+^r 1 o%± : T k (E\ cl ) -> I* (£*y 



Hence the result 



(*) 



is a continuous linear map: this can be done analogously to the argument in Lemma 3.4.23 where we 



only have to replace Kfj by the smooth kernel of (*) in (3.4.51 ). This shows that ( (id +9Cj/) ± ° 3Cr/ ) Up 



r°° (E*\ u/ ) and hence (3.4.78). Moreover, the composition of all the involved maps including the last 
restriction to U are continuous. Thus (3.4.78) is continuous as well. □ 



Note that (id +%fj) is defined even on U' via the integral formula. But here it is no longer the 
inverse of the operator id 



We can now use the inverse of id +3C^ to build a true fundamental solution as follows: 



Definition 3.4.35 (Local fundamental solution) Let U' C M be geodesically convex and U Q U' 
be open with compact closure U cl C U' such that the volume of C/ cl is small enough. For p £ U we 
define 



F±(p):rg°(E*y 3<p H- (id+3C±) 



(3.4.79) 



Theorem 3.4.36 (Local fundamental solution) Let U' C M 6e geodesically convex and let U C 
[/' 6e open to^/i compact closure U cl C [/' swc/i f/iaf f/ie volume of U d is small enough. Then for 
p £ U the map 



El 



is a local fundamental solution of D at p such that for every ip S r§° (i?*^) 



F${-)<p:p H. F±(p)(^) 



is a smooth section of E* over U. In fact, 



F±:T%>[E*\ u )3<p i y ^(-K^er^y 



(3.4.80) 
(3.4.81) 
(3.4.82) 



is a continuous linear map. 
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Proof. From Theorem 
By Proposition 



3.4.16 



the and e^-topo 



3.4.20 



we know that )(</?) defines a smooth section of E* over {/'. 



we know that 3?^, : rg°(£'*| [/ ,) 9 99 (->■ • )^ G T 00 (E*\ U ,) is continuous in 
ogy, respectively. By Lemma|3.4.34| also the map 

g r°° „) 



F°° (E*\ uf ) 3 tp 1 ^ (id+3C±) '(^l^) 



is continuous, whence it follows that ( 3.4.82[ ) is continuous and linear. This also implies (3.4.81). 



Thus it remains to shows that Fy (p) is indeed a fundamental solution of D at p. We compute 

[DF±(p))(<p)=F±(p)(D^) 



id +3C±) 



t,v ))(*>) 
d+X^^ + DC^) 

y(p) 



□ 



by (3.4.34). But this is precisely the defining property of a fundamental solution. 

Corollary 3.4.37 Let D G DiffOp 2 (-E) be a normally hyperbolic differential operator. Then every 
point in M has a small neighborhood U C M such that on U we have a fundamental solution F^ (p) 
for all p G U , i.e. 

DF±(p) = 5 p , 

and such that the linear map 



F± : Tg° 3 <p h. ( P 4 F±(p)M) G r°° (£| 



(3.4.83) 
(3.4.84) 



is continuous. 



3.4.3 Causal Properties of i 7 ^ 



The construction of the integral operator % v and the invertibility of id works for arbitrary 

small enough U C U' . However, since %^ is non-local the nice support properties of "X^j, are typically 
destroyed. To guarantee good causal behaviour we need to put some extra conditions on U. 



Remark 3.4.38 Let U C U' be causal, i.e. for p, q G C/ cl C C/ 7 we have J^,(p,q) C [7 cl and the 
diamond is compact. Then U d is causally compatible with U'. Indeed, if say q G Jjji{p) then we can 
join p and g by a unique future directed geodesic which is entirely in J^f, (p, q) . Thus this curve is also 
entirely in U d whence q G J^ cl (p) proving that U d is causally compatible with U'. 

In the following, we assume that U C U' is in addition a causal subset. As a first consequence we 
have 



cl 



(3.4.85) 



for p £ U c 



Lemma 3.4.39 Let U C {/' fre in addition causal. Then for tp G r° (£ , *|^ cl ) we /iawe 



supply?) C (suppip). 



(3.4.86) 
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J v , (supp if) 



Figure 3.7: The relation between the supports in the proof of Lemma 3.4.39 



Proof. We know that (p, q) G supp K^j, implies q G J^, (p) by Lemma 



3.4.18 



Thus for p G U d and 



[Xfrtp) (p) 



(yd 



Ku,{p,q) ■ (f(q) H 9 {q) 



we get (%y<p)(p) = if the integrand vanishes identically. But if K^,(p, q) ■ <p(q) ^ for some (p, q) 
then on one hand q G J^, (p) by the support features of K y, (p, q) and q G supp <p on the other hand. 
Thus q G J^ji{p) H supp (/? follows. We conclude that necessarily (% u (p)(p) = if J^,(p) D supp 93 = 0. 
From this we conclude 

supp(OC^) C J^,(supp</?) n £7 cl = J^ cl (suppv?) 



see also Figure 3.7 



□ 

To compute the support of (id +3C^) <p one may have the idea that with (3.4.86) also the finite 



powers of %^ have the property ( |3.4.86[ ). This is indeed correct as by induction and ( 3.4.86| ) 

supp ((3C±y» C (supp ((3C±)^V)) C (JT .. . jT( supp(/9 )) = ^(suppy)), (3.4.87) 

since clearly J^(^4) = J^?(J^(^4)) for arbitrary A Q U. However, taking the geometric series for 
(id+UC^) would require to take the closure of the union of countably many closed subsets of 
Jjj (supp cp) . Now Jjj (supp <f) need not be closed at all, even though suppy? is closed. Thus we can 
not conclude by this argument that the support of (id +3C^) 1 (f lies in (supp ip). However, we 
can proceed as follows: 



Lemma 3.4.40 For all j G N the supports of the integral kernels K^, of {% u 
tively past stretched, i.e. 

(p, q) G supp Kj, {i) QU' x U' =^g£ J±,(p). (3.4.88) 
Moreover, the support of the integral kernel of (id +%^j)~ l o%^j is also future respectively past stretched. 



are future respec- 



Proof. Assume that K^\p, q) 7^ 0. Then the integrand in (3.4.75 ) can not be identically zero whence 



there have to be z%, ... , Zj-i G U with Z\ G Jy^p), . . . , Zj-i G Jjj,(Zj -2)1 1 



means q G Jyi{p) proving (3.4.88) with the same closure argument as in the proof of Lemma 



G Jy,(Zj-i). B ut this 



3.4.40 



then at least for one j we have Kfj} J ' '(p, (7) 7^ 0. Thus q G jfji{p) and we can proceed as before 



Now we consider the C°° -convergent sum of the Kjj, . If YliLii~ 1 -^u 1 \Pi Q) ® f° r some (p, q) 

4' 



□ 
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Corollary 3.4.41 For tp G T° (E*\ ucl ) we have 



Proof. Clearly, we have 



supp ( (id +X±) 1 tp) C jfF (suppp). (3.4.89) 



d tp = tp - (id +X±) o DC±^. 



With supp (p C J^ cl (supp(^) and the above lemma the statement follows at once as in Lemma 
Using this property of (id +3^) 1 for causal U we arrive at the following statement: 



Theorem 3.4.42 (Local Green functions ) Let U C U' be small enough and causal. Then the 



fundamental solutions F^(p) from Theorem 3.4-36 are advanced and retarded Green functions, i.e. 



we have 

su PP F±(p) C J±(p). (3.4.90) 
Proof. Let tp G r§° (i?*]^) be a test section. Then 

supp (F±( • )(*,)) = supp ((id tt± ( • )(?>) 

C J^ cl (a± (•)(*>) 
- J c/ cl ( J ^ci(supp<^)) = J^ cl (suppv?), (*) 

since supp "R^j, (p) | v C J^ cl (p) whence for suppt/JPl Jj^ cl (p) = we conclude (p)((^) = 0. Thus p ^ 
J^ cl (supp (/?) implies Jl^,(p)(tp) = 0. Since for compactly supported (p we have a closed Jj^ cl (supp </?) 
by [7 being causal we conclude that supp3J^,( • )(tp) C J^? cl (supp tp). This shows (*). Thus if supp (p n 
J^ cl (p) = for p G U cl then p ^ J^(supp</?) and thus p ^ supp(F^( • )(tp)) whence F^(p)(ip) = 



follows. But this implies (3.4.90) as Jj^ cl (p) is closed thanks to U being causal. □ 



Since every point in a time-oriented Lorentz manifold has an arbitrarily small causal neighborhood 
we finally arrive at the following result: 



Corollary 3.4.43 Let D G DiffOp 2 (£') be normally hyperbolic. Then every point in M has a small 
enough causal neighborhood U C M such that on U we have advanced and retarded Green functions 
F^(p) atp£U, i.e. 

DF ± (p) = 5 p (3.4.91) 



and 



suppF±(p) C J±(p), (3.4.92) 

such that in addition 

F$ : {E%) 3 tp m> (p M- F±(p)(^)) G r°° (£*y (3.4.93) 
is a continuous linear map. 
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3.5 Solving the Wave Equation Locally 



In this section we show how the Green functions Fjj(p) can be used to obtain solutions to the wave 
equation 

Du = v (3.5.1) 



with a prescribed source term v. The main idea is that a suitable v can be written as a superposition 
of 5-functionals. Since F^(p) solves (3.5.1) for v = 5 p 



Jp we get a solution to (3.5.1) for arbitrary v 
by taking the corresponding superposition of the fundamental solutions F^{p). 



Of course, at the 
moment we are restricted to v having compact support in U. 

Then we are interested in two extreme cases: for a distributional v we can only expect to obtain 
distributions u as solutions. However, if v has good regularity then we can expect u to be regular as 
well. 



3.5.1 Local Solutions for Distributional Inhomogeneity 

Let v 6 00 (E^) be a generalized section of E with compact support in U. We want to solve 

Du* = v (3.5.2) 

with some n ± G T~°°(E\ U ). 

Remark 3.5.1 Since a normally hyperbolic differential operator D describes a wave equation we 
expect from physical considerations that a source term v causes propagating waves whence the support 
of is expected to be non-compact: In fact, the best we can hope for is that in spatial directions the 
support stays compact while in time directions we will have non-compact support at least in either 
the future or the past. Up to now we are dealing with the local situation U Q M where thanks to the 
simple geometry those questions are rather harmless. Later on this issue will become more subtle. 

Lemma 3.5.2 Let U C M be a small enough open subset such that the construction of as in 
Section \3.4\ applies, 
i.) The map F^ : Tq 3 (E*\ u ) — > T co (E*\ u ) induces a linear map 

: V° {E\ v ) r-~ {E\ v ) (3.5.3) 

by dualizing, i.e. for v S r^°°(E\ u ) and ip G T^^E*^) one defines 

((F±)>))(^)=t;(F±M). (3.5.4) 

ii.) The map (F^)' is weak* continuous. 
Hi.) We have 

D(F±)'(v) = v (3.5.5) 

for alive ro 00 ^^). 
Proof. For the first part we recall that we have the identification 

T^{E*\ V ) 3 ip ^ ip® fi g £ rg°(S*|y® \A top \T*M) 

from which we obtain the identification 

r-°°(E\ u )3u i ^ (< f ^u(<p®v g ))eT^(E*\ u y. (*) 
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Since tensoring with fj, g > does not change the supports we can dualize the continuous map 



F±:T™(E*\ 



r°°(£*L) 



to a map 



(**) 



Using (*) and the fact that the dual space of all test sections are the compactly supported generalized 
sections, see Theorem 1.3.18 we get 



1 



{E\ u ) ^> T^iE*^)' rg°(^7* j^)' ^% T~™(E\ 



whose composition we denote by (Fy)' as well. This is the map (3.5.3). Dualizing yields a weak* 
continuous map in (**). Finally the identifications (*) are weak* continuous as well, hence it results 
in a weak* continuous map (3.5.3). Note that in ( |3.5.4 ) we have hidden the aspect of the reference 
density [x g in the pairing of v and Fy(ip). This shows the first and second part. For the third part 
we unwind the definition of DF^'. Let ip £ T^'(E*\ U ) be a test section and compute 



(D((F±)'(v)))(<p) = ((F±y(v))(D^) 
= v(p k> Fy(D T (p)\ 
= v(p^ (F±(p))(D^)) 

= V(P H-> lf(p)) 

= v(tp), 

using the definition of the dualized map and the feature DF^(p) = S p . But this means (3.5.5). □ 

Remark 3.5.3 (Fundamental solutions) We note that in the above proof we have not used any 
details of the properties of D or F,,. The only thing we needed was the property that 



F± : T^{E%) 3 <p M- [p M- F±(p)(<p)) E T°°(E\ V ) 



(3.5.6) 



is continuous in the S§°- and S°°-topology in order to dualize (3.5.6) to a map (3.5.3) and the 
fundamental solution property 

DF±(p) = 6 p (3.5.7) 

in order to compute D{F^)' \v) as in (3.5.5). Thus the above argument shows one principle usage 
of fundamental solutions: they allow to solve the inhomogeneous equations in a distributional sense. 
Of course, up to now we have just found on particular solution for each inhomogeneity v but no 
uniqueness. In fact, for our wave equations we expect to have many solutions as we expect traveling 
waves for trivial inhomogeneity v = 0. Thus we have to specify boundary conditions in order to 
get more specific solutions. In order to control the "boundary conditions" in our case, we use the 

i.e. on a causal U C M. 



fundamental solutions Fjj (p) as in Theorem 



3.4.42 



Lemma 3.5.4 Let U C M be small enough and causal and let F u (p) be the corresponding funda- 



mental solutions as in Theorem 



3.442 



For v £ Tq °°(£'|_) we have 



supp(F^)'(v) C J^(suppu). 



(3.5.8) 
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Proof. We use the causality property supp F^(p) C Jy(p) for all p € U of the fundamental solu- 
tion. Thus let ip £ r§°(i?*|j / ) be a test section with suppy? n J^(suppf) = 0. We have to show 

uch (p. We compute 

(FtfWiip) = v (F$(fp)) =v(p^ F$(p)(tp)) . 



((Fy)' (v))(ip) = for all such (p. We compute 



From the proof of Theorem 3.4.42 we know that supp(p i— > F v (p)(ip)) C J^ cl (supp ip). But suppn D 



Jjj (supp</?) = by assumption whence v(p \— > F v (p)((p)) = follows, see also Figure 



3.8 



□ 



Remark 3.5.5 Even though we do not yet have the uniqueness properties, already at this stage we 
see some very nice features familiar from our physically motivated expectations: 
i.) Using the solution u + = (Fjj)'(v) of the inhomogeneous wave equation we see that the influence 
of the source term v is only in the future of v. This is a physically reasonable behaviour. The 
interpretation is that at some time one switches on a source term, e.g. an oscillating dipole, and 
observes emitted waves u + in the future of v . In particular, the signals emitted by v can not 
propagate faster than with light speed. The solution u~ is the other extreme which for physical 
reasons is not acceptable. 

ii.) In the flat situation of the Minkowski spacetime (IR/ 1 , ry) we can take U = R n and obtain 
i^ n (0) = i? =t (2) and Fj^ n (p) is the translated Riesz distribution for arbitrary p G R n . Then 
the construction of the solutions (F^ n )'(v) for a given v is the well-known solution procedure as 
known e.g. from electrodynamics |32[|53| . 

Hi.) Of particular interest is the following situation: a charged pointlike particle with charge e moves 
along a trajectory t \— > x(t) in Minkowski spacetime with velocity \v(t)\ = \x(t)\ < 1. As usual, 
we set the speed of light c = 1 by choosing an appropriate unit system. Then the charge density 
is g(t,x) = e6$M while the current density is j(t,x) = ev(t)6 x t t \, viewed both as distributions 
on the spatial R n_1 inside Minkowski spacetime. They combine into an R n -valued distribution 
on R n denoted by j. The corresponding solution A = (F^)'(j) of OA = j is then known as the 
Lienhard-Wiechert potential. It describes the electromagnetic potential of the radiation emitted 
by the moving charge, see e.g. |53l Sect. 3.6] or |32| Sect. 14.1]. 



iv.) From our construction, (F^)' is only defined on the distributional sections with compact support. 
However, the example of the moving charge gives an inhomogeneity with non-compact support, 
at least in timelike directions: Here only the support in spatial directions is compact for all 
times. Thus for physical applications it will be necessary to extend the domain of (F u )' to more 
general distributions. 



3.5.2 Local Solution for Smooth Inhomogeneity 

In a next step we want to discuss the additional properties of the solutions (F^)'(v) of the inhomo- 
geneous wave equation Du = v for distributional v having some kind of regularity. Of particular 
interest is the case where v is actually smooth and hence a test section v G r^°(i^|„). 
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To this end we first collect some more specific properties of the operator (id +X^\ • It will be 
advantageous to consider integral operators with smooth kernel in general. Thus we consider the 
following situation: Let U C M he open with f7 cl compact and let {7 cl C U' with U' open. Moreover, 
let K G T°°(E* M E\ ulxU ,) be a smooth kernel on the larger open subset U' x U'. For sections 
tp G r 6 (£/*|y) we consider the integral operator 



(Xtp)(p) = I K(p,q)-tp(q) f , g (q) 



(3.5.9) 



analogously to (3.4.47), where p G U'. Repeating the arguments from Lemma 3.4.23 and Lemma 3.4.29 



we obtain the following general result: 

Lemma 3.5.6 Let U C [7 cl C U' with U, U' open and U d compact. For the integral operator X 
corresponding to a smooth kernel K G T°°{E* M E\ ut v ,) as in (3.5.9) the following statements are 
true: 

i.) For tp G T b (E*\ v ) one has Kip G T k (E* \ ucl ) for all k G N and Xip\ v G T°°(E*\ U ). 
ii.) The maps (all denoted by K) 



and 



%:T b {E%)3p ^ XtpeT k (E*\ ud ) 



X : T b (E* ) Bp ^ Xip\ G T°°(E*\ 



are continuous. In fact, for k G Nq one even has 



Pu°\k(X<p) < cp ua i i0 (<p) 



(3.5.10) 
(3.5.11) 

(3.5.12) 



for some c > depending on k. 



Proof. For the first part we can copy the proof of Lemma 3.4.23, 1^) and show that (3.5.9) yields a 
smooth section Xcp G T oc (E*\ u ,). Its restriction to U d is then in T k (E*\ ucl ) by the very definition, 
see Definition 3.4. 26| Moreover, the restriction to the open U is of course still smooth. For the second 
part it suffices to show (3.5.11). But clearly 



PkA X( p) - vol (^ cl )PftrxC/-ifc(^)Pf/-io(y) 



as in Lemma 3.4.23, But then the continuity is clear by the definition of the locally convex and 



Banach topologies of T b (E*\ u ), T k {E* | „ cl ) and T ac (E*\ u ), respectively. 

We apply this lemma now to the Green functions Fy(p) in the following way. 



□ 



Lemma 3.5.7 Let U C U cl CtJ'CM be as in Section 



integral operator from (3.4.47). 



3.4 with U small enough and let X v be the 



i.) For every k G No there is a c > such that for p G r b (E*\ u ,) we have 

j>u* k (((id +IK^r 1 o DC±) (ip)) < cvu^M. 
ii.) For tp G ^(E*^,) there is ac> such that 

Pu-\k ((^ +^u)~ 1 C^lt/ei)) < CPU*,M- 



(3.5.13) 



(3.5.14) 
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Proof. From Corollary 3.4.33 we know that the operator (id +3C^) 1 ° has a smooth kernel in 



T°°(E* M E\ UIkU ,). Thus the previous Lemma 3.5.6, ~m) applies and ( |3.5.12 ) gives (3.5.13). For the 



second part we note that 

(id+^)- 1 (^| [/cl ) 



J/cl> 



as we already argued in the proof of Lemma 3.4.23 But then 

Pi/** ((id +XfjY l {y\ uc i)) = Vu-\k [<P - (id Kj/fa)) < Pu*M + cpc/ci j0 (99) 

with c > from ( 3.5.13[ ). Since P[/ci^(y) > p^/ci ( ( / J ) we take c = 1 + c to obtain (3.5.14). □ 
The importance in the above estimates is that we can control the "loss of derivatives": the operator 
(id +9C{j) is not loosing orders of differentiation while (id is even gaining smoothness 

in ( |3.5.13[ ). We combine this now with the properties of 31^, from Proposition 3.4.16 to obtain the 
following property of the operator F^: 

Proposition 3.5.8 Let U C U cl C J7 cl be as before and let F§ = (id +%^) oft± ( ■ ) be the operator 
as in Definition 3-4-35 Then for all compacta K C.U and all k G No we have a cx,k > such that 



for all if G r^(£* 



It//" 



3.4.36 



(3.5.15) 



that the operator f£ is continuous but 



Proof. We know already from the proof of Theorem 
(3.5.15) gives a more precise statement of this. We have by ( |3.5.14 ) and (3.4.36) 



^ cc K,U c \k+n+lY>K,k+n+l{ L P)i 



which is (3.5.15 ). 



□ 



Corollary 3.5.9 The operator Fy has a continuous extension to an operator 



77± . -pfc+n+1 



(E*\ 



T k (E*\ 



(3.5.16) 



for all k > 0, and the estimate (3.5.15) also holds for ip G T k ^ n+1 {E*\ U ). 



Proof. The estimate (3.5.15 ) for all compact subsets K C U is just the continuity of Fjj in the C 
and C fc -topology. Thus by the usual density argument we have a unique continuous extension (3.5.16) 
still obeying the estimate (3.5.15). 



□ 



As usual we can also dualize (3.5.16) and get a weak* continuous map 

. T-i— k— n— 1/ 



(F±)' : T^(E\ n ) 



u> 



\E\ 



u> 



(3.5.17) 



again for all k > 0. Recall that by Remark 1.3.8 the topological dual spaces of V (2£*L,) and Tq(E* 



can be identified with F ft (£'| f/ ) and T k (E\ u ), respectively. Note again, that T iJ (E\ n ) are not just 



the continuous sections T (E\ TT ). The importance of Proposition 



3.5.8 



and Corollary 



3.5.9 



is that we 



only loose a fixed amount of derivatives under Fjj . In this sense the order of the map Fjj is globally 
bounded by n + 1. 
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In general, a continuous operator A : r§°(i?*) — > T°°(E*) gives a dual operator A' : Tq°°(E) — > 
Y~°°(E) as we did this above for A = F^. Now this operator A 1 does not necessarily map Tq d (E) C 
Tq into T°°(E) C T~°°(E). For this additional property, A needs to be a "symmetric" operator 

for the natural pairing. We will now show this feature for Fy. We consider the following situation. 
Let v be a distributional section of E with compact support in U as before but we assume that v is 
actually a 6^-section with I G No- Then for a test section ip G F'q'(E*\ u ) we have 

(F±)»(p) = v(F$(fp)) = J v(p) ■ F±&)\ p » g (p) = Jv(p) ■ F±(p)(<p) n g (p), (3.5.18) 

according to our convention for the pairing of ro°°( J E| c/ ) and T°°(E*\ U ). For the Riesz distributions 
we already had some symmetry properties as explained in Proposition |3.2. 16 Thus the question is 
whether we can extend this to F?f as well and move Ffj to the other side in the natural pairing 



(|3. 5.181). We start with the corresponding symmetry property of Xfj,. 



u> 



Lemma 3.5.10 Let "X^, be as before and let k G N . The for all u G r^"^ 1 ^]^,) we have 



i.) Xfj, dualizes to a weak* continuous linear map 



5L%) : rrtJE^,) — ► T-^iE^,). (3.5.19) 
ii.) We have (X^,)'(u) G T k (E\ u ,) explicitly given by 

(I \ °° T 

(u)){q) = 1 £(yi) R*,(2 + 2j,q)(u), (3.5.20) 
7 i=o 

where V 3 = V J for j < N — 1 anc? y J = V J x( j:) f or j > N for abbreviation and 

T (E*mE\ u/xU ,^ -^r°° (EmE*\ v , xU )j (3.5.21) 

is the canonical transposition also flipping the arguments. 
Proof. The first part is clear since 3?^, is a continuous linear map 

£± :T k+n+1 {E%)^T k {E%) 



by Remark 3.4.17 and the duals are just given by T- k -' n - l (E\ ) and Tq(E\ ) respectively. Thus 



it remains to evaluate (X^, )'(u). Since we can interpret u as distributional section of any order we 
want, it is sufficient to evaluate the result on smooth test sections tp G (.E 1 * | ^ ) since they will by 
dense in every other test section space Tq(E*\ u ,). Thus we compute 

S,)'(«)(^) = U (K±(p)) 

w(p)-^/(p)(^) %(P) 



U' 

x» 

Ju 



N-l 
3=0 
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f fl*(2 + 2j,j>)fo0 /i a (p). 



We set U/ = for j < iV — 1 and V# = V^x(^) for j > N to abbreviate the single terms. Then we 
have 



N+k-l . 

i=o ^' 



(P) 



+ E / n ^)-/ VpW R U 2 + 2j,p)(g)-^(g)/^(g)%(p), 



(©) 



j=N+k 



since in the second series we have C fc -convergence by Proposition 3.4.5 i^) and compact support. 
Thus the series can indeed be taken outside the integrals. For the first N + k terms we use Proposi- 
tion 3.2.16 in a slightly more general setting: the function 

(p, q) H> u{p) ■ V->(p, q) ■ ip(q) 

is compactly supported in U' x U' but only g fc+n+1 instead of C°°. However, the involved Riesz 
distributions are all of order < n + 1 whence we still can apply Proposition 3.2. 16[ e.g. by 
arguing with the usual density trick. This gives 



N+k-l 

E 

j=0 



U' 



R*(2 + 2j,p)[q i ^ u(p)-V3(p,q)-tp(q))li a (p) 



N+k-l 



3=0 



Now it is useful to consider the transposition map 



E / ^/(2 + 2j, g) (p ' ^ w(p) • W(p, g)) • M a (g) 
i=o ^ 

+fc-i » 

E RM 2 + 2 j, (p H- u(p) ■ V (p, g)J • ¥>(g) Mg (g) . 



r°° le;*iei£; 



C/'xC/' 



r°° e m e* 



U'xU' J ' 



defined in the usual way by exchanging the order of arguments (p, q) ±+ (q,p) and the E- and EVparts, 
respectively. Thus we have 



N+k-l 

E 



E RU 2 + 2J, Q) (p h- u(p) ■ V* (p, g)) • <p(g) ^ 9 (g) 

+k-l . 

E J R-U 2 + 2j, 9) (p -> ^' t (p, 9) • u(p)) • ^(g) M ff (g) 



7V+fc-l 

E 

j=0 



^ T ^,(2 + 2i, .)(«)| -v(g) 
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By the smoothness of V JT and Proposition 



3.2.15 



we conclude that the section 



g ^ £((WR£,(2 + 2j, •))»)(«) 

i=o 

is actually a C fc -section of E on U' since u is Q k + n + 1 _ It remains to consider the second part of (©). 
First we again use Proposition 3.2. 16[ ^) to move R^,(2 + 2j,p) to the other side. Afterwards we 
exchange the order of integration and summation back by the same 6 fc -convergence yielding eventually 

E L L. u ^ ■ Vp(l) R u>( 2 + 2 3,P){q) ■ <p(q) M»M s (g) 

j=N+k 



W JU> 



E 

j = N+k 



U' JV 



R%,{2 + 2j, q)(p)u(p) ■ V j (p, q) ■ <p(q) ^ g {p)^ a {q) 



<p(q) 



u> 



[ I E {V*rRl,(2 + 2j,q)\ 
JlJ ' \j=N+k ) 



(P) -U(p) Hg(p)fig(q). 



The series still converges in the G k -topology as we only switched the labels. Thus the inner integrand 
is a C fc -section on U' x U' being paired with a compactly supported C fc+n+1 -section u. This gives still 
a C fc -section on U' which is then paired with the remaining ip. We conclude that 



(*£,)'(«) )(¥>) 



w 



E(^) T 4(2 + 2j, • )(u) ) (g)- <p(q) p g (q) 



with a C -section 



as claimed. 



OO 

((£*)'(«)) (g) = E(i?) T *£,(2 + 2 ^«)(«) 



□ 



Remark 3.5.11 The Riesz distributions R^,(a,p) enjoy the symmetry property R u ,(a,p)(q) = 
Ry,(a,q)(p) as soon as Re(a) > n. For all a S <D, the correct analog of this symmetry was ob- 
tained in Proposition 3.2.16 v^). Thus extending the transposition T from smooth to continuous or 
even distributional sections we have 

(R±) T = RT, (3.5.22) 

in the sense of Proposition 3.2. 16| Moreover, since in the series (3.5.20) we have the "same" 

coefficients as for the original series defining 3?^, only at flipped points, we get the same sort of 
estimates and convergence results. In particular we have 



(3.5.23) 



on distributional sections which are at least C n+1 . This allows to efficiently compute (^j/J (u) for 
u G TQ +1 (E\ Uf ) by means of the nicely convergent series (3.5.20) or (3.5.23). 



Corollary 3.5.12 Let u G rg^E^,) then ($±A («) 6 r 00 ^^,). 
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Figure 3.9: The intersection of the future of a point p with the past of a compactum K, all in a 
geodesically convex U'. 



Corollary 3.5.13 Let k £ N U{+oo} and u £ r^ +n+1 ( J B| f// ). T/ien tfie series (|3. 5.201) converges in 
the Q k -topology. 



Proof. This follows analogously to the statements for Jlfj, as in Proposition 



3.4.5 



the finitely many 



terms with j < N + k — 1 are already C by themselves and the remaining sum converges in G before 
applying to u on f/' x {/'. Then the integration over p together with the compactly supported u 
can be exchanged with the summation by the usual arguments. It gives then the C fe -convergence on 
U'. □ 



We can use the lemma also to extend 0l Tri as well as its dual 



1?± 



and ( Olj}, ) to some more 



general test sections and distributions with not necessarily compact support. We consider the follow- 
ing situation: Let K C U' be compact, then the intersection Jyiip) fl J^,(K) is still compact since 
U' is geodesically convex, see Figure 



In fact, also the intersection J^,(L) n J^,(K) is compact 
for another compactum L C U'. Suppose suppy? C J^,(K) for a test section ip £ r fc (£'*| [/ ,) with not 
necessarily compact support. Then for every j and every p £ U' the overlap 

supp (V/i?+(2 + 2j,p)) n supp (p C suppE+ (2 + 2j,p) n SUpp </3 

c j+ (p) n supp ip 
cj+(p)nJv,(K) 

in a non-ambiguous way. By the 



1.3.20 



is compact. Thus Vp R^,(2 + 2j,p)(ip) is defined by Proposition 
same argument, also 0l^,(ip) is well-defined. Moreover, since for p 6 L the support of VpR + (2 + 2j,p) 
has still compact overlap with supp <p we can replace ip by some x<P as m t ne proof of Proposition 1.3.20| 
and get the same convergence results of the series 



3#/(p)(¥>) 



oo 



M+(2 + 2j,p)(v?) 



(3.5.24) 



as for compactly supported ip. In conclusion, this gives a C fc -convergence if tp is of class Q k+1l+1 for 
all k 6 No U {+oo}. With the same argument, also the series converges. Here of course we 

need u G r fc+n + 1 ( J B| c/; ) with supp u C J^, (IT) to make the series 



X)(W) T ^(2 + 2j,.)(«) 

j=0 



(3.5.25) 



converge in the C fc -topology. We collect these results in the following lemma: 
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Lemma 3.5.14 Let K C U' be compact and k G No U {+00} . 
i.) Assume u G r fc+n+1 (£'| [/ ,) has support in J^,(K). Then 

00 

(^) T («) = ^(KT^(2 + 2j, •)(«) 

converges in the Q k -topology, 
ii.) Assume (p G r fc+n+1 (£'* |^,) /ias support in J^,(K). Then 



(3.5.26) 



S±( P )M = ^^fi ± (2 + 2 Jl p)M 
J=0 



(3.5.27) 



converges in the C k -topology. 



We can now study the dual of Fy under the assumption that U C U cl C U' is causal in order to 
have good support properties of the integral operator 



len 



Lemma 3.5.15 Let u e Vff (E\ v ) . Th 

(F±)'(u) = (d$Y ( q H> u(q) - I u{p) ■ L±(p,q) % (p) 



(3.5.28) 



u 



with Ljj being the smooth integral kernel of (id+3C^) o% u . Thus (Fjj)'(u) G T°°(E^ U 
Proof. For ip G T'^'(E*\ U ) we have to evaluate the pairing 

(F±)'(«)(^) = «(F±M) 

u {p) ■ *u(<P)\ p l*g(p) 

')-(id -:x:, : ) 1 •)(*>)) | p Mp(p) 

- j fe(p)(^) - (id +3T ± ^ 1 ~ ^ ^ 

Now (\d+Xjj) oX± is again an integral operator whose kernel is smooth and given by the truncated 
geometric series as in Corollary 



u 



u(p)\&(p)(<p)-(\d+X±) o3C±^(.)^)J J/i»(p). 



3.4.33 



Thus denote its kernel by G r°°(.E* K #| a , xa ,), noting 
that even though we only integrate over t/ cl the kernel has a smooth continuation to U' X U'. Since we 
integrate at least continuous functions and sections over compact sets U d and U cl x U cl , respectively, 
we can exchange the orders of integration and obtain 



u(p) ■ %%(<p)(p) (J, g (p) - / u(p) ■ L±(p,q) ■ %u(<p)(q) li g {q)Hg{p) 
U JU' Ju> 



u{q) - / u(p) ■ L v (p, q) fi g (p) ■ Jl v ((p)(q) fi g (q) 
u \ Ju 



v{q) ■ %$(<p)(q) V 9 {q), 



U 



(*) 
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with 

v(q)=u(q)- I u(p) ■ L^(p,q)(j,g(p). 
JU 

Now the second term in v is smooth and has a smooth extension to U' . The first contribution u is 
compactly supported in U and smooth whence it also has a smooth extension to U': we conclude 
v £ T°°(E\ u ). We claim that in (*) we are allowed to move IR^ from cp to v on the other side of the 
pairing. Indeed, by the causal properties of according to Lemma 



3.4.40 



we know 



suppL± C {(p,q) | q £ J+(p)} C U' X U' . 

1 i' I 1 I /H i 1' - 1 I 1 / I 1 I I ■ J'l \ . / j 



Thus when restricting to U cl and using that C/ is causal we see that the integrand u(p) ■ Ltj{jp,q) is 



possibly non-trivial only for p £ suppu and q £ J^i{p) H C/ Cl = Jj*J cl (p)- But this is equivalent to 
p £ Jyc\{q) anci hence the integrand is possibly non-trivial only for suppu fl J^ cl (q) 7^ 0- In other 
words, supp ((id+3C^) 1 oX^j (u) C jj cl (suppn). Hence supp v C J^ cl (supp n) . Note that due to 
the transposed integration this differs from the considerations for acting on <p £ Tq :} (E*\ u ). But 
then expanding the series over j in "Jlfj{(p) we get 



X 



V JU J=Q 



oo „ 

/ v(q)-VjB$(2 + 2j, P )(ip)fi g {q) 



j=0 



oo „ 

{v^R^(2 + 2j,p)(v))-<p(p)n g (p) 

3=0 JU 



17 .=o 



(3$) T («)(p)-p(p) ^(p). 



Here we used that S°-convergent series can be exchanges with integration over compacta and R v 
can be transposed as in Proposition 3.2. 16| ^) even though v has non-compact support: The main 



point is that the overlap of the supports is compact even though suppf C J^ cl (suppu) typically is 
non-compact. But then we know that the series still converges in the C°-topology and can be moved 



inside the integral by Lemma 3.5.14 □ 

Remark 3.5.16 A careful counting of derivatives shows that the operator (id 1 does not eat 

orders of differentiation and (3?{/) T needs at most n+1. Thus we also obtain the statement that 

: T^+^E^) — ► r fc (£|j (3.5.29) 

holds for all kN U {+oo}. 

We summarize the result of this section in the following theorem: 

Theorem 3.5.17 Let k £ N U {+00} and u £ Tq +u+1 (E\ Then (F^)'(u), explicitly given by 



(13.5.271) , is a Q k -section of E\ TJ with 



u 

supp(F^)'(u) C J+(suppu) and D(F±)'(u) = u. (3.5.30) 
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In particular, we have a smooth local solution of the wave equation for a smooth and compactly 
supported inhomogeneity. 
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Chapter 4 



The Global Theory of Geometric Wave 
Equations 



Since in a time-oriented Lorentz manifold every point has a causal neighborhood we see from the 
results in the last chapter that locally we have advanced and retarded fundamental solutions, i.e. 
Green functions, for a given normally hyperbolic differential operator. Moreover, we have seen how 
these fundamental solutions can be used to construct solutions to the inhomogeneous wave equations 
for different kinds of inhomogeneities. 

The topic in this chapter is now to globalize these results from the (small) neighborhoods to the 
whole Lorentz manifold. Here the global causal structure yields obstructions of various kinds: in 
general we will not be able to find global Green functions. Instead, we will need some assumptions 
on the global geometry. Here the best situation will be obtained for globally hyperbolic Lorentz 
manifolds. On such spacetimes we can then also formulate and solve the Cauchy problem for the 
wave equation. This nice solutions theory allows to treat the wave equation essentially as an (infinite- 
dimensional) Hamiltonian dynamical system. We will illustrate this point of view by determining the 
relevant Poisson algebra of observables. 

4.1 Uniqueness Properties of Fundamental Solutions 

It will be easier to show uniqueness of fundamental solutions than their actual existence. In the follow- 
ing we will provide criteria under which there is at most one advanced and one retarded fundamental 
solution. In order to treat a rather general situation we first recall some more refined techniques for 
the description of the causal structure. 

4.1.1 Time Separation 

The time separation function r on M will be the Lorentz analogue of the Riemannian distance d. 
However, in various aspects it behaves quite differently. It will help us to formulate appropriate 
conditions on M to ensure uniqueness properties for the fundamental solutions. We recall here its 
definition and some of the basic properties. 

Definition 4.1.1 (Arc length) Let 7 : [a, b] — > M be a (piecewise) C 1 curve in a semi- Riemannian 
manifold (M, g) . Then its arc length is defined by 



Clearly, the definition makes sense for piecewise 6 -curves as well. The following is obvious: 




(4.1.1) 
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Figure 4.1: The twin paradoxon 



Lemma 4.1.2 The arc length of a piecewise C curve 7 is invariant under monotonous piecewise S 
reparametrization. 

Unlike in Riemannian geometry, for different points p and q there may still be curves 7 joining p 
and q which have arc length 0, namely if 7 is timelike. This makes the concept of a "distance" more 
complicated. One has the following definition: 



Definition 4.1.3 (Time separation) The time separation function r : M x M — > EU {+00} in 
a time-oriented Lorentz manifold (M, g) is defined by 

T {Pi ( l) = SU P {-^(7) \ J is a future directed causal curve fromp to (4-1.2) 
ifqe Jm(p) and t (p> l) = if <7 i j m(p)- 

In contrast to the Riemannian situation where one uses the infimum over all arc lengths of curves 
joining p and q to define the Riemannian distance, the time separation r has some new features: first 
it is clear that r(p, q) = may happen even for p 7^ q; this is possible already in Minkowski spacetime. 
Moreover, in general r(p, q) is not a symmetric function as it involves the choice of the time-orientation. 
Again, this can easily be seen for Minkowski spacetime and points p 7^ q with q £ Ij^(jp). In this case 
r(p, q) is the Minkowski length of the vector pq = q — p. The fact that all other future directed causal 
curves from p to q are shorter is the mathematical fact underlying the so-called twin paradoxon. In 
the more weird examples of Lorentz manifolds it may happen that r(p, q) = +00 for some or even 



all pairs of points: the Lorentz cylinder from Figure 2.18 is an example. By spiralling around the 
cylinder we find a future directed timelike geodesic 7 from p to q of arbitrarily big length £(7). This 
already indicates that the points p and q with r(p, q) = +00 will be responsible for bad behaviour of 
the causal structure. 

Recall that a lightlike curve 7 from p to q is called maximizing if there is no timelike curve from 
p to q. Then we have the following useful Lemma: 



Lemma 4.1.4 If there is a causal curve 7 from p to q which is not a maximizing lightlike curve then 
there also exists a timelike curve from p to q. 

The proof can be found e.g. in |46| Thm. 10.51], see also the discussion in |45| Thm. 2.30]. The 
geometric meaning of this is illustrated in Figure |4.2| In fact, it can be shown that a maximizing 
lightlike curve is, up to reparametrization, a lightlike geodesic without conjugate points between the 
endpoints. Moreover, one can show that the timelike curve in the lemma can be chosen arbitrarily 
close to the original causal curve 7. Using this lemma one arrives at the following properties of the 
time separation: 
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causal, not timelike 
but not maximizining 
lightlike 



maximizing lightlike geodesic 



Figure 4.2: Illustration for Lemma 4.1.4 



Theorem 4.1.5 (Time separation) Let (M,g) be a time- oriented Lorentz manifold and p,q,r S 
M. 

i.) One has r(p,q) > iff p <C q. 

ii.) If there exists a timelike closed curve through p then we have r(p,p) = +oo. Otherwise one has 
r(p,p) = 0. 

Hi.) If < T(p,q) < +oo then r(q,p) = 0. 

iv.) For p < q <r one has a reverse triangle inequality, i.e. 



t(p, q) + r(q, r) < r(p, r). 



(4.1.3) 



v.) Suppose p,q £ U C M with an open geodesically convex U. If q G I{j{p) then the geodesic 
7(t) = exp p (i exp~ 1 (g)) maximizes the arc length of all causal curves from p to q which are 

entirely in U and Tjj(p,q) = J g p (expp 1 (q), expp 1 (<?)). 

vi.) The time separation function r is lower semi continuous, i.e. for convergent sequence p n — > p 
and q n — > q one has 

liminf T(p n ,q n ) = r(p, q). (4.1.4) 



Proof. We only sketch the arguments and refer to |46| Chapter 14] or |45| Sect. 2.5] for details. If 
p <C q then there is a timelike future directed curve 7 from p to q. Thus £(7) > and r(p, q) > L{^). 
Conversely, suppose r(p,q) > then there is a causal future directed curve 7 from p to q which 
cannot be a lightlike curve as for lightlike curves we have arc length 0. By Lemma 4.1.4 



we can 



deform 7 into a timelike curve whence p ^ q follows. This gives the first part. If we have a timelike 
closed loop 7 through p then clearly £(7) > 0. Thus winding around more and more often produces 
L(7 n ) = nL{^) — > +00, showing r(p,p) = +00. Otherwise, there can be at most a maximizing 
lightlike loop through p or p ^ Jm(p) a ^ au > by Lemma 4.1.4 In both cases L(j) = for all (possibly 
none at all) curves whence r(p,p) = 0. The third part is clear since < r(p,q) shows that there is 
a timelike curve from p to q and hence p <C q. If also r(q,p) > then also q <C p whence we would 
obtain a closed timelike loop from p to p with non-trivial length -£(7). Running around this loop n 
times and then to q gives a timelike curve from p to q with arc length at least nL(-y) — > +00. This 



contradicts r(p, q) < 00, see also Figure 4.3 For the fourth part, let p < q < r be given and let e > 0. 
We find future directed causal curves 71 from p to q and 72 from q to p with 

r(p, q) < L(jx) + e and r(q, r) < 1,(72) + e 

by definition of r as supremum. Since r(p,r) is clearly not less than £(71) + £(72) as 72 after 71 is 
joining p to r, we find 



r(p, r) > L(7i) + £(72) > t(j>, q)-e + r(q, r) 
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Figure 4.3: A timelike loop from p to q. 



geodesically convex 




Figure 4.4: Illustration for proof of Theorem 4.1.5 vu)- 



whence r(p, r) > t(j>, r) + r(q, r) — 2e. Since e > was arbitrary, we get the reverse triangle inequality. 
For the fifth part we refer to e.g. [ 46} Lem. 5.33 and Prop. 5.34]. Using this we can prove the last 
part as follows: for r(p, q) = nothing is to be shown. Thus consider < r(p, q) < +oo. Now we fix 
e > 0. Then we have to find a neighborhood U of p and a neighborhood V of q such that for p' 6 U 
and q' 6 V we have r(p' , q') > r{p, q) — e. Since < r(p, q) < +oo we find a timelike curve 7 from 
p to q with r(p, q) < £(7) + | by the first part. Now we choose a geodesically convex neighborhood 
V of q and fix a point q\ G V' on the curve 7 such that the curve 7 from to q stays inside V, see 



Figure 4.4 Since the curve 7 from q\ to g is inside V and timelike, we know from the fifth part that 
the geodesic segment from q\ to q in V' maximizes the arc length and hence it is longer (or equal) as 
the curve 7 from q\ to q. Now we fix a smaller neighborhood V of q by the condition that q' 6 V is 
in the causal future of gi and the geodesic c qiiq r(t) = exp (?i (texp~ 1 (g / )) from q\ to has arc length 

e 

3' 

This is clearly possible as the arc length depends continuously on the endpoint. From the two 
conditions we see that the curve from p to q' first along 7 and then along c ?1 q > has arc length 
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L(j) — |. An analogous construction around p specifies a p\ and the neighborhood U. Then for 
p' £ U and q' € V we have a timelike curve by first taking the geodesic from p' to pi then via 
7 from pi to and finally along the geodesic from q\ to q' . Its arc length is at least L(-y) — 2|. 
Since 7 was chosen such that £(7) + | > T(p,q) we see that the arc length of the curve from p' 
to q' is at least r(p,q) — | — 2| = r(p,q) — e. It follows that for all p',q' in these neighborhoods 
we have r(p',q') > T(p,q) — e. This shows the lower semi continuity of r for the case r(p,q) < 00. 
The construction for r(p,q) = 00 proceeds analogously by choosing large £(7) and neighborhoods as 
before. □ 
The following example shows that r is not continuous in general: 

Example 4.1.6 (Discontinuous time separation) Consider the Minkowski plane with a half axis 



removed, i.e. M = IR, \ (—00, 0], see Figure 4.5 Let p = (—1, —1) then the causal future J^(p) is the 
triangle under the removed axis. In particular, q = (1, 0) is not in the future of p whence r(p, q) = 0. 
However, for p' = ( — 1, —1 + e) with < e < 1 the point q is in J^-(p'). The broken geodesic from p' 
to (0, |) and then from (0, |) to q are both timelike and the length of the first is 



L( 7 i) = A /l-(l--) 2 = A /l-l 



e in /. e 2 / e 2 



while the length of the second curve is 



£(72) 



e 2 



It follows that r(p' , q) is at least y e — x^y^ - T' WR ence 

limsupr(p , q) > 1 (4.1.5) 

e->0 

follows at once (in fact equality holds). But since p' — > p for e — > we see that r is not upper 
semi continuous and hence not continuous. In fact, moving q further upwards we can make the jump 
arbitrarily high. 

The question is now whether we have spacetimes where r is continuous (and finite) . Clearly, Minkowski 
spacetime is an example where r is continuous and finite. More generally, convex spacetimes have 
this feature: 
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supp 1i 




wave appearing 
from nothing 



without reason 
a quiet sea 
after the storm 




supp it 

Figure 4.6: Waves with either past or future compact support should not exist. 



Example 4.1.7 (Time separation for convex spacetimes) Suppose that M is geodesically con- 
vex, or U C M is a geodesically convex neighborhood. Then the time separation t\j on U is finite 
and continuous. Indeed, this follows from Theorem 4.1.5, w[J at once. 



Slightly less obvious is the following situation of a globally hyperbolic spacetime: In fact, this state- 
ment can be seen as an additional motivation for the definition of globally hyperbolic spacetimes as 



in Definition 2.2.28 However, it was noted that Definition 2.2.28 implies strong causality as well. 



Using this observation, we can quote the following result 46 Prop. 21 in Chap. 14]: 



Example 4.1.8 (Time separation for globally hyperbolic spacetimes) Suppose that (M,g) is 



globally hyperbolic. Then the time separation r is finite and continuous, see also 45 Thm. 3.83]. 



With these two fundamental examples in mind we conclude this short subsection on time separation 
and refer to |46| Chap. 14] for additional information. 



4.1.2 Uniqueness of Solutions to the Wave Equation 



In general, the wave equation 



Du = 



(4.1.6) 



has many solutions u £T 00 (E): physically such solutions correspond to propagating waves without 
sources. However, also from our physical intuition we expect that a propagating wave without any 



possibility to interact with source terms has to "travel forever". Thus a non-trivial solution of (4.1.6) 



with either future or past compact support should not exist, see Figure 4.6 Assuming some (technical) 



conditions about the causality structure of the spacetime this is indeed true. 

To formulate these conditions first recall that the causal relation < is called closed if for any 
sequence p n — > p and q n — > q with p n < q n we have p < q as well. Equivalently, this means that 



J+ = { (p, q ) g M x M | p < q} C M x M 



(4.1.7) 



is a closed subset of M x M. 

We consider now the following three properties which will turn out to be sufficient to guarantee 



the uniqueness of the solutions to (4.1.6) with future or past compact support. 



i.) (M, g) is causal, i.e. there are no causal loops. 
ii.) is closed. 
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Figure 4.7: Finding the "top" of the support of n. 



Hi.) The time separation r is finite and continuous. 

Concerning the relation among these three properties some remarks are in due: 

Remark 4.1.9 (Causally simple spacetimes) A time-oriented Lorentz manifold (M, g) which sat- 
isfies the causality condition ^ ) is called causally simple if in addition J^{p) are closed for all p G M, 
see e.g. |45| Sect. 3.10]. One can show that this is equivalent to being causal and being closed 
which is equivalent to being causal and J^(K) being closed for all compact subsets K C M . Thus^ 
andj^jj just say that (M,g) is causally simple. 

Remark 4.1.10 

i.) The finiteness of r clearly implies that there are no timelike loops. 

ii.) There are examples of causally simple spacetimes which do not satisfy \m\). So this is indeed an 
additional requirement. 



Hi.) Convex spacetimes satisfy all three requirements, see Example 4.1.7 

iv.) Also globally hyperbolic spacetimes satisfy all three conditions, see e.g. the discussion in |45| 
Thm. 3.83]. 

With these conditions we can now prove the following theorem: 

Theorem 4.1.11 Assume that a time-oriented Lorentz manifold (M,g) satisfies the three condi- 
tions ^), ^), ^^). Let D E DiffOp 2 (£') be a normally hyperbolic differential operator on some 
vector bundle E — > M and let u E r - °°(i?) be a distributional section. If u has either past or future 
compact support and satisfies the homogeneous wave equation 

Du = 0, (4.1.8) 

then u = 0. 

Proof. We follow |4, Thm. 3.1.1] and consider the case of a future compact support suppn. We 
have to show suppn = 0. We assume the converse and choose a point q E suppu. The future 
compactness of suppn means that for all p E M the subset suppn n Jj^{p) Q M is compact. Choosing 
p E Im{q) we obtain a non-empty intersection suppn D Jjt(p), see Figure 4.7 We now want to find 
the "top" of the intersection supp n fl (p) : since the time separation r is continuous the map 
q i — y r(p, q) for q E suppnH J^-(p) takes its maximal value r(p, q max ) at some (not necessarily unique) 
Qmax £ suppn n J^(p) by compactness. We consider now the intersection suppn n J^(q m ax) which 



is still compact and non-empty since q max E suppn n ./^(g'max)- Figure 4.7 suggests that this subset 
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Figure 4.8: The point q max on top of suppn P J^(p). 

is actually rather small. In fact, for q £ suppn P Jj^(5max) we have on one hand r(p,q) > r(p, q ma , x ) 
since q > q max and r(p, <?) < r(p, g max ) by the maximality of g max . Thus 

r(p,q) = T(p,q max ) 

for all q £ suppn fl ^(<7max)- Among all the g £ suppn Pi J^(§max) we want to find a particular 
Qmsix such that the intersection supp nf J^j(q m a,x) contains only q mSbX and no other points. In order to 
find such an optimal point we proceed as follows. The compact subset suppn P J^(q m ax) is partially 
ordered via <. Indeed, p < p as well as transitivity, p < p' and p' < p" implies p < p" , are always 
true. Since we do not have causal loops also p < p' and p' < p implies p = p' . Now assume that we 
have an increasing chain of elements {qi}i£i, i-e. a subset of points of which any two are in relation 
"<". Our manifold being second countable we can find a countable dense subset {(/ n }neN C {qi}iei 
which is ordered again since it is the subset of an ordered set. We define Q n to be the maximum of 
{qi, . . . , q n } for all n £ N. This gives a sequence (Q n ) of elements in {q n }ne¥J such that for every q^ 
there is an no with q^ < Q n for all n > no- Now the Q n have accumulation points in the compact 
subset supped Ji(§max)' Thus fixing a suitable subsequence Q nm this converges to some which 
is still in suppu n </^(5max)- Since the relation < is closed we see that Qoo is an upper bound for all 
the q n , i.e. we have q n < Qoo for all n £ No- Since the {(?n}neN ^ {Qi}iei are dense and "<" is a 
closed relation, we also have 

Qi Qoo 

for all indexes i £ I. This shows that inside suppu H Jj^(5max) every increasing chain has an upper 
bound. Thus we are in the position to use Zorn's Lemma and conclude that there are maximal 
elements for all of suppn n J^(<7max)- Thus we pick one of these not necessarily unique ones and 
obtain a q mSbX £ suppn Pi J^(p) such that on one hand q i— > r(p, q) attains its maximum at g max an d 
we have q < q mSLX for all q £ suppn Pi J^((fmax)- Thus it follows that 

SUppn Pi JtAq ma , x ) = {<?max} 



by the maximality property with respect to "<". Thus we arrive at the following picture, see Figure 4.8 
where q max is now on the top of suppnfl J^ip) an d J~m (qWx) does not intersect suppnfl J^{p) except 
in q max . Now we consider a causal neighborhood U C U' of g m ax in some convex U' C M with U cl 
compact in U', such that the volume of U d is sufficiently small. Consider a sequence of points pi £ U 
which converge to ^ raax and are contained in -/^(<7max)f I (j?)- Then for large enough i the intersection 
J^}iPi) f suppn is entirely contained in U. Indeed, assume this is not true. Then for each i £ N 
we can find a qi £ J^(pi) fl suppn which is not in U. By the compactness of Jtf{P) ^ suppn we 
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JUp) 




supp u 

Figure 4.9: The sequence pi approaching q n 

tite) n u 

JtiiPi) 




Figure 4.10: The neighborhood of q n 



can assume that qi — > q converges inside J^j(p) H suppu, probably we have to pass to a suitable 
subsequence. Since % G JtjiPi) an< ^ % — ^ 9 as wen as Pi — ^ <?max we conclude by the closedness of 
the relation "<" that q > q max . Thus q G J^j(q max ) D suppn = {g max } and hence g = g max - On the 
other hand, qi ^ U implies q ^ U as U is open which gives a contradiction to g max G U. Thus we 



arrive indeed at the situation as in Figure 4.9 We choose such a point pi and consider the compact 
subset K = Jfy[(Pi) H suppii C {/. The open subset U = I^iPi) ^ U contains q ma , x and is therefor 
an open neighborhood of q max , see Figure 4.10 Now we want to show that u(ip) = for all test 
sections <p G T^(E*\^). Since with D G DiffOp (£) also the transposed operator D T G DiffOp 2 (.E*) 
is normally hyperbolic we can solve the inhomogeneous wave equation 

D T ip = <p 



with some if) G T 00 (E*\ U ) by Theorem 3.5.17 In particular, we know that with <p being smooth also 
ip is smooth. Moreover, this theorem also provides us information on the support: we can take the 
advanced solution for which we have supp?/* C j£ (supp ip) C J^(pi) D U, see Figure 
get 



4.11 



Thus we 



supp u n supp if) C supp u n J^j{pi) CiU C supp u n Jm{Pi) = K. 
This is now the compactness criterion we need for applying u to the section ip according to Proposi- 
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Figure 4.11: The support of ip and its future. 



tion 1.3.20 Note that both have non-compact support in general. But then we have 

u{tp) = u(D T ip) = Du(ip) = 

by Du = 0. This shows that u vanishes on all test sections ip G Fq 3 (E*^). Thus the support of u 

is disjoint from U. Now we arrived at the desired contradiction as Qraax G supp u but XJ is an open 
neighborhood of q max . Hence suppn = follows and thus u = 0. The case of past compact support 
is analogous. □ 
From this theorem we immediately obtain several statements about the solutions of the wave 
equations. Under the same assumptions on the global structure of M, i.e. we require a causally 
simple spacetime with finite and continuous time separation, one obtains the following statement: 

Corollary 4.1.12 Let (M,g) be a causally simple Lorentz manifold with finite and continuous time 
separation. Then for every normally hyperbolic differential operator D G DiffOp 2 (i?) there exists at 
most one fundamental solution at p G M with past compact support and at most one with future 
compact support. 

Proof. Indeed if DF = 5 P = DF then F — F solves the homogeneous wave equation and has still 
past (or future) compact support. Thus F — F = by the preceding theorem. □ 



Now we pass to a globally hyperbolic spacetime (M, g). On one hand we know from Remark 4.1.10 



that (M,g) satisfies the hypothesis of Theorem 4.1.11 On the other hand on a globally hyperbolic 



spacetime the subset jfjip) are always past/future compact: indeed, by the very definition of global 
hyperbolicity, J^(p) H J^{q) = Jm(p,q) is a compact diamond for all p,q G M. This is just the 
statement that Jtjip) is past compact and J^j(q) is future compact. This gives immediately the 
following result: 

Corollary 4.1.13 Let (M,g) be a globally hyperbolic Lorentz manifold. Then for every normally 
hyperbolic differential operator D G DiffOp 2 (£') there exists at most one advanced and at most one 
retarded Green function at p G M. 

Example 4.1.14 (Uniqueness of Green functions) Let (R n ,r/) be the flat Minkowski spacetime 
as before. Since this is a globally hyperbolic spacetime we have the following global and unique Green 
functions: 

i. ) The Riesz distributions -R =t (2) are the unique advanced and retarded Green functions for □ at 

0. Their translates to arbitrary p G R n are the unique advanced and retarded Green functions 
for □ at p. 

ii. ) The distributions ^^(p) = X^£^=o( — ^^R^i^ + 2fc,p) are the unique advanced and retarded 

Green functions at p G R m of the Klein-Gordon operator □ + m 2 on Minkowski spacetime. 
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not compact 



Figure 4.12: Convex domain in Minkowski spacetime with non-unique Green functions. 



Finally, we mention that on convex domains we can not conclude the uniqueness of advanced and 
retarded Green functions without further assumptions. Even though geodesically convex domains 
satisfy the hypothesis of Theorem 4.1.11 it may not be true that Jy(p) is past or future compact, 



respectively. This is clear from the example in Figure 4.12 Indeed, if in this situation we take the 
Green function R^{2){p) of □ on (R n ,r/) and restrict them to U we obtain advanced and retarded 
Green functions {i? =t (2)(p)| [/ } pg [/ for all points p G U. Taking now a point r G R n as in Figure 
and adding i? + (2)(r)|^ to i? + (2)(g)| [/ we still have an advanced Green function since OR + (2)(r] 

for n even, we see that this new 



4.12 







3.1.12 



on U. However, as singsuppi? + (2)(r) = C + (r) by Proposition 

advanced Green function differs from R + (2)(q)\ u on the intersection C + {r) n U, even in an essential 
way. Thus we cannot hope for uniqueness of advanced and retarded Green functions in general. 



4.2 The Cauchy Problem 

In order to pose the Cauchy problem we have to assume that we have a Cauchy hypersurface on which 
we can specify the initial values. Thus in this section we assume that (M,g) is a globally hyperbolic 
spacetime and i : E H M is a smooth spacelike Cauchy hypersurface in M whose existence is 
guaranteed by Theorem |2.2.31| Furthermore, the future directed timelike normal vector field of £ 
will be denoted by n S r°°(TML) as in Section 



2.3 



Remark 4.2.1 When solving the wave equation Du = v in a distributional sense for u,v G T~°°(E) 
one might be tempted to ask for the initial conditions of u on S. However, since t : S H- M is far 
from being a submersion the restriction l*u is not at all well-defined. To see the problem one should 
try to define i*5 for the 5 distribution on 1R and i : {0} > R. Thus for the Cauchy problem to make 
sense we either have to specify conditions on u and v which ultimately allow to define l*u etc., or we 
restrict ourselves directly to regular initial conditions and solutions of some C fc -regularity. As usual, 
the most convenient situation will be the C°°-case. 

In view of the above remark we will therefore focus on regular and smooth solutions and initial 
conditions. Thus the Cauchy problem consists in the following task: Given an inhomogeneity v £ 
r°°(£;) we want to find a solution u G r°°(E) of 

Du = v (4.2.1) 

for given initial conditions uq,uq G Yq 1 {C^E), i.e. 

L #u = u , (4.2.2) 
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t #Vf u = ii . (4.2.3) 
Here X7 E will always be the covariant derivative on E determined by D as usual. Note that the left 



hand side of (4.2.2) is indeed well-defined as for p G £ the value V^ p ^n G E p is defined as V is 
function linear in the tangent vector field argument. Thus we can interpret p i— > V^sit indeed as a 
section of 

4.2.1 Uniqueness of the Solution to the Cauchy Problem 

As for the solutions of the homogeneous wave equation also for the Cauchy problem the uniqueness 
will be easier to show than the existence. We start with some preparatory material on the adjoint 



D T of D. Recall from Theorem 1.2.15 that D T G DiffOp 2 (£*) is determined by 



if(Du)fi g = / (D T <p)un g (4.2.4) 

M JM 

for ip G T°°(E*) and u G T°°(E) with at least one of them having compact support. We want to 
compute now D T explicitly. 

Lemma 4.2.2 Let D G DiffOp 2 (.E) be a normally hyperbolic differential operator written as D = 
□ v + B with B G T 00 (End(E)) and the connection d'Alembertian D v build out of the connection V E 
defined by D. 

i.) The transposed operator D T G DiffOp 2 (£'*) is given by 

D T = D v + B T (4.2.5) 

where D v is the connection d'Alembertian with respect to the induced connection V E for E* 
coming from V E . 

ii.) For s G r°°(E) and tp G r°°(E*) we have 

□ (V(s)) = (D V ^)(s) + ip(Os) + (g- 1 , (D E * V) V (D E s)\ . (4.2.6) 

Hi.) For s G r°°(E) and tp G F°°(E*) we have 

(D T ip)(s) - ^{Ds) = div (((D E * ip)(s) - 4>(D E s)) # ) . (4.2.7) 

Proof. For the first part we use Theorem |1.2.21| as well as the result from Example |2.1.24| In this 
example we found that D v = (^) 2 £ st d(2g -1 <S> id^). Since the remaining part B is C°°(M)-linear it is 
clear that B = Q st d(B) in the sense that the tensor field B acts pointwise as endomorphism on sections 



of E. By Theorem 1.2.21 we have Qstd(B) T = Qstd(B T ) as there are no degrees to be lowered by the 
divergence operator div^^. In fact, we have (f(Bs) = (B T ip)(s) by definition of the pointwise 
transposition from which g Std (B) T = g Std (B T ) is immediate. The transpose of D v is more involved: 
here we need to compute the divergence of 2g _1 ® id^;. First we note that the one-form a measuring 



the non-parallelness of the integration density {i g is vanishing thanks to Proposition 2.1.15 Hi.). 
Thus divj] nd ^ coincides with the connection divergence divy nd( ^ where we have to use the induced 
connection on End(E) coming from V E . Thus we have to compute 

div^V 1 ® ids) = i s (dx 4 )v5_ d(£) (< 7 - 1 8) \d E ) 



i s (d^) ( Vj^g- 1 ® \d E +g~ l ® V E f {E) \d E \ 

\ Sx t Q x l J 
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+ 0, 



since on one hand g^ 1 is parallel for the Levi-Civita connection and on the other hand id# is a 
parallel section with respect to V End ( E ). In fact, the latter result is just the definition of V End (^: for 
A £ T°°(End(E)) and s £ T°°(E) the induced connection V End(£ ) is determined by 

(V End{E) A)(s) = V E (As) - A{V E s). 

Thus id^ is covariantly constant since the right hand side will be zero for A = id^. We conclude that 

2 



D 



f?std(2s -1 ® id B ) T + g Sti (By 



n 

= n v + b t , 

where now D v is the connection d'Alembertian on E* with respect to the induced connection V s *. 
For the second part we first show the following Leibniz rule of □ with respect to natural pairings, see 



also Lemma 2.1.25 We compute 

1 

2 

1 
2 



a^(s)) = -(g-\D 2 (m)) 

g-\D((D E * i;)(s)+^(D E s)) 



I (g-\ «D E *)^)(s) + 2(D E * V) V (D E s) + V((D £ ) V 



(□ v V)(s) + lg-\ (D E * V) V (D E s)) + V(n v *), 



where we have used the compatibility of the symmetrized covariant derivative operators D, D E and 
D E with natural pairings. This compatibility is immediate from the definition of these operators, see 



Proposition 1.1.3 Hi ). This shows the second part. For the last part we know from Theorem 1.2.21 
that (D T vjj)(s) — ip{Ds) vanishes after integrating over M with respect to [i g . Thus it has to be a 
divergence of some vector field with respect to [i g . However, this vector field is only unique up to a 
divergence free vector field. Thus (4.2.6) gives an explicit representative. First we notice that the 



contribution of B cancels as (B T ip)(s) — ip(Bs) = holds pointwise. Thus we only have to consider 
(□ v -0)(s) - if)(\3 y s). We compute using the compatibility with natural pairing again 



D((d s *V) (s))-D{^(D e s)) 

[0 E *)\) (a) + (D s * V) {D E s) - (D E * rp) {D E s)-^({D E ) 2 s 



D 1 



E\2 



* (D*) 



Hence we obtain for the left hand side of (4.2.6) 

(D^)( S ) - 4,{D S ) = \ (g-\ (d e *) 2 ^ 00 - V Q (g-\ (d^ 2 
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= 1 -(g-\D((D E ^) (s)-^(D e 
since natural pairings commute. Now the one-form in this pairing is determined by 

D E * rp) (s) - rP {D E a)) ( X ) = (vj>) (s) - V (Vjs) 
for x ^ r°°(TM). Since g~ l is covariantly constant for the Levi-Civita connection, we have in general 

^(<T\Da) =div(a # ) 

for arbitrary one-forms a E T°°(T*M). This completes the proof. □ 
Now we consider again a small convex open subset U' C M and a causal open subset U C U cl C J7' 
of sufficiently small volume so that we can use our local fundamental solutions from Chapter [3] The 
subset U being causal includes the diamonds Ju(p, q) being compact and since it is inside the convex 
U' there are no causal loops in U. Thus U is globally hyperbolic and by Theorem 2.2.31 we have a 
smooth spacelike Cauchy hypersurface i : S H- [/ in [/. In fact, we recall from |45| Thm. 2.14] that 
every point in M has a neighborhood basis of globally hyperbolic open subsets. Thus we can safely 
assume the existence of a smooth Cauchy hypersurface in U. Since E is spacelike the pull-back of g to 
E gives a negative definite metric (beware of our signature convention) which includes a corresponding 
volume density. We denote this by fi-£ E r°°(|A top |T*E) and use it for integration on E. Denote the 
fundamental solutions of D T E DiffOp 2 (£'*) on U as constructed analogously to the ones of D by 
Gy(p) E T~°°(E*\ U ) (g) E p where p £ U. Then we have operators 

G^rn^U^r 00 ^), (4.2.8) 

enjoying properties analogously to the F v , In particular, we have a dual map 

(G±)' : T-^{E%) — ► T~°°(E%), (4.2.9) 

which restricts to a map 

{G±)>:T%{E%)^T™{E*\ V ) (4.2.10) 

by Theorem 3.5.17 We will need the difference between the advanced and retarded fundamental 
solutions. We define the map 

Gu = G+ - Gu : T^{E\ V ) — > T°°(E\ U ), (4.2.11) 

which gives a dual map 

G'u = (G+)' - (G^y : r" 00 ^^) r—^lj. (4.2.12) 
On smooth sections ip E rg°(J5* viewed as distributional sections, the map Gy is determined by 

(G^)( U ) = <p{G v (u)) = [ (pip) ■ {G^j{p)u - G^{p)u) % (p), (4.2.13) 



where u E Tg ^)^) is a test section of E\y. Since we know by Theorem 3.5.17 that G'yip) is actually 
a smooth section of E*\ v , it makes sense to restrict this section to E. Then we obtain the following 
lemma: 

Lemma 4.2.3 Assume u E r°°(£'|j / ) is a solution to the homogeneous wave equation Du = and 
let ip E Tq (i?* L,). XTien we Ziaue 



(pip) ■ u(p) Mfl (p) = y ((Vf G' [7 (^)) • uo((7) - G'^Xa) • «o((t)) ^e(<x), (4.2.14) 
where uq = l#u,Uq = i&X7 E u E T°°(i^E) are the initial values of u on E. 
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Figure 4.13: Sketch of the situation of the proof for Lemma 4.2.3 



Proof. Let <p £ T^( E*\ U ) be a test section and let ^ ± = (G^)O) G T-°°(E*\ u ) which is in T°°(E |? 
by Theorem 



3.5.17 



We know from this theorem that D 1 ^^ = ip and suppV' 1 ' 1 C J^(suppy). For a 
Cauchy surface £ and an arbitrary compact subset K C.U one knows that J^{K) n J^(S) is again 
compact, see Figure [1.13 For a proof of this fact we refer to j4[ Cor. A. 5. 4] or |45| p. 44]. We know 



that the (globally hyperbolic) spacetime U decomposes into the disjoint unions 

^ = /^(£)U£U/+(£), 

where /^(S) are open and S is the common boundary of these open subsets, see Remark 
we have chosen even a smooth Cauchy hypersurface, we can apply Gauss' Theorem in the form of 
Theorem IB . 1 1 1 to the vector field 



2.2.18 



Since 



X 



± 



D E * (u) - ^ (D i 



# 



G r°°(TJ7). 



Indeed, this vector field has support in (supp . Thus the integrations over /^(S) and J^(E) as 
well as over X itself are well defined because the integrands all have compact support. We consider 
first the case of J^(S). Then the future directed normal vector n on £ points outwards whence 



/ div(X+) / u g = / g(X+,n)^ 

J/-(S) J9/-(S)=E 



(*) 



by Theorem B.ll We evaluate both sides explicitly. First we have 



/ div(X+) Ms =/ {{D^ + ){u)-^ + {Du))n g = [ <p(u)n g , 

Jl-{T.) J/"(E) ■//"(£) 



by Lemma 



4.2.2 



and Du = as well as D T tp + = ip. For the right hand side of (*) we get 
J^(X + ,n) ^ = £ (g ((D E *^(u)f ,n) - g (V (D E uf , n)) ^ 

(n)-(^ + (Dn)) (n)) ^ 

VfV + ) (u)-i> + (Vfu))// S 

Vf> + ) (u )-V + (^o)) Ms, 
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Jt/(supp u U supp Uq) 



Jt/ (supp <p) 




Figure 4.14: The support of the initial data. 



where we have omitted the restriction u& in our notation for the sake of simplicity. Analogously, we 
obtain for the result 



/ div(X )n 9 = - / g(X ,n)u s , 

JI7AY.) JY- 



since now n is pointing inwards. Evaluating both sides gives 



(**) 



/ div(X-) % = f 

Ji+m j i, 



and 



J^g(X~,n)^ = -J ((vfV~) («o) -^-(«o)) Me- 
Thus taking the sum of (*) and (**) gives the equality 

¥>(¥>m 9 = / (vf (V> + -VOM-(V> + -VO(^o))« s , 



which is (4.2.14) by the definition of tp + and ifi . 



□ 



Lemma 4.2.4 Assume u G r°°(£'|j / ) zs a solution to the homogeneous wave equation Du = anc 
Ze* n , n el 00 ' 



[i^E) denote the initial values of u on S. T/ien 

suppn C Ju (supp no U supp no). 



(4.2.15) 



Proof. We determine the support of n viewed as distributional section. This will coincide with the 



1.3.15 



Thus let tp G rg° 



(E* 



3.5.4 



u> 



be a test section. Then we 



It follows that G'u((p) has its support in 



4.14 Then this 



true support thanks to Remark 
know that supp(G u )'(<p) C J^j(suppp) by Lemma 

Ju (supp ip). Suppose that supp no U supp uq will not intersect Ju (supp (p), see Figure 
is equivalent to say that suppt/? does not intersect Jj/(suppnoUsuppno). But by (4.2.14) the integral 
over S is clearly whence Jjj <p(u)fj, g = follows. Thus n, viewed as distribution, vanishes on all 
these ip where supp <p D J[/ (supp no U supp no) = 0. But this means supp n C J[/(supp no U supp no) cl . 
It remains to show that Jj/(suppno U supp no) is closed. In fact, this is true in general as we shall 
sketch now: Let A C S be closed and consider J^(A) for simplicity. Let p n G J^(A) be a sequence of 
points with p n — > p G M. Choose a point q in the chronological future of p, i.e. we have p G I7 I (q). 
Since I]^(q) is open, all but finitely many p n are in I^j(q) whence q is in the chronological future of 
these p n . Thus in particular q G J^(A) as we can join the curves from A to p n and then from p n to q. 
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Figure 4.15: The causal influence of a closed set A C E in a Cauchy hypersurface is closed again. 



Now we find causal curves j n from p n through E entirely inside J^(^4) giving us a point r„eSf1i, 
Since these curves are in the cone J^(q) we have r n G E n J7j{q)- For a Cauchy hypersurface one 
knows that E n J^j(q) is always compact. Thus also iflSfl Jm(q) is compact and hence the r n 
converge to some r G A after passing to a suitable subsequence. But then the curves 7 n converge to 
some limiting curve 7 joining r with p, see |46| Lemma 14.14] for details on the notion of limiting 
curves. By continuity 7 is still causal and thus p G J^(A), see Figure 
is analogous. 

Later on we will be interested in those u G T 00 (E\ U ) where the initial values Uq,Uq G T°°(l#E) 
have compact support in E. 



4.15 



The argument for J M (^4) 

□ 



Let us now prove the uniqueness property of the Cauchy problem. Lemma 4.2.3 states that locally 
on U the solution u of the wave equation is determined by its initial values uq and no 011 since 



the left hand side of (4.2.14) determines u as a distribution and hence by the injective embedding 



according to Remark 1.3.5|also as a section. Thus we need to globalize this uniqueness statement. 



Theorem 4.2.5 Let (M,g) be globally hyperbolic and let 1 : E M be a smooth spacelike Cauchy 
hypersurface with future directed normal vector field n G r°°(i*TM). Assume that u G T°°(E) is a 
solution to the wave equation Du = with initial conditions 



u = = u . 



(4.2.16) 



Then 



u = 0. 



(4.2.17) 



Proof. First we note that by Theorem 2.2.31 there is a Cauchy temporal function ton M such that 
the level surface for t = coincides with E. We set 



Et = {p G M I t{p) = t] 



M 



for all times t G H. The gradient of t is by definition future directed and timelike and for a tangent 
vector v p G T p Ef we have dtl (v p ) = whence the gradient of t is orthogonal to T p Et at p G S^. 
Normalizing the gradient will give a globally defined vector field n G r°°(TM) such that for every 
t G R the restriction rit = ifn G T°°(if 1 TM) is the future directed normal vector field of Ej. Now let 
p G M be given and let to = Kp) be its time value, i.e. p G Et . Assume to > (the case to < is 
treated analogously). Then we define 

*max = sup {t G [0, t ] | u vanishes on J^(p) D U < T <tE T } . 



Since u vanishes on Eq this is well-defined and we have < t max < to, see also Figure 4.16 The 
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Jm(p) 



S t0 



S = Sr 



Figure 4.16: The definition of £ E 

P 




St max 

j m(p) ^c(( su PP u t m ax u su ppu fmax ) n U) 

Figure 4.17: Showing that a is zero locally above S max . 



idea is now to show t max = to whence by continuity u vanishes also at p. As p was arbitrary this will 
imply u = everywhere for positive times. Then the analogous argument would give u = also for 
negative times. Thus let us assume the controversy, i.e. i max < to- Let q £ Jm(p) H S tmax , then we 
can find a small open causal neighborhood U C U cl C [/' of q such that on one hand we have our 
local fundamental solutions and on the other hand U D £t max is still a Cauchy hypersurface. Note 
that this additional requirement can still be achieved, see e.g. |4~1 Lem. A. 5. 6]. In fact, the Cauchy 
development D(V) of a small enough open neighborhood q G V C S tmax of q in S tmax will do the 



job, see also Remark |2.2.22 We consider the initial values of u on this Cau chy h ypersurface and 

= t?„u and 



denote them by itt n 



V^| p ^n as usual. From Lemma 



4.2.4 



we know that u 



restricted to the small open subset U has the following property 

suppu C Jjj (suppu w U suppn tmax n U) 

Now by continuity and the choice of t max we know that «t max = = tit max on S tmax n J^ r (p ) . In 
particular, u tm ^ = = u tmax in the open subset U n S tmax n J M (p) of £ w , see Figure 
then Lemma 
is above £+ 



4.2.4 



4.17 



But 



shows that u still vanishes on J^(p) n ■/i-(St max H f7), i.e. in this part of £7 which 
and in the past of p. Since J^(p) H St max is compact we can cover this part of the 
Cauchy hypersurface £t max with finitely many Ui, . . . , Un for which the above argument applies. Now 
the union XJ\ U . . . U Un is an open neighborhood of (p) f] £f max and hence u vanishes on this open 
subset (Ui U . . . U Un) n Jj^ip) H ^(St max ) in the future of </^(£t max )- But this means that there 
is an e > such that on £$ n Jj^ip) the section w still vanishes for all t £ [tmax^max + e)- This is 
in contradiction to the maximality of i max and hence i max = to whence u(p) =0 by continuity. This 
shows that !i = 0on J^-(S) and an analogous argument gives u = 0on J^(S). □ 
As this is one of the central theorems we give an alternative proof of the uniqueness statement. In 
particular, it will give some new insight and an additional technique which turns out to be useful also 
at other places. 
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j m(p) 



u — have compact 
support in St max 



Figure 4.18: Showing that u is zero in a small neighborhood of Si max . 

u+ = t 




= u 



Figure 4.19: The neighborhood U. 



Alternative Proof of Theorem 4.2.5 
hypersurfaces 



Again we use a foliation of M by smooth spacelike Cauchy 
where for each t £ K the set St is the level hypersurface of a Cauchy temporal 



function as before. We define now 



u + {p) 



u(p) for t(p) < 
for t{p) > 



and claim that this is a C 2 -section still satisfying the wave equation D 



u 



So U I M (So) with open I^-(Sq) and So the common boundary of i]j>(£ 



± 



- = 0. Since M = I^(S ) U 
we can check the regularity 



I'm (So) 



E T co (E\ 1±(Y .) and Du+\ J± 



(So) 



0. 



of u + on each piece. Clearly on I»r(So) we have u 

Thus we only have to check that u + is C 2 at So, then by continuity Du + = will follow everywhere. 
Thus let p E So and choose a small open neighborhood V C So of p allowing for local coordinates 
and a trivialization of the bundled E\ y . By the splitting theorem we have an open 



„n-l 



neighborhood U C M of p such that the time function i gives a diffeomorphism {7 ~ (- 
the metric g\ v is given by 



x F and 



fin 



/3dt z -^ 



with /3 E G°°(J7) positive and ^ a smooth time-dependent metric on Sq, see Theorem 2.2.31 In fact, 



we have this block diagonal structure even globally, see also Figure 4.19 Now uq = implies that 



u 



is continuous at Sq. Moreover, all partial derivatives of u in i 1 , 



„n-l 



direction vanish on Sq 



and hence the partial derivative of u + in x 



,x 



n-l 



directions are continuous as well. The block 
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j m{p) Hsuppu 



Jm(p) 



Figure 4.20: The section u + has future compact support. 



diagonal form of the metric shows that is parallel to n at So whence the condition uq 



means 



that the partial ^-derivative of u vanishes at Eq. Indeed this differs (in our trivialization) from the 



covariant derivative by C°° (M)-linear combinations of the components of uq, which vanish by no = 0. 
We conclude that u + is C 1 . For the second derivative we first observe that the contributions 5 f » t U 

is constant. Moreover, since u is C 2 , the contributions ^i^u = ]^;~§i u 

piiwe have to use the wave 



all vanish on So since uq 



vanish on So since J^u = identically on T,q. For the last combination 
equation. Locally the wave equation reads 

J3dt 2 9t dx { dxi 

where g\ J is the inverse metric to the metric gt on St, and a,b l , B are coefficient functions. Evaluating 
this on So using the previous results gives = on So- Thus the second partial derivatives are 
also continuous in this local chart. It follows that u + is S 2 . By continuity it follows that Du + = 
everywhere. But then Theorem 4.1.11 gives immediately u + = since clearly u + has future compact 



du du ^ 

u + a m +b d^ + Bu 



o. 



support, see Figure 4.20 and M being globally hyperbolic fulfills the conditions of Theorem 4.1.11 
But this implies u\ T - w s = 0. An analogous argument for 



u 0) 



p G I M (E 
u(p) P G ImC^o 



shows that u\ 



as well. 



□ 



Remark 4.2.6 The alternative proof gives yet another interpretation of Cauchy hypersurfaces. They 
are the hypersurfaces S along which solutions of the wave equation can be sewed together if they 
match on S. The argument in this approach will be used at several instances again. 

In view of the alternative proof we see that the uniqueness of the solution to the Cauchy Problem 
is a direct consequence of Theorem 4.1.11 alone. The considerations in Section 4.2.1| before are not 

works even for distributional sections u £ T~°°(E) the 



4.1.11 



needed. Moreover, since Theorem 
regularity needed for the uniqueness is actually much smaller than C°°: 

Theorem 4.2.7 Let (M,g) be globally hyperbolic and let i : S ^ M be a smooth spacelike Cauchy 
hypersurface with future directed normal vector field n G r°°(i*TM). Let v G T°(E) be a continuous 
section and u G T 2 (i?) a C 2 -section satisfying the inhomogeneous wave equation 



Du 



v. 



(4.2.18) 



Then u is uniquely determined by its initial conditions uq = C&u and uq = t^V^u on S. 
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Proof. Requiring u E T 2 (E) is the minimal requirement to view (4.2.18) as a pointwise equation. 
In fact, since continuous sections still embed into T~°°(E) we also have Du = v in the sense of 
distributional sections. Suppose u E T 2 {E) is an alternative solution with the same initial conditions. 
Then u — u is a C 2 -solution of the homogeneous wave equation. For this we can repeat the argument 
from the alternative proof of Theorem |4.2.5 since we only needed C 2 there. Thus u — u = as 



distributions by Theorem 4.2.5 and hence u — u = as S 2 -sections as well. □ 



4.2.2 Existence of Local Solutions to the Cauchy Problem 

After the uniqueness we pass to the existence of solutions to the Cauchy problem. We will assume 
that the Cauchy data as well as the inhomogeneity of the wave equation have compact support. 
The first statement is still a local result to the Cauchy problem: 

Proposition 4.2.8 Let (M,g) be a time- oriented Lorentz manifold with a smooth spacelike hypersur- 
face i : E M with future directed normal vector field n. Moreover, let U C U cl C U' be a sufficiently 
small causal open subset of M such that Enf7 <—t U is a Cauchy hypersurface for U . Then there exists 
a unique solution u E T°°(E\ U ) for given initial values uq,uq E Y^^U^E^) and given inhomogeneity 
v E Fq 3 (E\ u ) of the inhomogeneous wave equation 

Du = v (4.2.19) 

with l*u = uq and l^V^u = uq. In addition we have 

suppu C Jm(suppuq U supptto U supp v). (4.2.20) 

Proof. As usual, sufficiently small means that we have our local fundamental solutions and therefor 
the result of Chapter [3] The uniqueness of u follows directly from Theorem 4.2.5 We can apply 



the splitting theorem for globally hyperbolic manifolds in the form of Theorem 2.2.31 to U, see 
also |45| Thm. 2.78]. Thus we find a Cauchy temporal function t on U inducing an isometry of U to 
Rx (En £7) such that the metric becomes (3dt 2 — gt with /3 E Q°°{U) positive and gt a time dependent 
Riemannian metric on E n U. Every t-level surface is Cauchy and we have the normal vector field 



which is normal to every level surface. Moreover, since by definition XJ C U' is contained in a 
convex domain U' the vector bundle E is trivializable over U' and hence over U. Therefore we can 
choose a frame {e a } over U of E\^ and write u — u a e a with smooth functions u a E C°°(t/) for every 
u E T°°(E\ u ). This allows to identify a section u with a collection of scalar function u a . The normally 
hyperbolic operator D is now of the form 

1 d 2 

where D contains at most first i-derivatives, still up to second derivatives in E-directions, and it has 
matrix- valued coefficient functions with respect to our trivialization induced by the e a - We claim now 
that the initial conditions together with the wave equation determine all t-derivatives of a solution 



along E. The argument is similar to the proof of Theorem 4.2.5 Suppose u is a smooth solution of 

du I 

at i 



Du = v with initial conditions uq and uq. We already know that uq is determined by uq and s " 



and conversely ^r| s is determined by uq and uq. Using (*) we see that 

3 2 u ~ ~ 

— T = (3(Du - Du) = f3(v - Du). 
ot A 
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This shows that ^ 



L is determined by uq and namely we have 



d 2 u 



(f3Du) 



where the right hand side uses only no and ^r| s since D is at most of first order in the t- variable. 
Moreover, differentiating (**) j-times we get 

Qj+2 



U 



Hence on E we have 



dP+ 2 
di +2 u 



dP+ 2 



&>(l3v) &> 


dP 


dP K 




di 


dP 


s ~~ ~d~tj 



(f3Du). 



We see that the right hand side is a C°°(E)-linear combination of the uq, d " 



at Ie> 



a j+1 u I 
0P+ 1 Ie 



(***) 
plus an 



affine term | s ■ Thus by induction we conclude that all t-derivatives of u on E are determined 

by no and ^r| s , and of course by the choice of the inhomogeneity v. Moreover, since we have a 
C°°(E)-afnne linear combination we conclude that 



supp 



d^u , 

d¥^ 



C supp no U supp no U supp v H E = K Pi E 



A" 



is contained in a compact subset K' = K Pi E of E for all j. Now we use these recursion formulas to 
define sections Uj 6 r°°(.E| s ) by (***) for all j > 2. First we note that we indeed can find a global 
section n 6 r oo (£') whose t-derivatives on E are given by the uy. this is essentially a consequence 
of the Borel Lemma for Frechet spaces, see e.g. [60, Satz 5.3.33]. For convenience we repeat the 



argument here: We choose a cut-off function x £ Co°(^) with suppx ^ [—1, 1] and x\ 



we did frequently in Section 3.4 we consider as Ansatz a series 

P 



.1 Ii 

2 ' 2> 



u(t,p) 



3=0 



t 



J- 



Uj(p) 



1. As 



(*) 



with numbers < €j < 1 yet to be chosen. We want to choose them in such a way that the series 
converges in the C°°-topology of r°°(£'|j / ). Clearly, each term has support in [—1,1] X K' whence 
we only have to consider the seminorms of r oo (£'| [/ ) estimating derivatives on this compactum. It is 
clear from the Ansatz and the properties of \ that if we have C°° -convergence then ^j| t _ Q = Uj for 
all j. Thus let us estimate the A;-th seminorm P[_i i i] X A' / ,fc °f eacn term of (★). With the usual Leibniz 
rule and the fact that the seminorms factorize on factorizing functions we get from Lemma 3.4.1 



P[-i,i]xA",fc Uj^j < jjV[-i,i),k(x)VK>,k( u j)- 

This allows to choose the ej such that 

e j maxp [ _ lil]ifc (x)p A '',fc(^) < 1- 

Then the series (*) converges in the C fc -norm P[-i : \] X K',k absolutely as the first terms do not spoil 
the convergence. Thus we have absolute C°°-convergence in total. This shows the existence of a 
u G r oo (S| [/ ) with 

d^u 



dP 
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(*, 

K' 


P) 


Jm(K) 




P 

R x K' 





Figure 4.21: The splitting yields simple timelike curves. 




Jm(K) 



Figure 4.22: The supports of the several sections in the proof of Proposition 4.2.8 



and 

suppu C J M (K). 

Indeed, the last claim follows from the fact that suppu C [—1,1] x K' and R x K' C Jm(K) since 
for every (t,p) G It x K 1 the curve r i— > (r,p) connects (0,p) to (t,p) and the curve is clearly timelike. 
This follows from the splitting of the metric, see also Figure |4.21| From the construction of u we see 
that Du coincides with v including all time derivatives on E. In other words, Du — v vanishes on S 
up to infinite order. Thus we can consider the definition 



w± 



which gives a smooth section w± G r oo (i?| [7 ). Since both u and v have compact support, also w± is 
compactly supported. Thus we can solve the inhomogeneous wave equation 

Du± = w± 



on the open subset U according to Theorem 3.5.17 with a smooth solution u± G T 00 (E\ U ) such 
that supp5± C Jy(suppw±). Since suppu; C (supp Du U suppu) n J + (S) C Jlj{K) we conclude 
(suppu;) C J^j(K). This shows that suppu-t C J M (K) f] U = J V {K), In particular, u\j^ ^ = 0. 
Now we consider the smooth section u± G r oo (£'| [/ ) defined by 



u± 



u±. 



Since u± vanishes on JS-(S) we have u± = u on J^-(S). In particular, u=p coincides with it up to 
all orders on £ by continuity of the t-derivatives. Thus u± satisfies the correct initial conditions. 
Moreover, on J^(S) we have 



Du±\j 

1 1 I 



DU ±\u±W 



(w 



u| /± (S), 

1 J rr 
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whence on this open part of U the section u± solves the inhomogeneous wave equation. Since both 
it_l_ and u_ agree on E up to infinite orders, as they agree with u, we can glue them together and set 



u 



u + on/^(S) 
U- onl^(S). 



On one hand, this yields a smooth section u G F 00 (E\ U ) on all of U . Moreover, u solves the inhomo- 
geneous wave equation on both open parts ijj(S) and hence on all of U by continuity. Finally, we 
know that 

supp(u-i-) C suppu U suppn-t C Jjj(K) U Jy(K) = Jjj{K), 

whence also supp u C Jjj (K) . This completes the proof. □ 
We can refine the above argument for finite order of differentiability. Here on one hand the Borel- 
Lemma is not needed as we can simply take a polynomial in t multiplied by the cut-off function 
in order to have compact support. On the other hand, we have to count orders of differentiation 
carefully: 



we 



assume to have initial values uq G T^ k+n+1 ^ +2 E\jj) , uq G T^ k+n+l ^ +l E\ v ) and an inhomo- 

geneity v G T^ k+n+1 \E\ u ) . Then there exists a unique solution u £T k {E\ u ) of the inhomogeneous 
wave equation 

Du = v 



with initial conditions iftv = uq and i*V n ii = uq. For the support we still have 

supp u C JA/(supp uq U supp uq U supp v). 



Proof. As in the proof of Proposition 4.2.8| we define the sections Uj recursively by 



dt j+i Is 



(PDu)\ : 



(4.2.21) 
(4.2.22) 

(*) 



with m = 



dv Is' 



Since for the right hand side we only have up to j + 1 time derivatives we need 
Uq,ui, . . . , Uj + i in order to determine Uj+2- m the local coordinates on U we split the operator D into 
D = D2 + E)i§i where D2, D\ are operators differentiating only in spacial directions. The coefficients 
of D2, D\ depend on all variables and D2 is of order two while D\ is of order one. Then the recursion 
(*) for u = uq + tui + \u2 + • • • can be written as 



u j+1 



Note that 



dP 



t=0 



dtr ^ k\ 

k=0 



t=0 



Uk+l 



t=0 



t=o \kj dP~ k 

k=0 



t=o 



Uk 



3 



A d^ k 

k=0 



t=0 



Uk+l- 



is again a differential operator of order two while 



is of order 



Q t j-k \r^ZJ\ t= Q ^ «, 6 <^" u, "V"™"' UlUV1 vviii ^ Qp-k \t-^u\ t=0 

one. This determines Uj+2 recursively in terms of spacial derivatives of uq, . . . , Uj+i- We claim that 
Uj+2 contains at most j + 2 derivatives of uq, at most j + 1 derivatives of u\ and at most j derivatives 
of v. Indeed, for j = we have 

U2 = (3v\„ - (3D 2 \ t uq - /3Di\ T ui, 
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which shows the claim for this j. By inductions we see from (**) that q. , 
most k + 2 derivatives of u$ and hence at most j ' + 2 derivatives since k 



= 0,.. 



lt=o 



Ufc contains at 
Moreover, it 



contains at most k+1 derivatives of U\ and hence at most k + 1 < j + 1. Finally it contains at most 
k — 1 derivatives of w and thus also here things match. For the second sum one proceeds analogously. 
Finally, the first term gives j derivatives of v, which also matches our claim. Now assume we are give 
u and ui of class e 2 ( fc+n+1 )+ 2 and e 2 ( fc+n+1 ) +1 J respectively. Moreover, suppose v £ T 2 {k+n+1) (E\ t 
Then the Uj defined by the recursion (*) are of class g 2 ( fe + n + 1 )+ 2 — i. Thus the finite sum 



u(t,p) = x(t) 



k+n+l 

E 

j=0 



Uj(p) 



gives a section of class at least £ fe + n + 1 + 2 . Moreover, the recursion shows that Du 
order t k+n+1 . Thus gluing this with zero gives a section 



v vanishes up to 



w± 



v on 
else, 



which is still of class g fc + n+1 everywhere. Then u± is of class Q k by Theorem 3.5.17 and thus u± are 
both of class Q k . Since u± is C k and vanishes on the open subset /J(E), the u± =u — u± agree with 
u on E up to order t k . Thus also the glued solution u is of class Q k as claimed. The statement about 
the support is analogous to the smooth case. □ 



Remark 4.2.10 Having Lemma 4.2.3 in mind, it is tempting to define the solution of the Cauchy 



problem (at least in the homogeneous case v = 0) by the formula (4.2.14): Using instead of a test 
section ip a 5-functional at p would directly give 



u(p) 



(Vf G^Oy | ff • u (a) - G' u (S p )\ (t ■ u (<7)) » s (a). 



(4.2.23) 



However, here we face two problems. First one has to shows that u is indeed a solution of Du = 
with the correct initial conditions. Second, and more severe, one has to justify the restriction of the 
distributions V^G' U (S P ) and G'y^Sp) to the hypersurface, which is indeed a nontrivial task. Thus we 



leave (4.2.23) as a heuristic formula and stay with Proposition 4.2.8 and Proposition 4.2.9 



4.2.3 Existence of Global Solutions to the Cauchy Problem 

To approach the global existence of solutions we assume as before that M is globally hyperbolic with 
a smooth spacelike Cauchy hypersurface E. Now we again use the splitting theorem M = RxS with 
the first coordinate being the Cauchy temporal function and St the Cauchy hypersurface of constant 
time t where we shift the origin to Eo = E. For every p E M we have a unique time t with p £ E(. 
On each Et we have a Riemannian metric gt such that g = f3dt 2 — gt- This allows to speak of the 
open balls around p £ Et of radius r > with respect to this metric gt- We denote these by B r (p) 



without explicit reference to t. Note that B r (p) C Et is open in Et but not in M, see also Figure 4.23 
Here we use the Riemannian distance d gt in Ej with respect to gt for defining the ball, i.e. 



d gt (p,q) = inf 



fl , t(7( T )>7( r )) dr 



7(a) =p,-y(b) = <?,7( r ) G E 



(4.2.24) 



where 7 is an at least piecewise C 1 curve joining p, q G E$ inside Et. Having such a ball we consider its 
Cauchy development DM{B r (p)) = D^(B r (P))U Dj /I (B r (p)) in M according to Definition 



2.2.19 



sec 



again Figure 4.23 We now want to find r small enough that Dm{B t {p)) is a nice open neighborhood 
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of p allowing a local fundamental solution: in this case we call an open neighborhood a relatively 
compact causal open neighborhood of small volume or short RCCSV for abbreviation. We start with 
a couple of technical lemmas, following 

Lemma 4.2.11 The function p : M — > (0, +oo] defined by 

p{p) = sup {r > | D{B r {p)) is RCCSV} (4.2.25) 
is well-defined and lower semi- continuous. 

Proof. We have to show first that the set of r > with D(B r (p)) RCCSV is non-empty. To this 
end we choose an RCCSV neighborhood U C {7 cl C U' as before. Then U fl Tit will be an open 
neighborhood of p in St hence it contains a B r (p) C S^. The problem might be that the Cauchy 
development of B r {p) may reach too far outside of U or even U' such that it is not RCCSV for free, 



see Figure 4.24 In fact, we have to choose a small enough r such that D(B r {p)) C U. In this case 
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Figure 4.25: Constructing a small enough open ball around p. 

it is causal in U' and has small enough volume. We choose points q^ £ U with p £ Jn( l T )- Then 

The 



4.25 



we consider the open subset J^(q-) n Jy{q + ) which is an neighborhood of p, see Figure 
intersection of this neighborhood of p (in M) with St gives an open neighborhood of p in St- Now 
we choose a B r {p) contained in this neighborhood. We claim that Dm{B t {p)) is in U. First we note 
that Ju(q T ) = UnJ±(q*) since U is causally compatible with M. Now if q £ D^(B r (p)) then 
every past-inextensible causal curve meets B r (p). We claim that g £ I~(q + ). Assume that this is 
not the case. Then we have a past-inextensible curve from p to q which has to pass through the 
backward light cone of q + . Denote this intersection point by qQ. Since we are inside a geodesically 
convex neighborhood U', we can take the unique lightlike geodesic from q + to this qo which is past 
directed. Since this geodesic is on the light cone, it hits the Cauchy hypersurface St not in the open 
subset Iy(q + ) but on its boundary, say in the point q±. Thus it will not intersect the even smaller 
open ball B r (p). Thus the combined curve from q back to qo and then back to q± will never hit 
B r (p), no matter how we extend it further in past directions. This contradicts q £ D M (p) whence we 
conclude that q £ I^(q + ). A simpler argument shows that q is also in the chronological future of q~ 
and hence in the intersection of the two open subsets I^(q~) and I^(q + ). An analogous argument 
shows that a point in D M (p) is also in this intersection. We finally arrived at the desired statement 
that Dm{B t {p)) is in U. 

Now let p £ M and r > with p(p) > r be given. In particular Dm{B t {p)) will be RCCSV. Then 
we have to show that for a given e > we have 

pip') > r — e 

for all p' in an appropriate open neighborhood of p. We consider the following function defined for 
p' £ DuiBrip)) by 

Xip') = sup {r' > | B r ,(p') C D M iB r ip))} , 

i.e. we ask for the balls around p' to be contained in the Cauchy development of B r (p). Note that p' 
may correspond to a different time t' ^ t which has to be taken into account in the definition of the 
radius r', i.e. we use g t i. We claim that there is an open neighborhood V of p such that for all p' £ V 
we have 

Xip') > r - e. 

Assume that this is not true. Then we can find a sequence p n — > p of points in £)jvf(-E? r (p)) with 
Xipn) < v — e for all n. Then it follows that for r' = r — | the ball B r t(p n ) is not entirely contained 
in DMiB r {p)) for all n. This allows to find a point q n £ B r 'ip n ) \ DuiB r ip)). Since DuiBrip)) is 
RCCSV the closure Dm (^r(p)) cl is compact and thus also -B r (p) cl C Dm iB r -ip)) cl - Since the metric 
<7t and hence the distance function d gt depend (at least) continuous on t we conclude that with the 
convergence of p n — > p and r' < r we have £> r /(Pn) Q [— 1, 1] xS r (p) cl for all n > no- But then also the 



points q n £ B r 'ip n ) Q [—1, 1] X B r ip) are in this compact "box", see Figure 4.26 Therefore we find a 



convergent subsequence which we denote by q n — > q as well. Now p n — > p and q n £ £? r /(p n ) cl whence 
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Figure 4.26: Balls around the p n with radius r' are finally inside the box [—1, 1] x B r (p) cl . 
D M (B r ,(p>)) 




Figure 4.27: For points p' G DM(B r (p)) the Cauchy development of a smaller ball is included in that 
of B r (p). 



q G B r i{p) cl follows. Since B r /(p) cl C B r (p) cl we conclude q G B r (p). But DM{B r (p)) is open and 
hence eventually all sequence elements q n are contained in DM(B r (p)) which is a contradiction. Thus 
our original claim was in fact true. Thus let p' G V be in this neighborhood and let r — e < r' < X(p')- 
Then by definition we have B r i(p') C Dm{B t {p)) and hence by Remark 



2.2.21 



we have 



D{B r ,{p')) QD(B r (p)). 



Since the larger Cauchy development DM(B r (p)) is RCCSV this is also true for the smaller DM(B r /(p')). 
Indeed, DM(B r '(p')) is causal in the surrounding convex U' and has smaller volume than DM(B r (p)) 
Since D M (B r ,(p')) d C D M {B r {p)) cl it is also pre-compact as wanted. But this shows p{p') > r' > r — e, 
which is the lower semi-continuity. □ 
Geometrically, this semi-continuity means that for a given B r (p) around p we can find a ball 
B r >(p') around p' with only slightly smaller r' < r such that the Cauchy development of B r /{p') is 



still entirely in the one of B r (p), see also Figure 4.27 The next auxiliary function we shall need is 
the following. We define for r > and p G M (always with respect to the chosen Cauchy temporal 
function) 

9 r (p) = sup {r > | J M (B^(p) cl ) n ([t - r,t + r] x S) C D M (B r (p))} , (4.2.26) 
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where t is the time corresponding to the point p, i.e. p E {t} x E C M. The picture to have in mind 
is sketched in Figure 4.28| Again, we first show that this is well-defined, i.e. the subset of r > with 
Jm {Br cl) n ([t — r, t + t] x E) C DM(B r (p)) is non-empty: 



Lemma 4.2.12 For every p E M and r > i/iere exists a r > suc/i i/iai 

^/ fe(p) d ) n ([t - r,t + r] x E) C D M (B r (p)), 



(4.2.27) 



where t £Wl is the unique time with p E E^. 



Proof. First we note the following statement: for a compact subset if C M = R x E let t m i n and t max 
be the minimum and maximum of the time function on if, respectively. Then consider an arbitrary 
time t > t max an d let if = Jjjt(if) n Ej which we can identify with a subset of E again since Et ~ E. 



Guided by Figure 4.29 we claim that if is contained in [i mm ,i] x if: indeed, let p E if be given, 
then there is a timelike curve from p to q E if which is just r h-> (r,p) where r ranges from the time 
t(p) > imin °f P to t. Thus in the trivialization p corresponds to (t(p),q) E [i m in>£] x if- Since if is 



compact, one knows that J^t(if) n E = if is compact as well, see e.g. 45 p. 44]. This shows that 



Jj^(K) n ([i m in,£] x E) C [i mm ,i] x if is compact, too. As we can argue analogously for JT^(if) we 
see that for any compact subset if C M the subset Jm(K) n ([£1,^2] x E) is compact for t\ < t m j n 
and t2 > t mSLX . In particular, Jm{Bz (p) cl ) H ([t — g, t + g] x E) is compact for all n > 1 since here 

^min = t = tmax' 

T7 ' rj. J 



Now assume such a r with (4.2.27) does not exist. Then we find g n E ([t 
Jm(Bl(p) c1 ) which are not in Dm{B t {p)). Since the subset J M (Br(p) cl ) n ([t 



x E) n 



t + i] x E) is 



compact we can pass to a convergent subsequence, which we also denote by g n converging to some q. 
Clearly, the point q has time value t. But this means q E Jm{Bl(p) c1 ) D {to} x E = i?r(p) cl . Now 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



202 



4. THE GLOBAL THEORY OF GEOMETRIC WAVE EQUATIONS 



J M (B 5 (Pn) Cl ) 



JM(x n ) 




t„ + e r (p)-e 



-(p)+e 



Figure 4.30: Construction of the points q n in the proof of Lemma 4.2.13 



DM(B r (q)) is an open neighborhood of B^{p) c , thus we have necessarily q n G DM(B r (q)) for almost 
all n. This a contradiction and hence we have a r > as wanted. 



□ 



Lemma 4.2.13 The function 9 r : M 



(0, oo] is well- defined and lower semi- continuous. 



Proof. By the last lemma, the function is well-defined. We consider p G M and e > 0. Then we have 
to show that for all p' in a suitable neighborhood of p we still have 9 r {p r ) > 6{p) — e. Let f £ R be 
the time of p. We assume that there is no such open neighborhood of p. Thus we find a sequence 
p n — > p of points with 9 r (p n ) < drip) ~ e f° r an n - Since luiBriv)) as wen as {t — T,t + r) xE are 
open neighborhoods of p we have 



Pn G J M [Bripf 1 n([-T,T] X E 



(*) 



for T large enough and n > no- As already argued in the proof of Lemma 4.2.12| this subset is 
compact. For the times t n of p n G {t n } x E we know i n — > t as p n — > p. Since r iPn) < Orip) ~ e 
we have 

J M (^§(p) c1 ) n ([*„ - e r ip) + e,t n + r (p) - e] X E) £ D M (BrW). 

Hence we can choose points q n G Jm ^-Br (p) c1 ) H ([t n — #r(p) + e > + $r(p) — e ] x ^) which are not 

By definition we find x n G Bziq n ) cl with g„ G Jmixn)- From 



in D M iB r ip n )), see Figure 



4.30 



p we also conclude that tor sufficiently large n we have 

JM (BdPnf) C J A/ (i? r .(p) cl 



see also Figure 



4.31 This shows that g n G Jj\/ ^i?r(p n ) cl j C J^j (i? r (p) cl ) whence together with 
Qn G [i n — #r(p) + e,t n + &rip) — e] x E we see that all the q n are in the compact subset (*). For 
the x n this is also true as we have x n G B?_ip n ) d C Jyi ^-Br (f>n) c1 ^ ■ We may pass to convergent 
subsequences q n — > q and x n — > x. Since x n G Bt ip n ) cl with p n — > p we conclude by continuity 
of the Riemannian distance function that x G Bzip) cl . Moreover, since the causal relation "<" is 



closed on a globally hyperbolic spacetime, see Remark 4.1.10 we conclude from q n G Jrvti x n) and 
the convergence of the sequences that q G J mix) an d hence q G JuiBz ip) cl )- In addition, since 
Qn G [t n — 6 r (pi) + e, t n + r ip) — e] x E and t n — > t we conclude that q G [f — r (p) + e, t + r (p) — e] X E. 
Thus we can use the definition of the function 6 r (p) at p and conclude from 



qeJ M [Br ipf )n([t-e r (p) + e,t + e r ip) - e] X S) 
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J M (Br 2 ( Pn y l ) J M (Br(p) Cl ) 




,Pn 




Figure 4.31: The double cones of the half radius balls around p n are included in the double cone of 
the full radius ball around p for large n. 



JM(Br(p n 



D M (B r ( Pn )) 



t„ + 9 r {p) - e 



t„ ~ 9r(p) + £ 



Figure 4.32: The causal curve 7„ from the proof of Lemma 4.2.13 which does not meet B r (p n ) 



that q G Dm{B t {p)). Indeed, 9 r {p) > 9 r {p) — e whence we can apply (4.2.26) for r = r (p) — e. Since 
the q n are not in DM(B r (p n )) we have an inextensible causal curve 7 n through q n which does not 
meet B r (p n ), see Figure 4.32| However, since T^ n is a Cauchy hypersurface, it meets 7 n in exactly 



one point, say y n , see also Remark 2.2.18 Now we claim that the y n are also in a compact subset. To 

-T,T}. First note 
> p but all the p n 



this end we consider again a large enough T such that all times occurring are in 
that it may well happen that none of the y n are in the compact subset (*) if p n - 
have the same time and come, say from the "right". In this case, already Minkowski spacetime gives 
us y n not in (*). However, the intersection Jm{B-l(p) c1 ) D St = L is compact and hence the past 



Lemma 


4.2.12 


see Figure 


4.33 


But then also the past J M {q n ) 



But now q n G J M (£§Cp) c1 ) £ Jm {B r (p) cl ) shows that q n £ J M {L). 

is in the past of J7j{L) and thus y n £ Juifln) Q ^m(^)- Since the 
time of y n is t n G [— T, T] we conclude that y n G JT,(L) D ([— T, T] x S) for all n. Clearly, if y n is in 

is reversed, the same holds for J~^{L) n ([— T, T] x S). Taking 



4.33 



the future of q n , i.e. the Figure 
the union Jj\,/(L) n ([— T, T] x S) will therefore give a compactum for which all y n are inside. Thus 
we can also here pass to a convergent subsequence y n — > y. Necessarily y G Sj as t n — > t. Since 
y n B r (p n ) we conclude y G B r (p) by continuity of the distance function d gt with respect to t. Since 
all the curves j n are causal, we have q n G JM{Un) an d by the closedness of the causal relation "<" on 
a globally hyperbolic spacetime we conclude q G Jm{v)- Hence there are inextensible causal curves 
through y and q. But since every such curve meets St in only one point, namely in y, it can not meet 
B r (p). However, q G Dm{B t (p)), which is a contradiction. □ 
The importance of the two lower semi-continuous functions p and 6 r is that they are bounded 
from below on every compact subset: this is an adaption of the statement that a continuous function 
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Figure 4.33: The compactum L. 



is bounded (it takes maximum and minimum) on a compact subset. Indeed, let / : K — > R be lower 
semi-continuous and K compact. Then for all p E K and e > we find an open neighborhood U(p) 
of p such that f(p') > f(p) — e for all p' E U{p). Covering K with finitely many such neighborhoods 
U(pi), . . . ,U(p n ) we see that f(p') > rninj f(pi) — e whence / is bounded from below. Let c = 
infpgif f(p) the infimum of /. Then we have a sequence p n E K with f(p n ) — > c. Now K is 
compact whence p n has a convergent subsequence which we denote also by p n — > p. Thus let e > 
and choose U C K such that /(p') > f(p) — e for all p' E J7. Now all but finitely p n are in U 
whence f(p n ) > f(p) — e for all but finitely many n. It follows that also the limit lim n f(p n ) satisfies 
c = lim n f(p n ) > /(p) — £• Thus c > /(p) — e for all e > 0. But by construction of c we know c < /(p) 
whence /(p) = c follows. 

It follows that on a compact subset K C M the functions p and r are bounded from zero. We 
use this in the following lemma: 

Lemma 4.2.14 Let K C M by compact. Then there is a 5 > such that for all times t 6 M and 
all ut,ut E r°°(ij E 1 ) on St urat/i support suppu£,supptit ^ K we have a smooth solution u of the 
homogeneous wave equation Du = on the time slice (t — 5,t + 5) x S with the initial conditions 
n !st = Ut an< ^ ^n u ls = Moreover, for the support one has 

suppu C J A ,/ (supply U suppn t ) . (4.2.28) 

Proof. Since p is lower semi-continuous according to Lemma [4. 2 . 1 1 1 and positive, it admits a minimum 
on the compact subset K. Thus we find an ro > with p{p) > 2ro for all p E if. For this radius, 



the function #2r is lower semi-continuous according to Lemma 4.2.13 and positive. Hence we find a 
5 > with #2r > ^ on K- We claim that this 5 will do the job. Thus let t E R be given. Since 
£f n K is again compact, we can cover n K with finitely many open balls B ro (pi), . . . , B ro (pj^) of 
radius ro, where as usual the notion of "ball" refers to the Riemannian manifold (T,t,gt)- We can find 
a smooth partition of unity \ii ■ ■ ■ > XJV subordinate to the cover B ro (pi) U . . . U B ro (p^), i.e. on this 
open cover of T, t n K we have xi + • ' ' + = 1 an d supp x« ^ -B ro (p Q ) for all a = 1, . . . , N. It follows 
that we can decompose the initial conditions ut and iit into smooth pieces having compact support in 
B ro (p a ) by considering Xa u t and Xa^t, respectively. Clearly, we still have Xa u t-, Xa^t G ^o^{ L t-^) an d 

Xl u t H 1" XAf^t = "U* as wen as Xl^t + • • • + XAf^t = By definition of p the Cauchy development 

£?M (B2m(P a)) of the balls with twice the radius is still RCCSV, see Figure 4.34 Thus we can apply 
Proposition 4.2.8 



to these open subsets and obtain a smooth solution u n E T°° ( E „ ,„ , NX I of 

1 ' '-DMl^roCPc))/ 



the homogeneous wave equation Du a = on DM{B2r {Pa)) for the initial conditions 

u a \ T =XaU t and VfuJ = XaU t - 
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D M (B 2 




D M {B 2ro {p 2 )) 



Figure 4.34: The covering of the compact subset K nS( and the Cauchy development of the balls. 

D M {B2r {p a )) 



extended by 
zero here 




extended by 
zero here 



Figure 4.35: The local solutions u a constructed in the proof of Lemma 4.2.14 and their support. 



Moreover, since we consider the homogeneous wave equation, the supports satisfy 

SUpptt Q C J M (suppX a U t U SUppXc^t) • 

By definition of the function #2r anci the choice of 5 we see that 

Jm (B ro ( Pa ) cl ) (l([t-(S,t + i5]xS)C D M (B 2ro (Pa)). 



(*) 



Hence the solution u a is defined on the subset Jm (B ro (p a ) cl ^ n ([t — 5, t + 6] x £). Moreover, since 
supp XaUt-, supp XaUt Q B ro (p a ) we conclude from (*) that 



suppua CJ H (B ro (p Q 



\cl 



Since u a is smooth on Dm{B2v (Pa)) we can safely extend u a by zero to (t—5, t+5) x S, see Figure |4~35 
and have a section u a G T°° 
and .Du^ = as well as 



\(t-S,t+S)x'E 



satisfying suppu Q C J M (B ro (p a ) cl ) n ([t — 5, t + S] x S) 



and V n u c 



XaUt- 



Then their sum u = u± + . . . + «tv wm still satisfy Du = on (t — S, t + 5) x S and 

since the Xa are a partition of unity. Finally, 
supp u C supp iti U . . . U supp ujv 
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C J M (supp xiut U supp xiu t ) U . . . U J M (supp XNUt U supp XNU t ) 
C J M (supp xi«t U supp xiu t U supp XNU t U supp xjv«<) 
C J M (supp u t U supp lit) , 

since on one hand Jm{A) U Jm{B) C Jm(A U -B) and on the other hand supp Xct^ C suppn^ and 
suppXa^t C suppn^ for all a. This completes the proof. □ 

Remark 4.2.15 We see from the proof that we do not loose any differentiability by the globalization 
process. Only for the local solvability of the Cauchy problem we need to count orders of differentiation 
carefully. The reason is that the partition of unity can be chosen smooth and hence we do not spoil 
regularity by decomposing everything into small pieces. Thus we get from Proposition |4.2.9| the 
analogous statement: for initial conditions u t G T 2( - k+n+1 ^ +2 (tf E) and u t G T 2 ^ k+n+2 ^ +1 (if E) with 

the same support conditions we get a solution u G T k ^\^st+S)xl^) 1 wnere °f course k > 2. The 
statement on the support is also still valid. 

Now we come to the existence of global solutions to the Cauchy problem. As before, M = ExS 
is globally hyperbolic with a smooth spacelike Cauchy hypersurface. 



Theorem 4.2.16 Let (M,g) be a globally hyperbolic spacetime with smooth spacelike Cauchy hyper- 
surface i : Yj M. 

i.) For uo,uq G T'^'(l^E) and v £ F'^'(E) there exists a unique global solution u G T 00 (E) of the 
inhomogeneous wave equation Du = v with initial conditions C&u = no and l^V^u = uq. We 
have 

supp u C J M (supp uq U supp no U supp v) . (4.2.29) 

ii.) Fork>2 and u Q G vf k+n+1)+2 (t# E) , u G r|f +n+l)+ \i#E) and v G r|f +n+1) (£) there 
exists a unique global solution u G Y k (E) of the inhomogeneous wave equation Du = v with 



initial conditions l^u = uq and t*V B 



u 



uq. It also satisfies (4.2.29). 



Proof. Uniqueness follows in both cases from Theorem 4.2.5| We consider the first case with smooth 
initial conditions. Since all the supports are compact so is their union. Therefore, we can cover 
this compact subset with finitely many RCCSV subsets for which we can apply the local existence 
according to Proposition |4.2,8} Again, choosing an appropriate partition of unity subordinate to this 
cover, we can decompose the initial conditions and the inhomogeneity into pieces having their compact 
supports inside of the RCCSV subsets. If we succeed to show the existence of a global solution for 
such initial conditions and inhomogeneity with support in the RCCSV subset, we can afterwards sum 
up this finite number of solutions to get a solution for the arbitrary uq,uq and v. This shows that 
without restriction, we can assume that supp uq, supp uq and suppf are contained in a single RCCSV 
subset U C U cl C U' as required by Proposition |4,2,8| We set K = supp no U supp no U supp v C U, 



which is still compact. By using a second partition of unity argument, we can cut K into even smaller 
pieces such that we have, for the fixed U, the properties 



K c 



-e, e 



x E 



and 

Jm(K) n (( 

for an appropriate small e > 0, see Figure 



-e,e) x S) C U, 



4.36 



Now let u G T 00 (E\ U ) be the solution according to 
Proposition 4.2.8 Since suppn C Jm(K) we see that we can smoothly extend n to the whole time 
slice (— e, e) x S by 0. We have to argue that we can extend this solution even further on arbitrarily 
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Figure 4.37: The choice of 4 for given 5 > in the proof of Theorem 4.2.16 



large time slices (— T, T) x £. Thus we set T max to be the supremum of all those times T for which 
there exists a smooth extension of u to the slice (— e,T) x £, still obeying the causality condition 
suppu C Jm(K). Since we have at least T > e the supremum Tmax is positive. Since K is in the 
slice (— e, e) x £ we have .Du = on [+e,T max ) x £ since the inhomogeneity has suppw C K. If we 



have two extensions, u until T and u until T with T < T, then u 



(-e,T)xS 



u since the open piece 



(— e, T) x £ is globally hyperbolic itself. Hence the uniqueness statement from Theorem 4.2.5 applies 
to u\, £ T \ xS and u. Thanks to this uniqueness we only have to show the existence of a solution for 
arbitrary, but fixed finite T, i.e. T max = +oo. This will automatically give a solution defined for all 
times 4 6 R + and hence a solution on (— e, oo) x £. 

We assume the converse, i.e. T max < oo. We consider K = ([— e, T max ] x £) U Jm{K) which is 



compact as we have already arg ued at t he beginning of the proof of Lemma 4.2.12| in greater generality. 
We can therefore apply Lemma 4.2.14 to this compact subset K yielding a 5 > as described there. 
Now we take a 4 < T max with T max — t < 5 but K C (— e, t) x £. Note that since K C (— e, e) x £ 
and T max > e, this is clearly possible no matter what 5 > is, see Figure 4.37 On the whole slice 



(t — 5, t + 5) x £ we solve the homogeneous wave equation Dw = for the initial conditions 



w 



I St 



and 



which is possible thanks to Lemma 4.2.14 On a smaller slice (£ — 77,4 + 77) x £ the inhomogeneity v 



already vanishes by suppv C K since K is contained in the open slice (— e,4) x £. Thus on this slice 
w and u both solve the homogeneous wave equation with the same initial conditions on Ef. Therefore 
w = u on (— e, t) x £, again by the uniqueness theorem. But this shows that w extends u to the 
slice (— e, t + 5) x £ in a smooth way. For the support we see that the initial conditions for w are 
contained in Jm(K) D £4. For the future of 4 this means that suppw is still contained in Jm(K), for 
the past of 4 we already know that w = u whence in total suppw C Jm(K), see Figure 4.38 But 



T max < t + 5 whence we get a contradiction since w is a valid extension of u with all desired properties. 



Thus T„ 



+00. An analogous argument shows that also in the past directions we can extend the 
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solution to t = — oo. This gives the first part. The second part proceeds completely analogous, using 



only Proposition 4.2.9 and Remark 4.2.15 instead. □ 



4.2.4 Well-Posedness of the Cauchy Problem 

We have seen that the Cauchy problem for the inhomogeneous wave equation with smooth initial data 
and smooth compactly supported inhomogeneity admits a unique smooth solution. Also in the context 
of sufficiently large but finite differentiability we have a unique solution to the Cauchy problem. A 
Cauchy problem is called well-posed if for given initial data one has a unique solution which depends 
continuously on the initial data. Of course, this requires to specify the relevant topologies in detail. 
In typical situations, the relevant topologies should be clear from the context. Note also that for 
physical applications a continuous dependence on the initial data is certainly necessary in order to 
have a physically reasonable theory: initial data are always subject to (arbitrarily small but non- 
zero) uncertainties when measured. Thus a discontinuous dependence would lead to a physical theory 
without predictive power. But even if one has continuous dependence it may well happen for Cauchy 
problems that the discrepancy at finite times between solutions corresponding to very close initial 
conditions grows very fast in time, typically in an exponential way when quantified correctly. Thus 
it might be of interest to have the continuity even sharpened by some more quantitative description. 

Back to our situation we want to show the well-posedness of the Cauchy problem with respect 
to the usual locally convex topologies of smooth or C fc -sections. The main tool will be the following 
general statement from locally convex analysis: 

Theorem 4.2.17 (Open mapping theorem) Let £,£ be Frechet spaces and let <\> : Z — > £ be a 

continuous linear map. If <p is surjective then <p is an open map. 

As usual, a map 4> is called open if the images of open subsets are again open. The proof of the open 
mapping theorem can e.g. be found in |5lj Thm. 2.11]. We will need the following corollary of it: 

Corollary 4.2.18 Let (f) : £ — > £ be a continuous linear bijection between Frechet spaces. Then (p^ 1 
is continuous as well. 

Indeed, let XJ C £ be open. Then the set-theoretic (</> _1 ) _1 (C7), i.e. the pre-image of U under (J) , 
coincides simply with (j)(U) which is open by the theorem. Thus is continuous. Note that for 
general maps between topological spaces a continuous bijective map needs not have a continuous 
inverse at all. 



We are now interested in the following situation: the result of Theorem 4.2.16 can be viewed as 
a map 

t™(l#e) e y^(l*e) e r™(E) — > t°°(e), (4.2.30) 
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sending (uq,uq,v) to the unique solution u of the wave equation Du = v with initial conditions uq 
and uq. Clearly, the map (4.2.30) is linear which easily follows from the uniqueness statement of 



Theorem |4.2. 16 Thus continuous dependence on the initial conditions will refer to the continuity of 
the map (4.2.30). Note that this even includes the continuous dependence on the inhomogeneity v. 
The relevant topologies are then the C°°-topology on the target side and the canonical topology of the 
direct sum of the Cq° -topologies. Since the direct sum is finite, this is not problematic and essentially 
boils down to show 6§°-continuity for each summand. This way, we arrive at the following theorem: 



Theorem 4.2.19 (Well-posed Cauchy problem I) Let (M,g) be a globally hyperbolic spacetime 
with smooth spacelike Cauchy hypersurface i : £ <—t M. Then the linear map (4.2.30) sending the 



initial conditions and the inhomogeneity to the corresponding solution of the Cauchy problem is con- 
tinuous. 

Proof. First we note that the "inverse" map which evaluates an arbitrary section u £ T°°(E) on the 
Cauchy hypersurface and applies D to it is continuous, i.e. 



7:T°°(E)Bu^ (i*u, i*V^u, Du) G T°°(l*E) © r°°(L#E) © T°°(E) 



(*) 



is continuous in the S°° -topologies. This is clear as all three components of 7 are continuous. Indeed, 



the restriction is continuous by a slight variation of the results from Proposition 1.1.20 The applica- 
tion of either V„ or D is continuous as well whence the continuity of each of the three components 
of 7 follows. However, for a general u £ T°°(E) neither the restrictions iftu and l^V^u nor Du 
will have compact support. Thus we enforce this by considering a fixed compact subset K C M and 
the subspaces r^ nS (i#.E) as well as T C ^{E) of r°°(i#.E) and T°°(E) of those sections with compact 
support in the compact subsets K D £ and K, respectively. By Lemma 1.1. 10| we know that both 
spaces are Frechet spaces as they are C°°-closed subspaces of the Frechet spaces T°°(l#E) and T°°(E), 
respectively. Hence their direct sum is a closed subspace of the target in (*) whence the pre-image 

V K = 7-\T^{l*E) © T^(l*E) © T%(E)) C T°°(E) 

is again closed. This way, it becomes a Frechet subspace itself. Restricted to Vk , the map 7k = 7\ v 
becomes bijective, this is precisely the statement of Theorem 4.2.16 Indeed, 7k is surjective since 
every point in r^ nE (i*£') © r ( ^ nS (i*£') © T^(E) has a pre-image. This is just the existence of the 
solutions to the Cauchy problem. However, as the solution is unique, we have precisely one pre-image 
under 7k- Since now all involved spaces are Frechet themselves and 7k is obviously continuous, we 



can apply Corollary 4.2.18 to conclude that 7k has continuous inverse 



9-1 
K 



^Kn^*E) © r% n x(o*E) © r°°(£) — ► v K c r°°(£) 



for all K C M compact. By the definition of the inductive limit topology this gives us immediately 



the continuity of the map (4.2.30) as claimed. In fact, this is again a general feature of LF topologies 
and this trick can be transferred to the general situation, see e.g. 34 . □ 



With an analogous argument we also obtain the well-posedness of the Cauchy problem in the 
following situation of finite differentiability: 



Theorem 4.2.20 (Well-posed Cauchy problem II) Let (M,g) be a globally hyperbolic spacetime 
with smooth spacelike Cauchy hypersurface 1 : ZJ ^ M and let k > 2. Then the linear map 

Tf +n+l)+ \i#E) © rf +n+l)+ \i*E) © Tf +n+l) {E) — > T\E) (4.2.31) 

sending (uq,uq,v) to the unique solution u of the inhomogeneous wave equation Du = v with initial 
conditions l&u = uq and l^V^u = uq is continuous. 
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Thus we have in both cases a well-posed Cauchy problem. There are, however, some small 
drawbacks of the above theorems: First, as already mentioned, we are limited to inhomogeneities v 
with compact support in M. Physically more appealing would be an inhomogeneity with compact 
support only in spacelike direction, i.e. the "eternally moving electron". Note that this is clearly 
an intrinsic concept on a globally hyperbolic spacetime. Moreover, the control of derivatives in 



Theorem 4.2.16 and hence in Theorem 4.2.20 seems not to be optimal. In particular, it would be nice 



to show that the map (4.2.31) has some fixed order independent of k. 



4.3 Global Fundamental Solutions and Green Operators 

While in Chapter [3] we have discussed the local existence of fundamental solutions as well as their prop- 
erties we shall now pass to the global picture. From the uniqueness statements in Corollary |4. 1 . 13 



we 

see that the local advanced and retarded fundamental solutions necessarily agree with the restrictions 
of the corresponding global ones if the latter exist at all. Here we have to restrict to such an RCCSV 
neighborhood which is globally hyperbolic itself, i.e. a Cauchy development of a small enough ball 
in S. Then the question of existence of global fundamental solutions can be viewed as the question 
whether the given local fundamental solutions can be extended to the whole spacetime. 

Actually, we shall proceed differently and construct the global fundamental solutions directly using 
the global statements on the Cauchy problem. As before, we assume throughout this section that 
(M, g) is globally hyperbolic. 

4.3.1 Global Green Functions 

We first consider the smooth version. Here we start with the following theorem: 

Theorem 4.3.1 Let (M,g) be a globally hyperbolic spacetime and D G DiffOp 2 (.E) a normally hyper- 
bolic differential operator. For every point p G M there is a unique advanced and retarded fundamental 
solution F^(p) of D at p. Moreover, for every test section <p> G T^^E*) the section 

M 3 V ^ F±(p)<p G E* p (4.3.1) 

is a smooth section of E* which satisfies the equation 



Finally, the linear map 



is continuous. 



D^F±{.)v = V- (4.3.2) 



B% : T%>(E*) 3 v -> F*( ■ )<p G T°°(E*) (4.3.3) 



Proof. The uniqueness was already shown in Corollary 4.1.13 For the existence we consider the 
following construction: we first choose a splitting M ~ Ex S with a Cauchy temporal function 
being the first coordinate of the product and £ being a smooth spacelike Cauchy hypersurface. We 
denote as usual by the level set of fixed time t, i.e. = {t} x £ M, which is again a Cauchy 
hypersurface. Normalizing the gradient of t appropriately we obtain the smooth future-directed unit 
normal vector field n G r°°(TM) which, at £ t , is normal to £ 4 for all times t. Now let «p G T^(E*) 
be a test section of E* . Since (p has compact support we find a time t such that supp <p is in the past 



of t. More precisely, we have supp^ C I M (Y, t ), see Figure 4.39 We now apply Theorem 4.2. 16| to 



the transposed operator D T G DiffOp 2 (i?*) which we know to be normally hyperbolic as well. Thus 
we obtain a unique global and smooth solution ip + G T°°(E*) of the inhomogeneous wave equation 
D t i(j + = ip for the initial conditions tfip + = = tf^V^* if) + . First we note that ^ + does not depend 
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on the precise choice of t. Indeed, let t 1 be another time with suppy? C I M (T, t i) and assume e.g. 
t < t' . Denote by G T°°(E*) the corresponding solution of the Cauchy problem D T ip + ' = tp 
,#„/,+/ _ q _ L #\jE' ih+'. Then we find a t < t such that suppw C iT,(£r) since 17,(1^+] is 



and lS 

open while suppc/? is closed, see again Figure 4.39| The open piece (t, oo) x £ = |J 4> ^S( C M is 
still a globally hyperbolic spacetime on its own. Here satisfies D t i(j + ' = since suppy? is not 
in this part of M. Since has vanishing initial conditions on T, t / we conclude by the uniqueness 
properties of solutions that = on (t, oo) x S. This implies in particular the feature that 
if^J +l = = if^n whence both ^ + and ^ +/ have vanishing initial conditions on St and 
satisfy the wave equation D T ip + ' = tp = D T ip + on all of M. Thus by the uniqueness according 
to Theorem 4.2.7 we conclude vp + = ip +l '. Hence the section ip + does not depend on the choice of 
t as long as t is large enough. According to Theorem 4.2.19 the map which assigns tp to ip + is a 
continuous linear map with respect to the C§°- and C°°-topology. Moreover, evaluating ip + at a given 
point p G M is a £*-valued continuous linear functional, namely the ^-functional. Thus the map 
(p i — y ip + (p) is a continuous linear functional for every point p G M. This defines the generalized 
section F+(p) G T-°°(E) ® E*, i.e. 



with ■0 + as above. By definition of Fj}{p) the map (4.3.1 ) is just the map tp i— > ip + which is continuous 
according to Theorem 4.2.19 and yields a smooth section ip + . This shows (4.3.1) and (4.3.3) for 
the case of "+". We prove that F^(p) is a fundamental solution at p. For the two test sections 
tp,D T tp G r§°(i?*) we have resulting solutions as above, i.e. D T ip + = (p and D T vp + = D T tp. 

Thus D T {ip + — <p) = and both ip + and ip have vanishing initial conditions on S^: the section </? 
even vanishes in an open neighborhood of while ^ + has vanishing initial conditions on by 
construction. Thus by uniqueness we have ip + — tp = 0. Unwinding this gives 

(2?i&(p)) [}p) = F+(p){D*<p) = i> + {p) = tp(p), 

hence DF^(p) = S p follows as tp is an arbitrary test section. This gives us a fundamental solution 
Fjrfip) at every point p G M. It remains to show that F^(p) is actually an advanced fundamental 
solution, i.e. supp F^{p) C J^(p). Since J^(p) is closed by global hyperbolicity of M we have to 
find an open neighborhood of q G M \ Jj^{p) on which F^(p) vanishes. Thus let q £ J^ip) be such 
a point. By closedness of J^j(p) there is an open neighborhood of q such that q' J^(p) for all q' 
in this neighborhood. We distinguish two cases. If p ^ Jm(q) then we also have p ^ JmW) f° r an 
q' in a small neighborhood of g. Thus we can choose q',q" close to q with q G I^(q') n ltj(q") but 
P ^ JmW) an( i P ^ JmW)i see Figure 4.40 In this case p ^ Jm(Jm{q" ><?'))■ Since Im(q",q') is an 
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JUp) 




Jm(i') 

Figure 4.40: Choosing the points q' and q" with q G Jm(q" ,q') f° r Q anci P spacelike. 




" WW) 



Figure 4.41: The points p and q do not lie spacelike to each other. 



open neighborhood of q we have for all p> G T^(E*) with supp^ C J^(g", g') by Theorem 4.2. 16[ |«[ 
the property suppV> + C Jjvf(supp<^) C J^(g")U J^(g'), where V> + is the section with vanishing initial 
conditions for large times and D T ip + = (p. Since p ^ J^{q") U J^f(q') we have = ift + (p) = -^m(p) < / 9 - 
However, this simple argument only works for p and g spacelike. Thus the other case is where p and q 
are not spacelike, but p is in J^j(q). But then necessarily the time t of p is strictly larger than the one 
of q as q 7^ p. We fix a time t' between t and the time of q and choose a point on in the future 
of g, see Figure 4.41 Moreover, let G Im(i) be arbitrary. This gives us an open diamond 
Im(q"iQ') which is an open neighborhood of q. Let 99 G r§°(£'*) have support in Im(q",q') an d let 
ip + be the solution of D T ip + = ip with vanishing initial values for large times as before. Since t > t' 
is clearly later than suppc^ we have = 0- But this gives ip + {p) = also in this case and hence 

Fj^{p)if = for all such tp. This finally shows that supp.F^(p) C J^(p) as wanted. The retarded 
case is analogous as usual. □ 
We can strengthen the above result in the following way. As we have at least some rough counting 
of needed derivatives in Theorem 4.2.16, 1^ ) for the Cauchy problem we can use this to estimate the 
order of the Green functions F M (jp): 

Theorem 4.3.2 Let (M,g) be a globally hyperbolic spacetime and D G DiffOp 2 (i?) a normally hy- 
perbolic differential operator. Then the unique advanced and retarded Green functions F^(p) of D at 
p are of global order 

ordF^O) < 2n + 6. (4.3.4) 



More precisely, the linear map (4.3.3) extends to a continuous linear map 



F 



(4.3.5) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



4.3. Global Fundamental Solutions and Green Operators 



213 



for all k >2 such that we still have 



ip. 



(4.3.6) 



Proof. By Theorem 4.2.16 



) we can repeat the whole construction in the proof of Theorem 4.3.1 
for a test section ip E T^ k+n+l \E*) . Indeed, the initial conditions for ip + being zero for large times 
clearly satisfy the differentiability conditions of Theorem |4 . 2 . 1 6 Thus we obtain a solution 

ip + E F k (E) of D T ip + = ip. With the definition Ftf(jp)(p = ip + ip) and hence = • )tp we get by 



Theorem 4.2.20 the continuity of (4.3.3). By construction, (4.3.6) still holds. Now let p E M be given 
and choose k = 2 which is the minimal one allowed by Theorem 4.2.16 and Theorem 4.2.20 Then 



the continuity of (4.3.3) implies that for all compact K C M we find a constant c > with 



F 



M 



(P)<P\ = P{p},0 [ F m( ■ )<f) ^ c PE-,2(fc+n+l)(V5)- 



But this shows that the local order of F^(-) on the compactum K is less or equal than In + 6, 
independently on K. It is clear by the usual density argument that the map Fj^(p) defined here is 
indeed the unique extension of the advanced Green function defined in the previous Theorem. The 
retarded case is analogous. □ 

Remark 4.3.3 Again, the estimate on the order is usually very rough and even worse than the 
estimate we found in the local case. Nevertheless, the important point is that the order is globally 
finite and independent of p. Since in the construction of the solution ip + we only needed the very 
special initial conditions t^ifj + = = t^Vjf ip + the proof of the local solution to the Cauchy problem 



as in Proposition 4.2.9 with finite differentiability simplifies drastically yielding a simplified recursion 



only involving the inhomogeneity. We leave it as an open task to improve the estimate (4.3.4) on the 
global order. 



4.3.2 Green Operators 

The fundamental solutions F M (p) were constructed as the map if 
Tq^E 1 *) — > T°°(E), i.e. the solution map from the Cauchy problem. We shall now investigate this 
map more closely as it provides almost an inverse to D. In general, one defines the following operators. 



' — ^ ip ' — ^ F M (p)(p) being a map 



Definition 4.3.4 (Green Operators) Let (M, g) be a time-oriented Lorentz manifold and D € 
DiffOp 2 (i?) a normally hyperbolic differential operator. Then a continuous linear map 



Gjj : Vq(E) — > T°°(E) (4.3.7) 

with 



ii.) G M D\ , E) - id r oo (jB) 



rg°(£) 



Hi.) supp(G^-u) C J^ f (suppti) cl for all u £ Tq'(E) 



is called an advanced and retarded Green operator for D, respectively. 

Note that if the causal relation is not closed we have to put a closure in partpMj by hand. In view of 



the local result in (4.2.8) one can imagine that a Green operator for D is linked to the fundamental 



solutions G^j(p) of the dual differential operator D T £ DiSOp 2 (E*). In fact, we have the following 
proposition for general spacetimes, where we require suppG^(p) C (J^(p)) cl in the case when the 
causal relation is not closed. 

Proposition 4.3.5 (Green operators and fundamental solutions) Let (M, g) be a time-oriented 
Lorentz manifold and D E DiffOp 2 (£') a normally hyperbolic differential operator. 
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i.) Assume {G^j(p)} is a family of global advanced or retarded fundamental solutions of D T at 
every point p £ M with the following property: for every test section u G T^(E) the section 



p i y G^ I (p)u is a smooth section of E depending continuously on u and satisfying DG^( ■ )u 



u. 



Then 

(G±u)(p) = G^(p)u (4.3.8) 

yield advanced and retarded Green operators for D, respectively. 

ii.) Assume G M are advanced or retarded Green operator for D , respectively. Then G^(p) : T'^'(E) — 
C defined by 

G±(p)u = (Gl lU )(p) (4.3.9) 

defines a family of advanced and retarded fundamental solutions of D T at every point p G M 
with the properties described in^), respectively. 

Proof. For the first part we assume to have a family {G^(p)} pg A/ of advanced or retarded funda- 
mental solutions of D T with the above properties. By assumption, the resulting linear map (4.3.8) 



is continuous. It satisfies DG M = idpgo(^) also by assumption. Since the G M {p) are fundamental 
solutions of D T we have 

(G±Du)(p) = G*(p)(Du) = (D^Gl(p))(u) = S p (u) = u(p) 

for all p G M and u £ Tq d (E). Thus G^D = idpgo^ as well. Finally, we have to check the support 



properties thereby explaining the flip from ± to =p in (4.3.8). Thus let p £ M be given such that 



7^ (G M u)(p) = G T (p)u. Since the support of the distributions G%f (p) is in J^{p) this implies 



that suppu has to intersect Jfj(p) cl . Since J^Ap) d = If.ApY 1 , see 45 Prop. 2.17], and since suppu 



has an open interior which is non-empty, we see that suppu also has to intersect I^{p). But then 
p £ /^(suppii) whence supp(G^ f «) C I^(suppu) cl = J^(suppu) cl follows, proving the first part. 



For the second part assume G M is given and define G M (p) = S p o G^-, according to (4.3.9). This is 
clearly a distribution since 5 p is continuous and G^ is continuous by assumption. By construction, 
the section p \— > G^(p)u = (G^ju)(p) is smooth and depends continuously on u. We have 



DG* ( .) u = D(p^ G*(p)u) = DG 



■it 



as well as 

{D^GUp)) (u) = G*(p)(Du) = {G±(Du)) (p) = u(p), 

whence G^.j(p) is a fundamental solution satisfying also DG^( -)u = u. Finally, for the support we 
can argue as before in part]^,). □ 

Remark 4.3.6 (Green operators) 

i.) If the causal relation "<" is closed then the definition of a Green operator simplifies and also 
the above proof simplifies. This will be the case for globally hyperbolic spacetimes. 

ii.) At first glance, a Green operator of D looks like an inverse on the space of compactly supported 
sections. However, this is not quite correct as G^- maps into T°°(E) and not into Tq^^E). 
Nevertheless, the Green operator behaves very much like an inverse of Z) roo ,„. 

Hi.) In general, Green operators do not exist: if e.g. M is a compact Lorentz manifold and D = □ is 
the scalar d'Alembertian then the constant function 1 has compact support but satisfied Dl = 0. 
Thus GDI = 1 is impossible for a linear map G. 

In the case of a globally hyperbolic spacetime our construction of advanced and retarded fundamental 



solutions in Theorem 4.3. 1| gives immediately advanced and retarded Green operators: 
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Corollary 4.3.7 On a globally hyperbolic spacetime any normally hyperbolic differential operator has 
unique advanced and retarded Green operators. 

Proof. Indeed, the fundamental solutions were precisely constructed as in the proposition with the 



operator coming from the solvability of the Cauchy problem in Theorem 4.3.1 □ 
Having related the Green operators of D to the fundamental solutions of D T we can also relate the 
Green operators of D and D T directly. First we notice that, as we already did locally in Section 3.5 
the Green operators allow for dualizing: 

Proposition 4.3.8 Let (M,g) be globally hyperbolic and let D G DiffOp 2 (-E) be a normally hyperbolic 
differential operator with advanced and retarded Green operators G M : F^(E) — > F°°(E). 
i.) The dual map (G M )' : Fq°°(E*) — > F^ 00 (E*) is weak* continuous and satisfies 

D\G ± M )'(p) = p = {G ± M )'D^p (4.3.10) 

for all generalized sections p G Fq 00 (E*) with compact support, 
ii.) For a generalized section tp G Tq 00 ^*) with compact support we have 

supp(G± )'(¥>) C JT(suppc^). (4.3.11) 

Proof. Since Gjr, : F^(E) — > F°°(E) is linear and continuous we have an induced dual map 
(G^)' : F°°(EY = Fq°°(E*) — ► F^(E)' = F-°°(E*) where we identify the dual spaces as usual by 
means of the canonical volume density fi g . Then (Gj^)' is automatically weak* continuous. To prove 



(4.3.10) we take a test section u G Fq 2 (E) and compute 

(£> T (G± )'(¥>)) («) = (G+y(<p)(Du) = p (G±Du) = <p(u) 
by the very definitions. Since F^(E) C F°°(E) is dense this is sufficient to show the first part of 



(4.3.10), which is understood as an identity between generalized sections with compact support. For 



the other part we compute 

((G± )'D» («) = (D»(G± u) = p {DC±u) = p(u). 

Note that D T p has again compact support whence the above computation is indeed justified. This 
proves (4.3.10). For the second statement let u G F^(E) be a test section. Then (G^ I )'(p)u = 



tp(G M u). Since supp(G A/ u) C J M (suppu) we see that ip(G M u) vanishes if supp^n J M (suppu) = 0. 
But this means J^(supp tp) D supp u = 0. Thus for supp u C M \ J^(supp p) we have (G M )'{(p)u = 
which implies (4.3.11), since (supp y?) is already closed. □ 



As in the local situation we can now apply (G M )' to generalized sections <p which are actually 
smooth, i.e. <p G F^^E*). We expect that we obtain the Green operators of D T . Here we need the 
following simple Lemma: 



Lemma 4.3.9 Let (M, g) be a globally hyperbolic spacetime and let D £ DiffOp (E) be a normally 

'M- 



hyperbolic differential operator with advanced and retarded Green operators G M . Moreover, denote 



the corresponding Green operators of D T G DiffOp 2 (E*) by F M . Then we have for <p G F^ D (E*) and 

ueF~(E) 

[ (F±p>) ■ u fi g = [ <p. (G^u) fig. (4.3.12) 
J M JM 

Proof. The lemma is a simple integrations by parts argument. First we note that F^p has (non- 
compact) support in ji(supp</?) while G^u has (non-compact) support in jX(suppu) by the very 
definition of Green operators. It follows from the global hyperbolicity that the overlap J M (suppp) D 



jS-(supp</?) is compact, see Figure 4.42 Thus writing u = DG^u we get 
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JM JM 



'- f (D-F±p).(Glu)n g 



M 



if ■ (Gjjjftt) fig, 

M 

where we have used D T F M ip = ip and the compactness of the overlap to justify the integration by 
parts in (*). □ 
From this lemma we immediately see that the dual operator (G^)' : Tq°°(E*) — > T~°°(E*) 
applied to a distributional section which is actually smooth, i.e. to ip € r^(E*) C Tq°°(E*) is given 
by 

(G*)'<p = F±<p. (4.3.13) 



Indeed, this is just the content of ( 4.3.12[ ) where we interpret the right hand side as the distributional 



section cp £ T °°(E*) evaluated on G^(u) as usual. In particular, the dual map (G^)' yields a 
smooth section and not just a distributional one when applied to ip £ Tq 2 (E*). Moreover, since F M 



is continuous with respect to the C§°- and C°°-topology according to Theorem 4.3.1 we have also 



continuity of the dual operators (G^)' on T'^ ) (E*) with respect to the C§°- and C°°-topology. This 



way, we obtain the global analogues of the local results obtained in Section 3.4.2 We summarize the 
discussion the in the following theorem: 



Theorem 4.3.10 Let (M,g) be globally hyperbolic and let D 6 DiffOp (E) be a normally hyperbolic 

T M 

M> 



differential operator. Denote the global advanced and retarded Green operators of D by G M and those 
of D T by F^j, respectively. 



i.) For the dual operators we have 



((*m) lrg°(_E*) ~~ ^m (4.3.14) 



( f m)'\t™{e) — G m- (4.3.15) 
ii.) The duals of the Green operators restrict to maps 

(G±)' :T%>(E*)^T°°(E*), (4.3.16) 

: F^(E) — > r°°(£), (4.3.17) 

which are continuous with respect to the C? 3 - and Q°° -topologies, respectively. 
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Hi.) The Green operators have unique weak* continuous extensions to operators 

G±:Tu°°(E)^T-°°(E) (4.3.18) 

?± • r- 

M 

satisfying 



F± : Tq°°(E*) — »• r-°°(E*) (4.3.19) 



supp(G^u) C J^-(suppit) (4.3.20) 

supp(Fj^) C J±(sup P¥ >), (4.3.21) 
respectively. For these extensions one has 

G m = (^Mlrg°(_E*)) (4.3.22) 



( G ~M I T2° < FA I ■ (4.3.23) 



Proof. Indeed, part J was already discussed and part ^ is clear by partJ^J and the continuity of 
Green operators. The last part is also clear since the corresponding dual operators provide us with 
an extension of the Green operators according to The uniqueness of the extension is clear as 
the smooth sections with compact support are (sequentially) dense in the distributional sections with 
compact support: this follows analogously to the density statement in Theorem L3T8J [u| ) for the case 
of arbitrary distributional sections. Then (4.3.20) and (4.3.21 ) are obtained from Proposition 4.3.8 ii.) 
applied to D T and D, respectively. Finally (4.3.22) and (4.3.23) are clear. □ 

Remark 4.3.11 With some slight abuse of notation we do not distinguish between the Green oper- 
ators and their canonical extension to generalized sections. This gives the short hand version 



of (4.3.22) and (4.3.23). In particular, the Green operators of D T are completely determined by those 
of D and vice versa. 

As a first application of the extended Green operators we obtain a solution of the wave equation 
for arbitrary compactly supported inhomogeneity with good causal behaviour: 



Theorem 4.3.12 Let (M,g) be a globally hyperbolic spacetime and D 6 DiffOp (E) normally hyper- 

-»± . -p— oo / 



bolic with advanced and retarded Green operators G^ 



i.) The Green operators G% t : Tq°°(E) — ► T~°°(E) satisfy 

DG m = ld ro°°(E) = G M D \r-°°(E)- (4.3.25) 
ii.) For every v E Tq°°(E), every smooth spacelike Cauchy hypersurface i : E > M with 

suppv C /+(£), (4.3.26) 
and all uq,uq 6 T^(t^E) there exists a unique generalized section u + 6 T^°°(E) with 

Du + = v, (4.3.27) 

suppu + C J M (suppuo U supp-uo) U (suppu), (4.3.28) 

singsupp-u + C J^(supp v), (4.3.29) 

i*u + = u Q and t # Vf u = uq. (4.3.30) 
The section u + depends weak* continuously on v and continuously on uq,uq. 
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Jti (suppt;) 




U IS 

smooth here 



Jm (supp Wo U supp Uq 



Figure 4.43: The figure shows the supports of the inhomogeneity v, the initial conditions uq,Uo and 
where the solution to the inhomogeneous wave equation might be singular. 



Hi.) An analogous statement holds for the case suppu C I M {Ti). 

Proof. For the first part we can use the fact that all involved maps are weak* continuous and Tq 3 {E) 



is weak* dense in T Q °°(E). Then (4.3.25) is just a consequence of the defining properties of a Green 



operator on T'q ) (E). For the second part we first notice that G^v G T 00 (E) is a generalized section 



with support in J^(supp-u) according to (4.3.20) and DG^v = v according to the first part. Let 
w G F +00 (E) be the unique solution to the Cauchy problem Dw = and l^w = uq and l^V^w = uq 
whose existence and uniqueness is guaranteed by Theorem 4.2. 16[ Q). We set u = w + G~^v. This is 
a generalized section with Du = v as w solves the homogeneous wave equation. Moreover, we have 

suppu = supp(w + G^v) 

C supp w U supp Gj^v 

C J M (supp Uq U SUpp tt ) U J^j (supp V), 



according to (|4.2.29|) and (|4.3.20|). Since w is smooth we also have sing supp u 

implies that M \ 



sing supp G M 



v C 



J^-(suppf). Now suppu C J^~(E) implies that M \ J^(suppw) is an open neighborhood of S, see 
Figure 4.43| Thus u is smooth on an open neighborhood of £ whence the restriction of u is well- 
defined. Note that for a general element of T~°°(E) this would not be possible. Thus (4.3.30) is 



meaningful and we have iftx 



uq as well as t*V^u = t^V^w = uq. Hence u has all required 



properties. Note that u depends weak* continuously on v as is weak* continuous. Moreover, w 
depends continuously on uq, uq with respect to the C°°- and 6§°-topologies. Finally, suppose that u 
is another generalized section satisfying the four properties (4.3.27) - (4.3.30). Then u — u solves the 



homogeneous wave equation and has singular support away from S, too. Thus we can speak of initial 
conditions of u — u on £ which are now identically zero. Let £' be another Cauchy hypersurface 
separating S and J^(suppu) as in Figure 4.43 which we clearly can find. Then in the globally 
hyperbolic spacetime /^(S') we have a smooth solution u — u of the homogeneous wave equation 
with vanishing initial conditions. Hence (u — u)\j- = by the uniqueness Theorem 

this implies that the generalized section u — u meets the conditions of Theorem 4.1.11 
u — u = everywhere. 



4.2.5 



But 



which gives 
□ 



Remark 4.3.13 With other words, we have again a well-posed Cauchy problem in this more general 
context of generalized sections as inhomogeneities. Note that due to u £ r~°°(E) the weak* continuity 
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is the best we can hope for. Analogously to Theorem 4.2.16, m) we can also solve the analogous 
Cauchy problem with finite differentiability of the initial conditions. In this case we can have singular 
support outside of J^(suppt>) but only a rather mild one: on M \ J^(suppw) the solution u is Q k 
whence the restrictions to E still make sense. 



4.3.3 The Image of the Green Operators 

In this section we want to characterize the image of the Green operators G M in r°° (E) in some more 
detail. Since supp(G^u) C J^f(suppu) for u E T^'(E) we see already here that in general, the 
maps G|> can not be surjective. In general, M can not be written as Jm(K) for a compact subset. 
This would require a compact Cauchy hypersurface X. These considerations motivate the following 
definition: 

Definition 4.3.14 (The space r k c (E)) Let {+oo}. For a time-oriented Lorentz manifold 

we denote by T k c (E) C T k (E) those section u for which there exists a compact subset K C M with 
supp u C Jm(K). 

Of course, we are mainly interested in the globally hyperbolic case. The notion "sc" refers to spacelike 
compact support. We want to endow the subspace r k c (E) C F k (E) with a suitable topology analogous 
to the one oiT^(E). Indeed, F k c (E) is dense in T k (E) for the e°°-topology as T$(E) C T k c (E) C F k (E) 
is already dense. Thus we need a finer topology for T k c (E) to have good completeness properties. Since 
Jm(K) is closed in M on a globally hyperbolic spacetime we can use Lemma 1.1.10 to construct a 



LF topology for T k c (E) as follows: For K C K' we have Jm{K) C J^(K') whence 

T k J M{ K){E)^T k j M{ K>){E) (4.3.31) 
is continuous in the Cj M (x)~ an ^ 2j M ^,-)-topology and we have a closed image. Since the induced 



topology from the Cj^,^-topology on the image of (4.3.31) is again the Cj^-topology we indeed 



have a nice embedding. Finally, for an exhausting sequence K n C M of compacta we have eventually 
Jm(K) C Jjv/(i^ n ). Thus a countable sequence of subsets exhausts all Jm{KYs. These are the 
prerequisites for the strict inductive limit topology analogously to the case of T^(E) as formulated in 
We call the resulting topology the Q k c -topology. Without going into further details 



1.1.11 



Theorem 

we state the consequences literally translating from Theorem |1 . 1 . 1 1 



Theorem 4.3.15 (LF topology for T k c (E)) Let (M,g) be a time-oriented Lorentz manifold with 
closed causal relation and let k 6 NoU{+oo}. Endow T k c (E) with the inductive limit topology coming 
from ( |4.3.3ip . 



i.) F k c (E) is a Hausdorff locally convex complete and sequentially complete topological vector space, 
ii.) All inclusions Yj^, K AE) <^-> T k c (E) are continuous and the Q k c -topology is the finest locally 
convex topology on F k c (E) with this property. Every Y k lM , K %(E) is closed in T k c (E) and the 
induced topology from the Q k c -topology is again the Qj M ^y topology. 

Hi.) A sequence u n 6 T k c (E) is a Q k c - Cauchy sequence iff there is a compact subset K C M with u n 6 
^J M W^ anc ^ Un * s a ^JM(K)'^ auc ^y se Q uence - An analogous statement holds for convergent 
sequences. 

iv.) If V is a locally convex vector space then a linear map $ : T k c (E) — > V is Q k c - continuous iff all 

restrictions ^L*. : T k j ,„dE) — > V are Q k T , ^-continuous. It suffices to check this for an 
lr j M (if) J M(K)y > J M (K) 

exhausting sequence of compacta. 
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v.) If in addition M is globally hyperbolic with a smooth spacelike Cauchy hypersurface E then 
F k c (E) = T k (E) z/f E is compact in which case the Sg C - and the C k -topologies coincide. Otherwise 
the T k c -topology is strictly finer. In fact, 

L #:T k c {E)^T k (i#E) (4.3.32) 

is a surjective linear map which is continuous in the Q k c - and Q^-topology. It furthermore has 
continuous right inverses. 

Proof. First we note that for an exhausting sequence K n of compacta we have K C K n for all 
compacta and n suitably large. Thus countably many K n will suffice to specify the inductive limit 
topology of T k c (E). Since we have the continuous embedding with closed image ( 4.3.31[ ) and the 



correct induced topology on the image, we are indeed in the situation of a countable strict inductive 
limit of Frechet spaces, see again e.g. |34| Sect. 4.6] for details. In particular, the parts ^) - \iv]) 
are consequences of the general properties of LF topologies. For the last part it is clear that if E 
is a compact Cauchy hypersurface then Jm(£>) = M whence the Cg C -topology simply coincides with 
the C fc -topology as Tj m ^(E) is already the inductive limit. Thus assume that E is not compact. 

Moreover, let K C E be a compact subset in E. Then the restriction of a section u G Fj^^JE) to 

E yields a section u&u G Tx(tftE). Moreover, we clearly have that the linear map 

■■ rj M (K) Bu^ t*uG T k K (i*E) (*) 

is continuous. This is clear from the concrete form of the seminorms defining the C fc -topology on M 
and E, respectively. Here we see that in general 

hence T^(E) C T°°(E) follows from rg°(i*£') C T°°(i^E) at once. Moreover, since (*) is continuous 
for all such KCMwe see that also 

T% i{K) {E) T^*E) ^ T^(i#E) (**) 

is continuous. Now we use that an exhausting sequence K n C £ inside of £ still provides an 



exhausting sequence Jm(Ku) f= M of M. Thus we can use (**) to conclude the continuity of (4.3.32) 
by part Conversely, using the fact that M is diffeomorphic to R x E we can extend a section 

Uq G Tq to M by using the prolongation map 

prol(u )| (t(T) = u (a), (*) 

i.e. prol(uo) = pi^uo- Note that the vector bundle E on M can be identified with the pull-back 
bundle pr^i^E — > M since the time axis is topologically trivial. Here pr 2 : M = E x E — > S 
is the projection onto S as usual. Note that (*) makes use of the diffeomorphism M ~ 1R x E and 
is not canonical. If no G T^^u&E) then prol(no) G ^pr- 1 ^)^) — ^J M (K)(^ since clearly pr 2 1 {K) 
is inside J m(K), see Figure 4.44[ as the curve t i— > (t,a) is clearly timelike, see also the proof of 



Proposition 4.2.8 Since prol(iio) is "constant" in time it is easy to see that prol : T k K (t#E) 
T k _i ,„AE) C r fe 7 ,j,AE) is continuous. Then also 

pr 2 (K) v ' — JM(-K) y ' 

prol : T k K {i*E) — > T k c (E) 



is continuous by partj^jj. Now the characterization of the S^-topology asserts that prol : T k ( i^E) - — ^ 
T k c (E) is continuous as well since K C E was an arbitrary compact subset, see again Theorem 1.1.11 iv ) 



Since by construction i*prol = id we finally showed the last part. Note that the Cg C -topology is clearly 
strictly finer because T k c (E) C T k (E) is dense in the r fc -topology but rg C (£') is complete in the Tg,,- 
topology. □ 
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Figure 4.44: The pre-image of a compactum K C £ under the projection pr 2 is inside the causal 
future of K in a globally hyperbolic manifold. 



Remark 4.3.16 (The C^-topology) We can repeat the discussion of continuous maps also for 



the Cg C -topology in complete analogy to the case of the Cg-topology as in Subsection 



Subsection 



1.2.3 



1.1.2 



and 



In particular, any differential operator D € DiffOp fc (S; F) of order k gives a 
continuous linear map 

D : T k +\E) — ► Tf c (F) (4.3.33) 
with respect to the Sg^ - and the Cf c -topology for all £ 6 Nq U {+oo}. We also have approximation 



theorems resulting from the ones in Subsection 1.1.3 



The space T^(E) C T°°(E) is the natural target space for the Green operators G M since the 
causality requirement 

supp(G± (u)) C J A/ (suppu) (4.3.34) 

immediately implies G^(u) S T^ C (E). The continuity of G^ with respect to the C°°-topology on 
T°°(E) implies also the continuity with respect to the in general strictly finer C^-topology: 

Proposition 4.3.17 Let (M,g) be a time-oriented Lorentz manifold with closed causal relation. As- 
sume that Gjr, are advanced or retarded Green operators for a normally hyperbolic differential operator 
D € DiffOp 2 (£). Then 

G± : T%>(E) — > F%{E) (4.3.35) 
and Cq -topology. 

->• r°°(i?) is continuous by definition. Thus let K C M be com- 
T°°(E) is continuous in the C^- and C°°-topology be Theorem 
Since the image is in Ty^^ (E) and the 6^ ^-topology of T^ ™ is the subspace topology inherited 
from T°°(E) we have continuity of 



is continuous with respect to the Q[ 



oo 
sc 



Proof. We know that G^ : T^(E) 



pact then G^ 



M 



r%(E) 



)■ 



poo 

1 Jm{K) 



(E) 



for all compact subsets K C M. By Theorem 4.3.15 we conclude that also 



T%(E) 



is continuous. Since K was arbitrary, by Theorem 1.1.11 1a^) we have the continuity of (4.3.35). □ 
Now we come to the main result of this section which describes the image of the difference of the 
advanced and the retarded Green operator: as already in the local case we consider the propagator 



Gm = G 



M 



G 



M 



r™(E)^r™(E), 



(4.3.36) 
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if GrTf are advanced and retarded Green operators for a normally hyperbolic differential operator D. 
Here we have the following statement: 

Theorem 4.3.18 Let (M,g) be a time-oriented Lorentz manifold with closed causal relation. Assume 
that a normally hyperbolic differential operator D G DiffOp 2 (£J) has advanced and retarded Green 
operators G^. 
i.) The sequence of linear maps 



D 



Y™{E)^T™{E) 



(4.3.37) 



is a complex of continuous linear maps. 



ii.) The complex (4.3.37) is exact at the first T'q'(E). 



Hi.) If (M,g) is globally hyperbolic then (4.3.37) is exact everywhere. 



Proof. The continuity refers to the natural topologies of Vq'(E) and T^(E), respectively and follows 



from Remark 4.3.16 and Proposition |4. 3. 17 From the very definition of Green operators it follows that 
Gm D = = D o Gm ° n Fq (-E). This shows that (4.3.37) is a complex. To show exactness at the 
first T'q'(E) we have to show that D is injective on Fq°(£'). Thus let u G T^{E) with Du = be given. 
Then = GfjDu = u shows the injectivity of D. For the last part assume that (M,g) is globally 
hyperbolic. To show exactness at the second T??(E) we have to show imD| rm(m = kerG/u- We 



hence we consider u G 



(E) with Gmu 
± 



irg°(E) 
0. We know that v = G 



M ' 



G^u has 



already know " C 

support in J^(suppu) as well as in J 

This shows suppn C J^(suppu) D J^(suppu) which is compact. Indeed, the intersection of J 
and J7, of compact subsets like supp u is again compact on a globally hyperbolic spacetime. This 



Af (suppu) as G M are advanced and retarded Green operators. 

M 



implies v G T^(E). Since in general DG 



M 



U 



u we see u = Dv with u compactly supported. This 
shows exactness at the second place. To show exactness at the third place we have to show that 
u G T™(E) with Du = is actually of the form u = G M v with v G T^(E). Thus let u G T™{E) 
be such a section. For u G T^(E), the support of u is contained in some Jm(K') with K' C M 
compact. Choosing an open neighborhood of K 1 with compact closure K, i.e. K' C K C K, we 
see that suppn C Ji(if) U I7,(K). The two subsets It~,(K) provide an open cover of the open 
subset Im(K) C M. Thus we can find a subordinate partition of unity X + >X~ G C°°(^M (-^0) with 

= X s1 u we have n = n + + n~ with 
-Du~ which we denote by v. Since 



suppx C 
supp u 



and X H 



± C 7±(*Q 



+ X = 1 on Im{K). Setting it 



± 



C J M (K). From = we see Du 



supp suppn 1 * 1 we conclude supp?; C suppn + D suppn C Jjt(if) n J M {K) which is compact, 



i.e. v G Tq 3 



(E 1 ). In particular we can apply G M to u. We want to show G^Du + = u + : Even though 
Du + = v has compact support we can not directly apply the defining property of G~j^ since u + does 
not have compact support. However, we can interpret n + in a distributional sense and compute for 
a test section (p G T^(E*) 



v(p)-(G + M Du + )(p)^ / (F M <p) ■ (Du + )(p) v g 

M JM 



(**) 



M 



(D T F^)(p)-u+(p) u g 



M 



<P(P)-U + ( P ) fig, 



4.3.9 



m 



where we have used Lemma 
has support in J ^ (supp ip) while n 



(*) and integration by parts in (**) which is possible since F M ip 
has support in J M (K). Hence the overlap of their supports is 



compact even though their supports are not. Then the above computation shows Gt,Du 



u 
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Figure 4.45: The supports of the functions ip and . 



Analogously we find G M Du~ = u~ . Putting these results together gives Gm v = GtfV — G7,v = 
G M Du + + G M Du~ = u + + u~ = u. Therefore, u is in the image of Gm with a pre-image in F'q ) (E) 
as wanted. □ 

Remark 4.3.19 (Propagator) The simple description of the image and kernel of the operator 
Gm = G M — G M has many important consequences. In physics in (quantum) field theory this 
operator is called the propagator which is one of the most crucial ingredients in any perturbative 
(quantum) field theory. It also appears as the kernel of the Poisson bracket in classical field theory 
which we will discuss in Section 14.41 



As an application of the operator Gm we obtain a global version of Lemma 4.2.3 expressing the 
solution of the homogeneous Cauchy problem in terms of the initial data: 

Theorem 4.3.20 Let (M,g) be a globally hyperbolic spacetime and let i : E <—> M be a smooth 
spacelike Cauchy hypersurface. Let D G DiffOp 2 (i?) be normally hyperbolic and let F M be the advanced 
and retarded Green operators of D T . Then the solution u G T^{E) of the homogeneous wave equation 
Du = with initial values C^u = uq and l&V e u = uq onS is determined by 

^(p)-u{p) lr L g ( P )= [ ((VfF M (^))(a)-no(a)-F M (^)(a)-n (cT)) / UE (4.3.38) 

M JT, 

for V er^(E*). 



Proof. The proof is literally the same as for Lemma 4.2.3| Therefore it will be enough to sketch 



the arguments. We consider the sections F M ((p) G V^(E*) which have supports supp F M ((p) C 
J M (supp (p). Taking covariant derivatives and pairing with u gives the vector field 



X ± = ((D E * F±{ip)) ■ u - F%{!p) ■ (D E u)) G r°°(TM) 

which has again support in J M (supp ip). In particular, suppX 1 * 1 n I M {Y>) as well as suppX 1 * 1 n S are 
(pre-) compact and hence the following integrations will be well-defined. Integrating over Ij^(E) the 
unit normal field n is pointing outwards as it is future-directed. Conversely, integrating over /^(S) 



the vector field — n is pointing outwards. Thus by Theorem B.ll| we get 



/ div(XT) fi g = T [ g(X^n) ME , 



where we of course have restricted to E on the right hand side. For the left hand side we obtain 



/ div(XT) iu g = f div ((D E * F M (p)) ■ u - F M (p) ■ (D 



E u))* fa g 
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(4.2.7) 



((D T D^( ( p))-u-F ± (<p)(Du))^ g 



since are the Green operators of D T and Du = 0. For the right hand side we have 



=F 



= =F £ ((Vf • u - fSfrO • V* u) /x, 

= =F ^ ((Vf F^fa)) • no - F%(<p) • no) 



with an analogous computation as in Lemma 4.2.3 Putting things together gives (4.3.38). 



□ 



Remark 4.3.21 From this formula we see that the homogeneous Cauchy problem can again be en- 
coded completely in terms of the Green operators. Since also the inhomogeneous Cauchy problem with 



vanishing initial conditions can be solved by means of the Green operators thanks to Theorem 4.3.12 
we see that the Cauchy problem and the construction of the Green operators are ultimately the same 
problem. 



4.4 A Poisson Algebra 

In this section we describe a first attempt to establish a Hamiltonian picture for the wave equation 
based on a certain Poisson algebra of observables coming from the canonical symplectic structure on 
the space of initial conditions. Throughout this section, (M, g) will be globally hyperbolic. For the 
vector bundle E — > M we have to be slightly more specific: We choose E to be a real vector bundle. 
The reason will be to get the correct linearity properties of the Poisson bracket later. From a physical 
point of view, many of the complex vector bundles actually arise as complexifications of real ones. 
Then the wave operators in question have the additional property to commute with the complex 
conjugation of the sections of the complexified bundles. This will be important in applications in 
physics later on, in particular for CPT-like theorems in quantum field theories, see e.g |28||57|. For an 
overview on the geometrical aspects of (finite-dimensional) classical mechanics we refer to]l]|43]|60) 



4.4.1 Symmetric Differential Operators 

Now we equip the vector bundle E with an additional structure, namely a fiber metric h. In most 
applications this fibre metric will be positive definite, a fact which we shall not use though. In any 
case, the fibre metric induces a musical isomorphism b : E — > E* with inverse # : E* — > E as usual. 
On sections we have 

b : r°°(£) 3 u ^ u b = h{u, ■ ) G r°°(E*). (4.4.1) 

There should be no confusion with the sharp and flat map coming from the Lorentz metric g. Using 
this additional structure one can define symmetric differential operators as usual: 

Definition 4.4.1 (Symmetric differential operators) Let (E, h) be a real vector bundle with fibre 
metric and D G DiffOp*(-E). Then the adjoint of D with respect to h is defined to be the unique 
D* e DiffOp'(F) with 

/ h(D*u,v)iJ,g = / h(u,Dv)n g (4.4.2) 
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for all u, v G T'^ ) (E). The operator D is called symmetric if 

D = D*. 



(4.4.3) 



Remark 4.4.2 (Symmetric differential operators) 

i.) The definition of the adjoint D* with respect to h is well-defined indeed. Namely, if D G 
DiffOp fc (£) then one has 

D*u = (L>V) # (4.4.4) 

with the adjoint operator D T G DiffOp fc (£'*) as we discussed it before in Theorem 
follows from the simple computation 



1.2.15 



This 



f {D T v 9 )-v^ g = [ u b -Dvn g = [ h(u,Dv)n g , (4.4.5) 

JM JM JM 



which shows that (4.4.4) solves the condition (4.4.2). It is clear that D* is again a differential 
operator of the same order as D and it is necessarily unique since the inner product is non- 
degenerate. 



ii.) The adjoint D* depends on h but also on the density [ig in the integration (4.4.2). The map 
D i — y D* is a linear involutive anti-automorphism, i.e. we have 

(D*)* = D and (DD)*=D*D* (4.4.6) 

for D,D £ DiffOp'(-E). 

Hi.) In the case of a complex vector bundle one proceeds similarly: for a given (pseudo-) Hermitian 
fibre metric one defines the adjoint D* by the same condition (4.4.2). Now D i— > D* is antilinear 
in addition to (4.4.6) and DiffOp*(i?) becomes a *-algebra over C by this choice. Differential 
operators with D = D* are now called Hermitian. A particular case is obtained for a complexified 
vector bundle E<g = E (8) C If /i is a fibre metric on E then it induces a Hermitian fibre metric 
on E<c by setting 

h<c(u ® z,v ® w) = h(u,v)zw (4.4.7) 

for u, v G -Bp and z,w G C Then a symmetric operator D G DiffOp*(-E) yields a Hermi- 
tian operator D<& G DiffOp*(£'<c) which commutes in addition with the complex conjugation of 
sections. 

In most physically interesting situations the wave operator D will be symmetric. As a motivation we 
consider the following example: 

Example 4.4.3 (Symmetric connection d'Alembertian) Let (E, h) be a real vector bundle with 
fibre metric h. Moreover, let V s be a covariant derivative which is metric with respect to h, i.e. 

5?x h(u, v) = h(VxU, v) + h(u, V x v) (4.4.8) 

for all X G r°°(TM) and u,v G T°°(E). We claim that in this case the connection d'Alembertian 
is symmetric. Indeed, (4.4.8) immediately implies that the symmetric covariant derivative operators 
D E and D E with respect to X7 E and X7 E * are intertwined by # and b as follows 



(4.4.9) 



for u G T°°(S k T*M ® £ ) and b_applied to the E-part only. This is a simple verification. But then we 
have for D v by Lemma 



4.2.2 



fn v )V 



9 



D 



E* 



-1 



(□ v -u) , (4.4.10) 
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since the natural pairing of the S 2 T*M component with g 1 obviously commutes with the musical 
isomorphism b acting only on the ^-component . But this implies 



(□*)' 



(4.4.11) 



as claimed. More generally, if B G T°° (Er\d(E)) is also symmetric with respect to h, which is now a 
pointwise criterion, then D = d v + B is symmetric as well. 

This construction is also compatible with complexification: if h is extended to E<& = E C as 
in Remark 4.4.2 Hi) then the connection V E also extends to E<& yielding a metric connection V Ec 
with respect to /i<pj. The condition (4.4.8) is then satisfied for real tangent vector fields X G T°°(TM) 



while we have to replace X by X in the first term of the right hand side of (4.4.8 ) in general. With this 



(pseudo) Hermitian fibre metric h<c and the covariant derivative V ElD the property (4.4.9) still holds, 
resulting in (4.4.11) for the connection d'Alembertian D v on E<&. Again D v is not only Hermitian 



but also commutes with the complex conjugation of sections of E<c- Note that for general complex 
vector bundles there is no notion of complex conjugation of sections. 

From now on we shall focus on a symmetric and normally hyperbolic differential operator D. In 
fact, we shall also assume that V E is metric. Then D = D* means B = B* for D = D v + B. 
Since D = D* essentially means that we can identify D with D T via b and # we expect a similar 
relation between the Green operators, extending the already found relations between and as 



in Theorem 4.3.10 In fact, one has the following characterization: 



Proposition 4.4.4 (Symmetry of Green operators) Let(M,g) be globally hyperbolic and let D G 
DiffOp 2 (-E) be a normally hyperbolic differential operator on the real vector bundle E. Assume that 
D is symmetric with respect to a fibre metric h on E. 
i.) For the Green operators of D and D T and u G T^(E) we have 



F ± u b 
r M u . 



(4.4.12) 



ii.) For u,v G Tq 2 (E) we have 



M 



h(u,G^v) n 9 = I h(Gj. I u,v) \i g . 



(4.4.13) 



M 



Hi.) The Green operators of the canonical <D-linear extension of D to E<& = E® C are the canonical 



<C-linear extension of the Green operators G M of D. They still satisfy (4.4.12), 



Al 



h<c{u,G M v) H g = hc{G^[U,v) \i g 



(4.4.14) 



M 



for u,v G r§ c, (£ , <rj) and additionally the reality condition 



G M U = G M U - 



(4.4.15) 



Proof. Clearly, u G T^(E) has compact support iff has compact support, making ( 4.4. 12[ ) mean- 
ingful. We compute for cp G Tq^E 1 *) 



± ,n# 



if*) =if, 



since G M is a Green operator for D. Analogously, 
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Now (p i — y (G^fip^ is clear linear and continuous since b as well as are continuous. Finally, 
since # and b preserve supports we have supp (Gj^tp^) Q <^m( su PP This shows that the map tp i— > 
(G^f V 7 *)'' i s indeed an advanced and retarded Green operator for D T , respectively. By uniqueness 
according to Corollary 4.3.7 we get (4.4.13). Using this, we compute 



h(u,G M V) fig = / U (G M V) fig 

M JM 



( |4.3.12| 



M 



■Vflg 



( |4.4.13| 



M 



{G M U) 'Vflg 



I h {Glju, v) fig 

JM 



for u,v G r^°(£'). Now consider u,v £ rg°(i?<c). Then Dn = Du yields the hermiticity D = D* with 
respect to /i<rj. With the same kind of uniqueness argument we see that the Green operators G M of 
D, canonically extended to G M : Tq^(E<c) — > r°°(E<c), yield the Green operators of the extension 
D € DiffOp 2 (£'(c). Moreover, we clearly have (4.4.15) by construction. But then (4.4.14) follows from 
(14.4.151) and (14.4.131) at once. □ 



Remark 4.4.5 Extending our notation of the adjoint to more general operators we can rephrase the 

(GmY 



result of (4.4.13) or (4.4.14) by saying 



G M . 



Note that Proposition 4.4.4 
vector bundles 
antisymmetric 



in 



(4.4.16) 

) still holds for arbitrary Hermitian D = D* on arbitrary complex 

G A/ r is 



vector bundles except for (4.4.15). In both cases, it follows that the propagator Gm = G't, — kj m 



G 



M 



-Gm 



(4.4.17) 



or anti- Hermitian in the complex case, respectively. In the complex case we can rescale Gm by i to 
obtain a Hermitian operator 

(iG M y = iG M - (4.4.18) 



4.4.2 Interlude: The Lagrangian and the Hamiltonian Picture 

To put the following construction in the right perspective we briefly remind on the Lagrangian and 
Hamiltonian approach to field equations as it can be found in various textbooks on classical and 
quantum field theory. Most of our present considerations should be taken as heuristic as it would 
require a lot more effort to justify them on a mathematically rigorous basis. They serve as a motivation 
for our definition of certain Poisson brackets. 

Many field equations in physics arise from an action principle where an action functional is defined 
on the space of all field configurations on the whole spacetime by means of a Lagrangian density. Such 
a Lagrangian density L can be viewed as a function on the (first) jet bundle J l E of E which takes 
values in the densities |A top |T*M on M. Roughly speaking, the /c-th jet bundle J k E of E is a 
fibre bundle over M whose fibre at p £ M consists of equivalence classes of Taylor expansions of 
sections of E around p up to order k. Two sections are called equivalent if they have the same 
Taylor expansion at p up to order k. This is a coordinate independent statement whence the jet 
bundles serve the following purpose: we can make geometrically sense of the statement that a map 
L : r°°(£) — > r°°(|A to P|T*M) depends at p G M only on the first k derivatives of u G r°°(£) at 
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p. In our case one typically has k = 1 and symbolically writes £(u, du) to emphasize that L(u, du)\^ 

depends only on u(p) and ^r(p)- Having specified such a Lagrangian density £ the action S'(u) is 
defined by the (hopefully existing) integral of L(u,du) over M. Then the stationary points of the 
action functional are supposed to be those sections which satisfy the wave equation. With other words 
one wants the Euler-Lagrange equations for L to be the wave equation under consideration. Note 
that the precise formulation of an action principle is far from being trivial: on one hand, one has to 
require certain integrability conditions on the sections in order to have a well-defined action. On the 
other hand, in deriving the Euler-Lagrange equations one usually neglects certain boundary terms 
or considers only variations with compact support. Thus it is not evident that the Euler-Lagrange 
equations really describe the stationary points of S. Even worse, in typical situations the solutions of 
the Euler-Lagrange equations yield sections u with no good integrability properties at all. Our wave 
equation is a good example as here the non-trivial solutions have to have non-compact support in 
timelike directions. This way, it may well happen that none of the solutions of the Euler-Lagrange 
equation is in the domain of definition of the action S at all, except for some trivial solutions like 
u = 0. To handle these difficulties a more sophisticated variational calculus is required which is not 
within the reach for us at this stage. Therefore, we take a more pragmatic point of view and take the 
Lagrangian density £ and the corresponding Euler-Lagrange equations as the starting point instead 
of the action S itself. These equations and hence the wave equation are the ultimate goal anyway. 

The idea is now to treat the Euler-Lagrange equations for the Lagrangian density as Euler- 
Lagrange equations of a suitably defined Lagrangian function defined on the space of initial con- 
ditions: this way we can interpret the field theoretic wave equations as a classical mechanical system, 
though of course with infinitely many degrees of freedom. The idea is roughly as follows: the ini- 
tial conditions of the wave equation are specified on a fixed smooth spacelike Cauchy hypersurface 
i : S ^ M. There we have to specify the value of the section uq G Tq^^E) and the normal deriva- 
tive iio £ rg°(i#£'). Mechanically speaking, this corresponds to the initial position and the initial 
velocity. Thus the (velocity-) phase space of the Lagrangian approach is the tangent bundle of the 
space of initial positions in complete analogy to Lagrangian mechanics for finite-dimensional systems. 
Since the initial positions are described by the vector space F^^E) the notion of tangent bundle 
is simple: we just have to take rg°(i#^) x Tq^(i^E), i.e. two copies of the configuration space. The 
Lagrange function now consists in evaluating the Lagrange density on u$ and uq on £ and integrating 
over E: this indeed makes sense as the Lagrange density £ can be written relative to the density fj, g 
as L(u,du) = £(u,du)[ig with a function L(u,du) on the first jet bundle. Then we can take this 
function and evaluate it on uq and iio instead of u and du and consider the density £(uo, tto)us on S. 
Again, we ignore the technical details which are less severe as for the action since we are interested 
in uq and no with compact support anyway. The integration over £ is thus easily defined. 

Having a Lagrangian mechanical point of view for our wave equation we can try to pass to a 
Hamiltonian description by the usual Legendre transform. This amounts to the passage from the 
tangent bundle to the cotangent bundle of the configuration space T^^E). While the tangent 
bundle of a vector space is conceptually easy, the cotangent bundle is more subtle: here the fact that 
Tq^(l^E) is infinite-dimensional becomes crucial. Thus we have to decide which dual we want to 
take. Of course, the algebraic dual seems inappropriate whence we take the topological dual which 
we identify with r~°° (t# E*) as usual by means of u-£. Then the cotangent bundle of T^^E) is 
T'o'(t^E) x r~°°(t*i^*). The following proposition shows that this is indeed a symplectic vector 
space in a very good sense. We formulate it for a general vector bundle F — > M over an arbitrary 
manifold. 

Proposition 4.4.6 (Symplectic vector space) 

i.) Let W be a Hausdorff locally convex topological vector space with topological dual and consider 
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V = W © W' . Then on V the two-form 

^can (O, ¥>), (w', <f')) = <f'(w) ~ <p(w') (4.4.19) 

is antisymmetric and non- degenerate, 
ii.) Let F — > M be a real vector bundle. Then on © \A top \T*M) © F-°°(F) the two-form 

Wean ((y, u), (<f/, «')) = - (4-4.20) 

is antisymmetric and non- degenerate. 

Hi.) Let F — > M be a real vector bundle and let ^ be a positive density on M. Then on F'q ) {F*) © 
r-°°(F) the two form 

Wean ((<£, U), (if', It')) = U (if ® fJ,) — u{(f' © fj,) (4.4.21) 

is antisymmetric and non- degenerate. 

Proof. Clearly, uj c&a is bilinear in all three cases and antisymmetric on the nose. Assume that 
(to, <p) G W © W is such that w can ((to, ip), ■ ) = 0. Then it follows that v?'(o;) = for all ip' G W and 
<p(w') = for all to' G W. This clearly implies 99 = 0. Since W is Hausdorff, by some Hahn-Banach- 
like statements it follows that W' is large enough to separate points, see e.g. |34| Sect. 7.2]. Thus 



also w = follows which proves that (4.4.19) is non-degenerate. The second and third part are only 
special cases. □ 

Since in our situation we have a canonical positive density on S, namely we can apply the 
third part and conclude that F^^^E) © F~°° (l# E*) is indeed a symplectic vector space. 

Without going into the details we can now use the Lagrange function to define a Legendre trans- 
form by which we can pull back the canonical symplectic form of the cotangent bundle to the tangent 
bundle. This constructions boils down to the following simple map, at least in all cases relevant for 
us. By means of the fibre metric on V&E coming from h on E we can map a tangent vector 
iiQ G F^(l#E) to a cotangent vector in F~°°(l#E*) by taking v!> G F^(l#E*) and interpret this 
smooth section of i&E* as a distributional section u G F~ oc (l^ : E*). Clearly, this yields an injective 
linear map 

F^{l*E) B u ^ «o G F^(i#E*) C F~°°{l#E*), (4.4.22) 

which allows to pull back w can to the tangent bundle. This results in the following, still non-degenerate 
two-form: 

Lemma 4.4.7 The pull-back of the symplectic form w can from the cotangent bundle ofF^^&E) to 



its tangent bundle Fq 3 (l^E) © F'^'(t^E) via (4.4.22) is explicitly given by 



u h ((u ,u ), (v ,v )) = J (h-z(uo,v ) - h s (u ,v )) fMY, (4.4.23) 

for uq,uq,vq,Vq G F^^l^E). The two-form uj^ turns Fq 3 (i^E) © Fq 3 (l^E) also into a symplectic 
vector space. 



Proof. Evaluating (4.4.21) for the distributional sections u ,Vq gives immediately (4.4.23). We have 
to check the non-degeneracy: but since is non-degenerate we can always find smooth (vq,vq) for a 
given («o,tto) 7^ 0, resulting in a non-trivial pairing via u^. □ 

Remark 4.4.8 (Weak vs. strong symplectic) The symplectic structure w C an on the cotangent 
bundle is even a strong symplectic form if one defines the topological dual of F~°°(l^E*) in an 
appropriate way: w can induces an isomorphism from F^^t^E) © F~°° (t# E*) to its topological dual. 
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For ujh this is clearly not the case as the topological dual of T^{l*E) ® Tf(i#E) are two copies 
of T~°°(i^E*) but with u}h((v,Q, uq), •) we only obtain the (very small) part of smooth sections of 
i&E* and not the generalized ones. This is an effect of infinite dimension as in finite dimensions an 
injective linear map from a vector space to its dual is necessarily bijective. This indicates that for a 
Hamiltonian description one has to expect some (bad!) surprises. 

In any case, we only want to use the symplectic form to define the Poisson algebra of observables of 
our "mechanical" system. In the most general approach this algebra consists of smooth functions on 
the (co-) tangent bundles. However, we do not want to enter the quite nontrivial discussion on the 
appropriate definition of smooth functions on the LF space Tf(i*E) T^(i*E). There are several 
competing options which we do not discuss here. To get a flavour of the complications one should 
consult e.g. [38]. Instead, we focus only on a very small class of functions, the polynomials on the 
tangent bundle. 



4.4.3 The Poisson Algebra of Polynomials 

If V is a Hausdorff locally convex topological vector space over EL, what should the polynomials on 
V be? Clearly, a homogeneous polynomial of degree 1 is just a linear functional V — > 1R and hence 
an element of the dual space of V. Having a topological vector space V we require continuity for the 
homogeneous polynomials of degree 1 whence we end up with an element of V' . 

Passing to homogeneous quadratic polynomials we certainly like to have expression as 

N 



with (fi,ipi G V to be part of our observables. Indeed, if we insist on an algebra this is even forced 
by the algebraic features: such a p : V — > EL is the sum of products of elements in V . Since we can 
multiply further we also have to include functions of the form 



N 

P (v) = ^2^(v)---^\v) (4.4.24) 



i=i 



(i) (i) 

with (p\ , . . . , ip k G V and v G V . Such a function certainly deserves the name "homogeneous 
polynomial of degree k". Taking also linear combinations of such polynomials of different homogeneity, 
which is again required if we want an algebra of observables, we end up with functions p : V — > <D 
of the form 

p(?) = c + E E • • • ( 4 - 4 - 25 ) 

k=l i=l 

with <p^k ^ V anc ^ v ^ ^ anc ^ a cons t an t c G C 

Definition 4.4.9 (Polynomial functions) Let V be a Hausdorff locally convex topological vector 
space. Then the polynomial functions generated by the constants and the linear functions (p G V are 
denoted by Pol*(V). 

These functions can be identified with the symmetric algebra over V . 

Proposition 4.4.10 Let V be a Hausdorff locally convex topological vector space. Then the polyno- 



mial functions p : V — > 1R of the form (4.4.25) are in canonical bisection with the symmetric algebra 



S'V over V . The isomorphism is explicitly given by 

5 : S'V 3<p 1 V---V<p k ' ^ 3(<Pi V • • • V <p k ) = 3(<pi) ■ ■ ■ 3(<p k ) G Pol" (*0, (4.4.26) 
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where for degree and 1 we have explicitly 

3{(p)(v) = <p(v) and 3(l)(v) = 1. (4.4.27) 
On arbitrary homogeneous elements $ G S k V' we have 

3(<S>)(v) = y<Z>(v,...,v). (4.4.28) 

Proof. This is abstract nonsense on the symmetric algebra. First we recall that S V consists of linear 
combinations of totally symmetrized tensor products of k elements cpx,...,<pk G V. We adopt the 
convection 

tpi V ■ • • V ip k = ^2 ® ' ' ' ® ^( k ) 

without prefactors. Then it is well-known that S*V with V is the (up to canonical isomorphisms) 
free commutative algebra generated by 1 and V. Since the polynomials (4.4.25) are, by construction, 
also generated by V and the constants, we get a unique algebra homomorphism 3 by specifying it 
on the generators by (4.4.27). Evaluating this on higher tensor products gives immediately (4.4.28) 
with prefactor. It remains to show that 3 is injective, since the surjectivity is clearly the definition of 
the polynomials. Thus assume that $ = J2 k =i ®k S S'V with homo geneous components G S k V 
satisfies $($) = 0. Then for all v G V we have X^fc=i M^ k (. v > • • • ' u ) = 0- Pescaling v to tv with t G R 
we see that the polynomial 



1 



k=l 

vanishes identically. Hence 3>fc(v, . . . , v) = for all k separately. Now the polarization identities allow 
to express $>k(yi, . . . , Vk) in terms of linear combinations of terms &k(w, . . . , w) with w being certain 
linear combinations of the vi, . . . ,Vk- E.g. for quadratic ones we have 

®2(VI,V 2 ) = - ($2(«1 +V%,V\ +V 2 ) ~ ^2{vi,Vi) + $2(^2,^2)) 

and so on. But then &k{ v i ■ ■ ■ ,v) = for all v G V implies = in S k V . Thus 3 is injective. □ 

Remark 4.4.11 (Polynomial functions) Let again V be a Hausdorff locally convex vector space. 
i.) From Proposition 4.4.10 we have that 

3 : S'V — )■ Pol*(y) (4.4.29) 

is an isomorphism of commutative, unital, and graded algebras. 

ii.) More generally, one could define a polynomial function p : V — > R on V of degree A; to be a 
function with the property 

p(tv) = t k p{v) (4.4.30) 

for all v G V and i 6 K plus some suitable continuity at the origin. This continuity is already 
needed in finite dimensions to exclude functions like 

(0 forv = 

P(«) = < vvv* fo _ „ / n (4.4.31) 

to be a "linear polynomial" in v. Here v = v l ei with a basis e, G V. 
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Hi.) Since V' carries a natural Hausdorff locally convex topology, the weak* topology, one can endow 
S k V with a locally convex topology as well: in fact, there are several and typically inequivalent 
possibilities. The usage of such topologies can be two-fold: on one hand we can complete each 
S k V which amounts to obtaining polynomial functions of homogeneous degree k of the form 



p(iO = £rf°(«)-" (4.4.32) 

i=l 



where the topology on S k V' is now used to make sense out of the limit. But we can also 
complete into another direction: the direct sum S'V = ©^Lq S fc U' can be completed to include 
also "transcendental" functions and not just polynomials. In particular, one would be interested 
in functions as f(v) = with tp £ V' . This leads to notions of holomorphic or real analytic 
functions on V. While the first completion does not give anything new in finite dimension the 
second is already interesting in finite dimensions. If V is infinite-dimensional, both types of 
completions are typically non-trivial and depend on the precise choices of the topologies on the 
(symmetric) tensor products. 

After these general considerations we come back to our original task: on the symplectic vector 
space T^(t#E) © T^(l#E) we want to establish a polynomial algebra with a Poisson bracket. 

So the first guess is to use the symmetric algebra over T~°°(l^E*) © T~°°(t^ 1 E*), which is the 
topological dual of T^(l#E) © T^(l#E) via the usual identification, and endow this symmetric 
algebra with a Poisson bracket. The problem is here the following: Since uj^ is only a weak symplectic 
form, not every linear functional has a Hamiltonian vector field. Thus the Poisson bracket can not be 
defined that easily on all linear functionals and hence on all polynomials. This forces us to proceed 
differently: we take as a beginning the subspace 

T™(l*E*) © T™(l#E*) C T-°°(i*E*) © T-°°(l#E*) (4.4.33) 

as dual space of F^^t^E) © F^^l^E) and consider the symmetric algebra over this much smaller 
space. Here the following result is easy to obtain: 

Proposit ion 4. 4:. 12 On the symmetric algebra over F^^i^E*^) © F^(i^E*^ exists a unique Poisson 
bracket { • , ■ }. induced by lo^ with the property 

o,0o),3(V'o,V'o)} /i = / (/i E 1 (</?o,V'o) - ^sH^o^o)) ^£ (4.4.34) 

for (ipo, ipo), (tpo, ipo) 6 r§° [y E*) © r§° (i* E*) . The Hamiltonian vector field of the linear functional 
#((/?o,0o) with respect to ujh is the constant vector field 

X^ o) = {-4^t). (4.4.35) 

Proof. First we note that any Poisson bracket on a symmetric algebra S'W of any vector space W 
is uniquely determined by its values on W alone: since a Poisson bracket satisfies by definition a 
Leibniz rule in both arguments it is determined by its values on a set of generators of the algebra. 
Since necessarily {1, •}=() = {•, 1} for any Poisson bracket it is therefore sufficient to specify it on 
the generators W C S*VF. Thus { • , ■ }. will be uniquely determined by (4.4.34). To motivate the 



formula (4.4.34) we first prove ( 4.4.35[ ). Thus let ((fo,ipo) be given. Since this is viewed as a linear 



function the differential is constant and given by (ipo,ifio) at every point, i.e. 



dd(<p ,<p )\ {u(hiio) = (<po,(fo)- (*) 
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Thus the Hamiltonian vector field, defined by Uh(Xf, • ) = d /( • ) in general, is determined by 



(<Po(v ) + 0o(w o ))^s = dd((po,<po)\ iuoM) (v ,vo) 



hyAX. 



^2(<po,<Po)\(u ,uo) ,V ° 



hyAX, 



*-3(<po,<po)\(u ,uo)> V ° ) ) ^ 



This shows that X 



3(v?o,v>o) 



is the constant vector field with the two components 



X, 



3(^0,^0) I ( uo ,« ) - ( PoiPt) 



at every point (uq,Uo), i.e. (4.4.35). Now the Poisson bracket is, by definition {f,g} = X g (f) 
df(Xg). Hence we get the constant function 



l J (u ,u ) 



hj: (yo,^o) -/i s (^o,-0o))ms 



using the dual fibre metric /i^ 1 on i&E*. This explains the statement (4.4.34). For finite dimensional 



vector spaces (or manifolds) we could now argue with the usual calculus of smooth functions that, 
thanks to the closedness of Uh, the Poisson bracket is indeed a Poisson bracket. In infinite dimensions 
we can not just rely on the analogy, in particular since u>h is only a weak symplectic structure. Instead 
of establishing an appropriate calculus also in this situation, which in principle can be done, we prove 
the existence of a Poisson bracket on the polynomials by hand. In fact, this follows from the next 
proposition at once. □ 

Proposition 4.4.13 Let W be a real vector space and let 

tt : W x W — > K, (4.4.36) 

be an antisymmetric bilinear form. Then on S'W there is a unique Poisson bracket { • , ■ } with 

{ ■ , • } n : S k W x S e W — > S k+e ~ 2 W, (4.4.37) 

such that for v, w S W = S 1 W C S'W one has 

{v,w} n = 7r(v,w)l. (4.4.38) 

Proof. Again, the uniqueness is clear since by the Leibniz rule, a Poisson bracket is determined by 
its values on the generators. Enforcing the Leibniz rule gives us the explicit expression 

{vi V • • • V V)-,Wi V • • • V wi} w = ^2 ^(^ii Wj)v\ V • • ■ A • • • V Dt V wi V • • • A ■ • • V n)< 

hi 

as the unique extension of tt to S'W which satisfies the Leibniz rule in both arguments. Since tt is 
antisymmetric, { • , - } 7r is antisymmetric as well. It remains to check the Jacobi identity. Thus let 



Ja C?r (/, g, h) = {/, {g, h}J„ + {<?, {h, f}J n + {h, {/, g)X 
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be the Jacobiator of {•, •} for arbitrary f,g,h G S'VF. We have to show that Jac 7T (f,g,h) = 0. 
Now it is a simple algebraic fact that Jac^ is a derivation in each argument. Thus Jac 7r (/, g, h) = 
iff the Jacobiator vanishes on generators already. In our case Jac^(w, w,u) =0 is clear, since {v, w} n 



is already constant. The grading statement (4.4.37) is clear. 



□ 



This way we obtain a Poisson algebra of polynomials modeled by the symmetric algebra over 
(t# E*) © r^^L^E*). Without going into the details we note that this Poisson bracket has rea- 
sonable continuity properties with respect to the usual LF topology of Tq^(l^E* 
explain these properties we first rewrite 



T^(t*E*). To 



1 



(i*E*) 



T^(l*E*) 



T^(l*(E* BE*)) 



(4.4.39) 



as usual. Then we have the following lemma: 
Lemma 4.4.14 There is a canonical injection 

S k T^{i*(E* © E*)) ^ T^(l*{E* © E*) l*(E* © E*)f k 

k-times 



(4.4.40) 



of the symmetric power of (t^ 1 (E* © E*)) of degree k into the sections of the k-th external ten- 
sor product of l&(E* (BE*) with itself which are totally symmetric under the internal action of the 
permutations of the fibres. Explicitly, we have 



(ipx V ■ ■ • V ip k )(pi, ...,Pk)= ^2 ^(i)(Pl) 

creSfc 



<P v <Ji)(Pk) 



(4.4.41) 



for pi,...,Pk G S and T^(t*(E* © E*)). 



Proof. Clearly, (4.4.41 ) is injective and well-defined, yielding a totally symmetric section with compact 



support. This follows analogously to Theorem 1.3.35 



□ 



Remark 4.4.15 As in Theorem 1.3.35 this map is continuous in a very precise way: we have esti- 



mates analogously to the ones in (1.3.69). Without introducing this notion, we note that (4.4.40) 



is continuous with respect to the projective tensor product topology of S fc r§°(t*(£'* © E*)), see 



e.g. |34| Chap. 15] for more details on this 7r-topology. Moreover, we note that the image of (4.4.40) 



is sequentially dense in the totally symmetric sections. This can also be shown analogously to The- 
1.3.35 In fact, this even allows to extend the Poisson bracket {•,•}/, to the direct sum over 



orem 



the right hand side of (4.4.40) for k G No by a continuity argument. However, we shall not enter this 
discussion here. 



From now on, we shall omit the explicit usage of the symbol d in (4.4.29) to simplify our notation 



and identify elements in S*V with the polynomials in Pol*(V) directly. 



4.4.4 The Covariant Poisson Algebra 

Up to now the Poisson algebra of observables has certain deficits from a physical point of view: its 
definition depends on the choice of a Cauchy hypersurface. In particular, it is not quite clear whether 
we get different Poisson algebras for different choices and, if not, how they are related in detail. 
In fact, since on a globally hyperbolic spacetime M all smooth spacelike Cauchy hypersurfaces are 
diffeomorphic and since any two positive definite fibre metrics are isometric, one can cook up an 
isomorphism of the Poisson algebras corresponding to (Si, and (£2, hs 2 ), respectively. However, 
this does not seem to be a very conceptual statement as the isomorphism is just there by "pure luck". 

More severe than these aesthetic arguments is the conceptual disadvantage that all nice symmetries 
between time- and spacelike directions will be "broken" by the choice of S. As example, one considers 
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again Minkowski spacetime (R n ,ry) with its Poincare symmetry 0(1, n — 1) x R n . Choosing an 
arbitrary smooth spacelike Cauchy hypersurface S results in destroying the symmetry: the Poincare 
group action will not respect the splitting IR™ ~RxE, even if E is a spacelike linear subspace. Thus 
the true symmetry of the situation might be hidden after choosing a splitting ExS. 



Thus we look for a Poisson algebra isomorphic to the one constructed in Proposition 4.4.12 which 
is intrinsically defined without reference to S. This will be accomplished by the following construc- 
tion, essentially going back to Peierls |47|, see also 19-21,41 42] for a more modern treatment and 



applications to the (deformation) quantization of classical field theories as well as the thesis 33 
Note however, that we are only dealing with rather simple polynomial functions here instead of more 
general smooth functions. 

We consider T^(E*) which we can use to evaluate arbitrary sections u £ T^(E) on the whole 
spacetime M. Again, the symmetric algebra S*r§°(i?*) serves as polynomial algebra on all fields 
T^(E), whether they are solutions to Du = or not. The evaluation is the normal one, i.e. for 
<p G qf(£*) we set 



<p{u) 



M 



lf(p) ■ U{p) flg{p) 



(4.4.42) 



and extend this to S*r§°(i?) as before. Then these symmetric tensors become again an observable 
algebra. However, it should be emphasized clearly that we are dealing with polynomials on a much 
too large space T^(E) at the moment. Surprisingly, we will even have a Poisson bracket on this too 
large algebra: 

Proposition 4.4.16 Let (M,g) be a globally hyperbolic spacetime and D 6 DiffOp 2 (-E) a normally 
hyperbolic differential operator that is symmetric with respect to a fibre metric h on E. Then on the 
symmetric algebra S'T^ {E*) there is a unique Poisson bracket { • , • } determined by 



h 1 (F M (f, i>) fJ>g 



M 



(4.4.43) 



for ip, ip £ T^'(E*) f where Fm = F M — F M as before. It satisfies 



^S k T^(E*),S e T^{E*)\ C S k+£ - 2 T™(E*). (4.4.44) 
Proof. Since Fm is an antisymmetric operator with respect to the integration and h according to 



Remark|4.4.5 see also (|4.4.17|), the right hand side of (|4.4.43| defines an antisymmetric bilinear form 

□ 



on Tq 3 (E*). Thus, Proposition |4.4, 13 can be applied. 
Definition 4.4.17 (Covariant Poisson bracket) The Poisson bracket on S'Tq^(E*) resulting from 



(4.4.43) is called the covariant Poisson bracket corresponding to D. 



Even though S*r§°(-E'*) is enough to separate points on the too large space of all fields F^(E), the 
covariant Poisson bracket becomes trivial for elements not sensitive to solutions of the wave equation. 
More precisely, we have the following result: 



Lemma 4.4.18 Let ip € T^{E*). Then the following statements are equivalent: 
i.) ip is a Casimir element of the covariant Poisson algebra (S*r§°(i?*), { • , ■ }), i.e. we have 



W, - } = o. 

ii.) ip vanishes on solutions u £ T^(E) of the wave equation Du = 0, i.e. 



M 



0. 



(4.4.45) 



(4.4.46) 
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Hi.) p is in the kernel of Fm, i-e. 

F M p = 0. (4.4.47) 

Proof. We showjip =>■ Hi.) =^[iip =^^p- Assume {(p, • } = 0, then = {p,ip} = J M h~ 1 (FMip,ip)fj,g 
for all ip G rQ°(£'*) which implies Fm<P> = since the pairing is non-degenerate. Now, if Fm<P = 



then by Theorem |4.3. 18 in.) applied to D T we know <p = D T x for some x £ F^(E*). Thus 

/ (p-Ufig = D T x ■ u l l g = (f- Dufi g = 
JM JM JM 

for any solution u G F^(E) of the wave equation. Finally assume that (^jy' holds and let ip G F^(E*) 
be arbitrary. Then (FmiP) = Gm">P solves the homogeneous wave equation. Thus 

\#n - [ J,"! 



= / ip-(F M *P)*Hg= / h (if, F M 1p)Hg = ~ {<f, i>} 
JM JM 

for all ip G rg (-£/*)■ By the Leibniz rule this implies {p, • } = in general, since these ip generate the 
whole algebra. □ 
We can rephrase the result of the lemma as follows: the kernel of Fm is a subspace keri^M C 
Tq^E 1 *) which generates an ideal inside STq ^*). The generators of this ideal are Casimir elements 
whence the ideal is in fact even a Poisson ideal. Thus the quotient algebra of S*r§°(£'*) by this ideal 
becomes a Poisson algebra itself. Now we want to relate this quotient to the canonical Poisson algebra 
defined on a Cauchy hypersurface E as constructed in the previous subsection. We want to establish 
a Poisson isomorphism which is compatible with the evaluation on solutions of the wave equation. To 
make these things more precise we again consider the result from Theorem 4.3.20 If u G F^(E) is 
the unique solution of Du = with initial conditions 1*0,1*0 ° n S then the evaluation of cp G F^(E*) 
on u can be expressed by 

/ <p-ung = I ((i*VfF M ^)- U Q-(i*F M ip)-u )^, (4.4.48) 

JM JE v J 



according to Theorem 4.3.20 Comparing this with the evaluation of a section (tpo, (po) G Fq^ (i^(E* < 



E*)) on initial conditions according to (4.4.34), i.e. 

(W)>^o)|(uo,fio) = J (fo " u o + Po • «o) //£, (4.4.49) 

suggests to map p G Fq 3 (E*) to the section (p , <p ) G Tq^(l#(E* © E*)) given by 

ip = t*VfF M ip and ip = -i*F M (p. (4.4.50) 
We denote this "restriction map" by 

£E : T?(E*) B <p m. (l*VFf m <p, -L*F M <p) G rg°(i # (£* © £*)). (4.4.51) 



Since S*r§°(£'*) is freely generated by F^(E*) we can extend g-£ in a unique way to a unital algebra 
homomorphism to S*r§°(z.^(i?* © -£/*)) which we still denote by 

£ S : STg°(£*) — »• STg°(i # (£* © £?*)). (4.4.52) 

Then the above discussion results in the following lemma: 

Lemma 4.4.19 Let u G F^(E) be a solution of the homogeneous wave equation with initial conditions 
Uq,uo G Fq^ (l^E) on E. Then for every G S'Fq^(E*) we have 

*(w) = 0e($)(uo,«o). (4.4.53) 



© Stefan Waldmann 



2012-08-23 11:14:58 +0200 Hash: cl6a7c9 



4.4. A Poisson Algebra 



237 



Proof. We know (4.4.53) for = r§°(i?*) by construction. For the constants we have by 



definition = 1 whence (4.4.53) is also true here. For higher symmetric tensors $ 6 S*rg c '(i?* 



the evaluation on u was defined to be compatible with the V-product, i.e. 

(ifi V • • • V ipk)(u) = <Pl(u) ■ ■ ■ <Pk(u). 

Since we used the same sort of evaluation also for the symmetric tensors in S'T'q' (i^ 1 (E* © E*)) the 
statement follows from the algebra homomorphism property of qy- □ 
Since the initial conditions determine the solution uniquely and vice versa it is tempting to use 
the algebra homomorphism qy to relate the Poisson algebras on M and on E. Indeed, we have the 
following result: 

Lemma 4.4.20 The algebra homomorphism qy is a homomorphism of Poisson algebras 

qy : (ST^(iT), { ■,■})—► (ST8°( t # (25* © E*)), { • , • } h ). (4.4.54) 

Proof. Since the Poisson brackets satisfy a Leibniz rule by definition and since qy is a unital algebra 
homomorphism it suffices to check the claim on generators. Thus let <p,ip € r§°(£'*) be given and 
let (tpo, ipo) = £x;(</?) and (tpOi^o) = QT:(ip) be the corresponding sections in F , Q i (L^(E* (BE*)). More- 
over, both Poisson brackets {(<^o,<£>o)> (Vto) ^o)}h and {ip,tp} are constants, i.e. multiples of the unit 
elements, respectively. Thus we only have to compute these number as = 1 by definition. We 

have 



{(¥>o, <£()), C0o,^o)} = / (fr E 1 (<Po,V'o) - ^sH^o^o)) Ms 

= -] ((t*VfF M cp) ■ (l*F m iP)* - (i#F M <p) • ( t # Vf F M ^)*) /is- (*) 

Now -Fa/V' i s a solution of the wave equation, D t Fm4 ; = 0- Since D is symmetric, u = (-FjifVO = 
GMift 1S a solution of -Dm = 0. The initial conditions for u on S are given by 



1iQ = t"u 



*u = L*(F M if))* and ii = l#V^u = L*(Vf F M ip) # 



since the connections V s and V s * are compatible with the musical isomorphisms as V s is assumed 
to be metric with respect to h. By Theorem 4.3.20| we conclude 



{(</>(), <A)), Oo^o)} = - / ^-M/ij 



V? • {F M i>)*n g 



M 

-1 



h (tp, F M ip) Mg 

M 

IM 

= W,i>} ■ 

This shows that the constants coincide and thus the claim follows. □ 



Lemma 4.4.21 The Poisson homomorphism qy is surjective and its kernel coincides with the ideal 
generated by the Casimir elements in T'^ ) (E*), which coincides with all those $ 6 S*r§°(i?*) which 
vanish on all solutions u 6 T^(E) of the homogeneous wave equation Du = 0. 
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Proof. By definition we have qy, (1) = 1. Now let (ip , <p ) G T^{t#(E* © E*)) be given. Then there 
is a unique solution G T^(E*) of the homogeneous wave equation D T $ = with initial conditions 



/#$ = -ip and t # Vf"<& = ip (*) 



by Theorem 4.2.5[ ^) applied to D T . By Theorem 4.3.18 Hi ) we know that $ = Fm<P for 



some ip G Tq (£/*). But then g^((p) = (voi^o) follows directly from (*). Since the sections 
(ipo,ipo) ^ r^°(i*(£'* © E 1 *)) generate the whole symmetric algebra and qy, is an algebra homo- 
morphism, the surjectivity follows. Now let <3> £ S*rg°(.E*). Then £>s($) = iff for all (lio,^) 
we have ^s( < ^)(i i 0) ^0) = 0. But this is equivalent to <I>(u) = for all solutions u G r^(-E) of the 
homogeneous wave equation Dn = by Lemma 4.4. 19| Thus the kernel of qy consists precisely of 



those $ G S*r§°(£'*) which vanish on solutions. Since the kernel is clearly a (Poisson) ideal as qy is a 
(Poisson) algebra homomorphism and since the Casimir elements tp G T'q'{E*) vanish on solutions by 



Lemma |4. 4. 18 it follows that the ideal generated by the Casimir elements is part of the kernel. Now 
in symmetric degree one the converse is true: ip G T'q'(E*) is a Casimir element iff it is in the kernel. 
Thus we see that the induced map 

qy : F^(E*)/ {p G T?(E*) I {<p, ■ } = 0} — > F™(l*(E* © E*)) 

is already a linear isomorphism. Thus we have an algebra isomorphism 

qy : S* (rg°(£?*)/ {p G T^(E*) I W,-}= 0}) — >• ST »( t #(i?* © E*). 

By a general argument, one has canonically S*(V fW) = S'V /3{W) for every linear subspace W C V, 
where cJ(W') C S'V is the ideal generated by the elements in W. Hence we can conclude that qy is 
already injective on S*r§°(£*) modulo the ideal generated by the Casimir elements in Tq^(E*). Thus 
the two ideals coincide. □ 
The covariant Poisson bracket gives us automatically the correct quotient procedure: the van- 
ishing ideal of the subspace of solutions to the wave equation is a Poisson ideal, which can now be 
characterized in many equivalent ways: it is the ideal generated by the Casimir elements (and hence 
easily seen to be a Poisson ideal), or, equivalently, the ideal generated by the kernel of Fm, or, equiva- 
lently, the kernel of any of the Poisson homomorphisms qy for any Cauchy hypersurface qy- However, 
the physically important interpretation is the first: two $,f £ S*T'q > (E) should be considered to be 
the same observables if they yield the same "expectation values" 

$(u) = $(u) (4.4.55) 

for all physically relevant u G T^(E), i.e. for all solutions of the wave equation. Note that a priori 
it is not clear whether this vanishing ideal of the subspace of solutions is a Poisson ideal at all. We 
can now summarize the results so far. 



Theorem 4.4.22 (Covariant Poisson algebra) Let (M,g) be a globally hyperbolic spacetime and 
let E be a real valued vector bundle with fibre metric and metric connections V E . Let D = d v + B 
be a symmetric, normally hyperbolic differential operator on E. Moreover, let {■ , • } be the covariant 
Poisson bracket for S'T^^E*) and let t : E M be a smooth spacelike Cauchy hypersurface. 
i.) The following subspaces of S'Tq^^E*) coincide: 

• The vanishing ideal of the solutions of the wave equation Du = 0, i.e. 

{$ G STg I *(«) = Ofor allue T£(E) with Du = 0} . (4.4.56) 

• The ideal generated by the Casimir elements <p G T^(E*). 

• The ideal generated by the kernel of F M : T^(E*) — > F£(E*). 
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• The kernel of the Poisson homomorphism 

qy : S'rg°(£T) — >■ STg°(i#(£J* £*)). (4.4.57) 
J The subspace inQ) is a Poisson ideal. 

.) The quotient Poisson algebra S*T^(E*) f ker qy is canonically isomorphic to the Poisson algebra 



S'(Tq 3 (E*)/ ker Fm) endowed with the induced bracket coming from (4.4.43) and 

qy :STg° (E*)/ ker qy ^ ST%> (l# (E* ® E*)) (4.4.58) 
is an isomorphism of Poisson algebra. It is compatible with evaluation on solutions and initial 



data, respectively, in the sense of (4.4.53). 



Proof. All the statements are clear from the preceding lemmas. □ 

Remark 4.4.23 (Covariant Poisson bracket) The remarkable feature of the Poisson bracket {• , •} 
on S*r§°(£'*) as well as on the quotient S°(Tq*(E*)/ ker Fm) is that it does not refer to a splitting 
R x E of M. Instead it is " fully covariant", i.e. defined in global and canonical terms only. Never- 
theless, via qy it is isomorphic to the Poisson algebra on the Cauchy hypersurface E. The price is 
that for the construction of { • , • } we have to use the dynamics already. This is a new feature as in 
geometrical mechanics the Poisson structure is understood as a purely kinematical ingredient of the 
theory. The dynamics comes only after specifying a Hamiltonian as an element of the a priori given 
Poisson algebra. Thus the above "covariant" Poisson bracket may also deserve the name 11 dynamical 
Poisson bracket". 

Remark 4.4.24 (Time evolution) Using the Poisson isomorphisms qy for different Cauchy hyper- 
surfaces we get a time evolution from one Cauchy hypersurface to another one. For smooth Cauchy 
hypersurfaces £, £' we have 

ezr ° 2s 1 : ST^{l*(E* © E*)) — > ST^(i'*(E* E*)) (4.4.59) 



with Qy, Qy,' as m (4.4.58). This is an isomorphism of Poisson algebras. In this sense, the time 



evolution of the wave equation is "symplectic". 

The next observation would be indeed very complicated and almost impossible to detect inside the 
canonical Poisson algebras of polynomials on the initial data. Here the global point of view indeed 
tuns out to be superior: Since we interpret the $ G S*rg°(-E*) as polynomial observables we can 
speak of a support of them. Indeed, we define for 

N 

$ = ^(^ fc ) v---V^ fc) (4.4.60) 

k=0 

(k) (k) 

the support of $ to be the (finite) union of the supports of the <p\ , . . . , <p) . In this sense we can 
speak of an observable being located in a certain region of the spacetime. The physical interpretation 
is that $ corresponds to an observation (measurement) performed on the solution u in the spacetime 
region determined by supp <!>. Since we consider only those coming from compactly supported 
<p E r§°(£'*) the support of is also compact. Causality now means that two measurements $ and 
<3>' should not influence each other in any way if they are performed in spacelike regions of M. The 
next proposition says that this is indeed the case: 

Proposition 4.4.25 (Locality) Let U,U' C M be open subsets such that U is spacelike to U' . Then 
for all G S'T^(E*) with supp<£ C U and supp<E>' C U' we have 

= 0. (4.4.61) 
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J M (supp ifi') 




Figure 4.46: Illustration of the locality concept. 



Proof. By the Leibniz rule it is again sufficient to consider <p,(p' £ T^(E*) with suppc/? C U and 
suppi^' C U' only. But here (4.4.61) is obvious since suppi^ C U and supp Fm^p' C Jm (suppy/) — 



Jm(U') have no overlap. Thus the integral (4.4.43) vanishes, see also Figure 4.46 □ 
For a later yet to be found transition to a quantum field theory, i.e. a quantization of the classical 
observable algebra, it is useful to consider also the complexification of S*T'q > (E*). This is the ultimate 
definition of the classical observable algebra. 

Definition 4.4.26 (Classical observable algebra) The classical observable algebra of the classical 
field theory determined by the wave equation is the unital Poisson * -algebra 



A(M) = S* (rg°(£*)/kerF M ) ® C 



(4.4.62) 



endowed with the complex conjugation as * -involution, the symmetric tensor product as associative 
and commutative product, and the covariant Poisson bracket induced from S*r§° (E*). 

Here a Poisson *-algebra means that the *-involution is compatible with the Poisson bracket in 
the sense that { • , • } is real, i.e. for S*(rg° (£?*)/ ker F M ) ®Cwe have 



(4.4.63) 



which is obvious as we complexified a Poisson algebra over 1R. This is the ultimate reason that we 
insisted on a real vector bundle from the beginning. Alternatively, we can write the complexification 
as 

ST§°(£*)® C = SJ,r§°(£* ®<D), (4.4.64) 

where we take the symmetric algebra over the complex numbers of the section of the complexified 
bundle. Again, this is compatible with the quotient procedure since Fm behaves well under complex- 
ification, according to Proposition 4.4.4 Hi). 



The locality property clearly passes to the quotient in the following sense: for an open subset 



[/CMwe define analogously to (4.4.62) 



A M (U) = S* (r^J/kerFM 



C, 



(4.4.65) 



and call this the subalgebra of observables located in U. Clearly, we have natural embeddings 

A M {U) A M (U') A M (M) (4.4.66) 

for all U QU'QM and each Am(U) is a Poisson *-algebra itself. In this sense, Am{M) becomes the 
inductive limit (int the category of Poisson *-algebras) of the collection of the Am(U). The important 



consequence of Proposition 4.4.25 says that we have a local net of observable algebras: 
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Theorem 4.4.27 (Local net of observables) The collection of Poisson* -algebras {Am(U) \U C M 
forms a net of local observables with inductive limit A(M), satisfying the causality condition 

{A M (U),A M (U')}=0 (4.4.67) 

for U,U' C M spacelike to each other. 

Remark 4.4.28 This property is the classical analogy of one of the Haag-Kastler axioms for an 
(algebraic or axiomatic) quantum field theory: observables in spacelike regions should commute. We 
refer to |28] for further information on algebraic quantum field theory. Note that it would be extremely 
complicated to encode this net structure in the canonical Poisson algebra over E: here the covariant 
approach turns out to be the better choice. 

We also have the following version of the time slice axiom: 

Theorem 4.4.29 (Time slice axiom) Let i : £ M be a smooth spacelike Cauchy hypersurface 
coming from a splitting M~ExS. Let e > 0, then we have 

A M ({-€, e) x S) = A M {M). (4.4.68) 

Proof. This equality is of course not true on the level of the polynomial algebra S*r§°(£') itself since 
there are certainly elements with support outside (— e, e) x S. The point is that they are equivalent 

to elements in S*r§° f-E*|^_ e e ) x sJ m °dulo the kernel of Fm- First we note that (— e, e) x £ is again 
a globally hyperbolic spacetime by its own. Moreover, the embedding of (— e, e) x £ into M = RxE 
is causally compatible. We can now apply our theory of Green operators to D and D T restricted to 
(— e, e) x £ and obtain unique Green operators F/_ e e ) xS f° r D T on ( — e ; e) x S, too. Since (— e, e) x £ 
is causally compatible in M, the support properties of F^ ££ j xS match those of F M "restricted" to 

(— e,e) x £. Thus by uniqueness we conclude that for (p £ r§° (^*|(_ ee ) x s) we have 

F (- e , e )x^ = i ? A^I(-e,e)xE- W 



This implies that on STg ( E*\^_ e ^ xJ , J the covariant Poisson bracket coming from i*(_ e)e )x£ coin- 
cides with the restriction of the covariant Poisson bracket coming from Fm- Moreover, if (p £ T'^ ) (E*) 
with support in (— e, e) x £ vanishes on u £ T^(E) satisfying Du = on M it also vanishes on 
u 6 -^sc (^|(_ e e )xs) satisfying Du = on (— e, e) x £. Indeed, in the condition tp(u) = only 



it L s ^ enters. This shows that 
I (— e,e) x i, 



ker 



F <-«.«)- = ker ( F "lr r(E | ( .j) 



Therefore the Poisson * -algebra ((— e, e)xS) built using Fm and the Poisson *-algebra ■A(- ¥ )xs((~ e ? e 
£) coincide. Now we have the Poisson * -isomorphisms 

£S : ^W)x£ — )• S'(T™(l*(E* £*))) ® c, 



according to Theorem 4.4.22 applied to the spacetime (— e, e) x £ as well as 

Qz 1 : S'(T^(l*(E* £*))) ® C — ► -Am(M), 



also using Theorem 4.4.22 now for the spacetime M. But this shows the equality (4.4.68). □ 
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J M (supp^) 



J M (suppV0 




(<Po,<Po) = {il>o,i>o) 
Figure 4.47: The time slice axiom 



Remark 4.4.30 (Time slice axiom) We can rephrase this statement by saying that for every ip 6 

r§°(£'*) with arbitrary compact support there is also a ip £ r§° f-E'*|^_ e e ) x s) navm g compact support 

very close to S such that their images under qy, in T^(l^(E* (BE*)) coincide, see also Figure 4.47 
Since we know that g-£ is injective up to elements in ker Fm which is the image of D T by (4.3.37) 



according to Theorem 4.3.18 we see that for every ip 6 T'^ ) (E*) there is a ip £ T'^'(E*) with support 
in (— e, e) x S such that 

ip - ip e kerF A f = im£> T , (4.4.69) 
see also (4l Lem. 4.5.6] for another approach to this question. Physically speaking, the time slice 



feature (4.4.68) says that on the level of observables a Cauchy hypersurface already determines every- 



thing. In view of our previous results this is of course not very surprising. 
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Parallel Transport, Jacobi Vector Fields, 
and all that 

In this appendix we collect some facts on parallel transports, Taylor expansions and Jacobi vector 
fields needed in the computation of the derivatives of densities. 

A.l Taylor Expansion of Parallel Transports 

Let V be a torsion-free covariant derivative for M and let V E be a covariant derivative for a vector 
bundle E — > M. The aim is to compute the Taylor expansion of the parallel transport with respect 
to E along curves in M. Of particular interest will be the geodesies with respect to V. 

Out of V and V E we can build covariant derivatives for all kind of bundles constructed from TM 
and E via dualizing and taking tensor products. We will denote them all by V or V E if E is involved. 
If 7 : / C IR, — > M is a smooth curve defined on some open interval then the pull-back connection of 
V or V E will be denoted by V*. The canonical vector field on H is j^. 

Lemma A.1.1 Let 7 : / C IR, — y M be a smooth curve in M and let s G T°°{^E) be a section of 
E along 7. For t,to G / and all k G No we have 

^ (P^tV 1 s(t) = (P^tV 1 (v| • • • V| S (*)) , (A.1.1) 

where P 7ito _ >t : E 1 ^ — > E 1 ^ denotes the parallel transport along 7 with respect to V s . 

Proof. We choose a vector space basis e a (to) € Sy(t ) and define smooth sections e a G r°°(7#i?) 
along 7 by 

(to), 

i.e. by parallel transporting e a (to) to every point j(t) for t €. I. Since the parallel transport is a 
linear isomorphism, for every t the e a (t) still form a basis of E^ t y By the very definition, the e a (t) 
solve the differential equation 

Vf e a (t) = (*) 

dt 

with initial conditions e a (to) G e 7 ( to ). Thus they are covariantly constant along 7. Now let s G 
r°°(7#i?) be arbitrary. Then there are unique smooth functions s a G Q°°(I) with 

s(t) = s a (t)e a (t). 

By linearity of P~ u t ^t we have 

[P^tT 1 (s(t)) = s a (t) (P^t)' 1 (e Q (t)) = s a (t) (P^tr 1 P^tMh)) = s a (t)e a (t ). 
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This shows that we can express the left hand side of (A. 1.1 ), being a curve in the vector space E^u Q \, 
with respect to the fixed basis e a (to). Thus the t-derivatives are easily computed giving 

^ CfW)- 1 s(t) = A(^(t)e Q (t )) = s a (t)e a (t ) = s a (t) (P^t)- 1 (^WMio))) 



(P^)- 1 (s a (t)e a (t)) ( =) (P 7it0 _A-i (v#( s «(t)e a (t)) 

\ at 



by the covariant constancy of the e a (t). This shows ( A. 1.1 ) for k = 1 and from here we can proceed 
by induction. □ 
The next lemma will be useful to compute the Taylor coefficients of a function of several variables 
in an efficient way. The proof is a simple computation. 

Lemma A. 1.2 Let F G e°°(lR n ,]R m ) and k G N . Then one has 



d k F 



dv 11 ■ ■ ■ dv lk 



1 



d A 



v=o k\ dv l1 ■ ■ ■ dv lk \ dt k 



F(tv) 



t=o 



(A.1.2) 



The following technical lemma will allow us to compute iterated covariant derivatives in terms of the 
symmetrized covariant derivative. 

Lemma A. 1.3 For s G T°°(E) one inductively defines 

V°s = s, 
(V 1 ,) (X) = vf *, 



(A.1.3) 



V fc S ) (X 1 ,...,X k ) = [ V^V*" 1 *) (X 2 , ...,X k ) 



for X x , ... ,X k G r°°(TM). Then V fe s G r^^'MgE) is a well-defined tensor field and we have 



£ (V fc S ) . . . , A CT(fc) ) = ((D £ ) fc s ) (Xx, . . . , X k ) 



(A.1.4) 



/or i/ie totally symmetric part ofV k s. 



Proof. By induction it is clear that V fc s is C°°(M)-linear in each argument. Thus it defines a tensor 
field of the above type. To prove (A.1.4) we first note that for k = 0, 1 we have V°s = s = (D E )°s 
and V 1 s = D E s as wanted. We proceed by induction and have 



o-eS fc 



£ (vV) (x a(1) ,...,x a{k) )=J2 (vi w v*-M (x ct(2) ,...,x ctW ) 



<res fc 

A: 



<r(l)=« 



EfvKD^)^ 1 ,) (X 2 ,...,A,...,A fe ) 
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(D*)«s )(X 1 ,,,.,X k 



since the permutations a G with o~(l) = I are precisely the permutations of the remaining 1, . . . , A 
, . . . , k entries. □ 
Since covariant derivatives are extended to tensor bundles and dual bundles in such a way that we 
have Leibniz rules with respect to tensor products and natural pairings, the parallel transport enjoys 
homomorphism properties in the following sense: 



Lemma A. 1.4 Let 7 : I C R — y M be a smooth curve in M and f G C°°(M), st , St G ^7 (to) an d 
ato G ^( io) - 

Viewing f as a sections of ®°E, 7*/ = 7*/ is parallel if and only if f is constant along 7. 
ii.) For all t £ I we have 



Pj,to->t(st ® «t ) = ^7,to->t( s to) ® P-y,t ->t(s to ). 



(A.1.5) 



mj For all t £ I we have 



a t ( s t ) - P^,t ^t(ott (st )) - Pyjo-rtipito) (Py,t -*t(sto)) ■ 



(A.1.6) 



Proof. For the first part we observe that by definition V^/ = -X'(Z) when viewing a function as a 
tensor field. Moreover, 7*/ = 7*/ and hence V* 7*/ = Jj7*/| t = 7(^)/|^m which is zero iff fo 7 is 



constant. It follows that for a number z G ® Q E, 



01 



7(*o) 



u i-r(t) 
C we simply have P 7) t _>.t(z) 



z for all times. 



This shows the first part. For the second part we note that the left hand side is the unique solution 
of 

Vf P 7A) ^ t (si ® sto) = 
at 

with initial condition st ® for t = to. For the right hand side we compute 
V* (P Tj to->t(st ) ® P-y.to-rt (**>)) 



V| (P 7 ,to-*t(*to)) i7,to-vt(»to) + ^7,*o-+t(«*o) ® V|P 7lt0 ^(st ) = 



by the Leibniz rule of for sections r°°(7*(£J (g) £/)) with respect to 0. Since the right hand side 



of (A.1.5) is st <8> St f° r t = to we have (A.1.5) by uniqueness. Analogously, one shows |m| ). □ 
By combination of ^) and in ) we obtain the compatibility of parallel transport with the usual 
tensor product constructions and multilinear pairings. We shall use this frequently in the following. 

Since a covariant derivative V E also induces a covariant derivative for the density bundles we 
consider the compatibility of the parallel transport with the evaluation of a density on a basis. To 
this end we first recall the definition of the covariant derivative of a density. If Aa G T°°(T*U) denote 
the local connection one-forms of X7 E with respect to a local frame e a G T°° (E\ u ) then the covariant 
derivative of a z-density [i G r°°(| A top | z F*) is defined locally by 



N 



(VxAt)(ei, . . . , ejv) = X(ju(ei, . . . , ejy)) — 2; ^ A°(X)fi(ex, . . . , e N ), 



(A.1.7) 



0=1 



where N = rankF and z G C, see e.g. |60| Sect. 2.2] for this approach and the proof that (A.1.7) 



indeed gives a globally defined VxH £ r°°(|A top | z £'*). We shall interpret (A.1.7) in a more global 
way. Since )jl is not multilinear in the arguments ei, . . . ,ejv we can not expect a simple Leibniz rule 
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(and hence an alternative global definition of VxA*) for the covariant derivative of a z-density. Instead 
we shall solve the differential equation 

Vf/i = (A.1.8) 



for a n G r 00 (7 # |A t °P|^*) explicitly. To this end, we note that ^y*(\A top \ z E*) = \A to P\ z (j#E)* . 



Thus we can evaluate (A.1.8) in a local frame of giving the equivalent local condition 
= (V# M )(ei, 



,ejv) 



dt 



a=l ^ ' 



/x(ei, . . . ,ejv) 



(A.1.9) 



where ^4*« G T°°(T*I) are the local connection one-forms of V* with respect to the local frame 



e a G r oo (7*£'). Note that (A.1.9) is valid not only for frames of the form 7*e a but for all frames. In 
particular, we can choose a covariantly constant frame as in the proof of Lemma |A.1.1| This simply 
means that A#a = for such a frame. Thus we arrive at the statement that for a covariantly constant 



frame we have (A.1.9) iff 



^9 



(/i(ei, . . . ,ejv)) = 0. 



(A.1.10) 



This means that for a covariantly constant frame the function fi(ei, . . . , ejv) is constant. Conversely, 
if //(ei, . . . , ej\r) is constant for a covariantly constant frame then A#a = 0. Hence by (A. 1.7) we 
conclude that fj, is covariantly constant. From this we obtain the following statement: 

Lemma A. 1.5 (Parallel transport of densities) Let z G <D and 7 : / C R — y M a smooth 
curve. For a z-density \x G \A top \ z E*^ and a basis ex, . . . , ejy G E-y(to) we have 



/i(ei, . . . , e N ) = (P 1:to -+t{v)) (Py,t ^t(ei), P 1 , to ^t{eN)) ■ 



(A.l.ll) 



Proof. Let fi(t) = P li t -^t(fJ') G \A top \ z E*^ and let e a G r oo (7#£') be a covariantly constant frame, 
i.e. e a (t) = P 7) t _>t(e Q (to))- Then we know that 

/u(ei(t ), • • • , ejv(t )) = fi(t)(ex(t), e N (t)) 



by our previous considerations. But this is (A.l.ll). □ 
Thus also here the parallel transport has "homomorphism properties". Note however that the 
covariant derivative does not obey a simple Leibniz rule with respect to the "pairing" of a z-density 
and a frame. 

Now we consider geodesies j(t) = exp p (tv) with respect to V instead of arbitrary curves. Since 
in this case 7 is covariantly constant along 7 we obtain the following lemma: 



Lemma A. 1.6 Let s G r°°(£) and let 7 : / C R 

and t G / 

\* ■■■V* 1 #s)(t) = (v k 




M by a geodesic. Then we have for all k G No 

(A.1.12) 



s i 7(i) i m),...,j(t)). 



Proof. For k = the statement is clearly correct. For k = 1 we have 

vf 7 # *) (t) = (V 7(t)S ) ( 7 (i)) = V*| 7(t) (<y(t)) 



by definition of V*. Thus (A.1.12) holds for k = 1 as well. The general case follows by induction 



since 



V k s 



7« 



(7(*),...,7(*)) 



at 



(7(*),...,7(*)) 
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(v| ( 7 *v k -h)}\p(t),...,i(t)) 

V| ((7 # V fc - 1 s)) ( 7 W,...,7(t)) 

at v / t 

fc-1 

-^ 7 #V fc - 1 S | t ( 7 (t),...,V| 7 |,,...,7(i)) 



V 



# 
ex 



V#s| t -0, 

at 1 



using that 7 is covariantly constant. 



□ 



Using Lemma A. 1.3 we can rephrase the statement (A. 1.12) using the symmetrized covariant 
derivative since we only evaluate V s|^,^ on k times the same vector 7 (i). Thus we have 



V # 
v d 



■■■Vl t S = ±( 7 #(D E ) k s) ( 7 ,..., 7 ), 



(A.l. 13) 



taking into account the correct combinatorics. We can use this now to compute the Taylor coefficients 
of the parallel transport along geodesies in general: 

Proposition A. 1.7 (Taylor coefficients of the parallel transport) Let k G No and s G F°°(E) 
be given. Denote by "f v (t) = exp p (tv) the geodesic starting at p with velocity v G T P M . Then the 
Taylor coefficients of the parallel transport in radial directions are given by 



dv %1 ■ ■ ■ dv lk 



v=0 



i s ( etl )... is (e lk )±(D E ) k s 



(A.l. 14) 



where v 1 , . . . ,v k are the linear coordinates on T p M with respect to a vector space basis 61 , . . . , c n £ 



T P M. 



Proof. First note that s( 7t) (l)) G ^7„(l) whence (P 7i , 5 o->i) 1 s (7t>(l)) £ ^-y^fo) = Bp i s indeed a vector 
in E p for all v G T p M. Thus the map 

^ H- (P 7l)i o^i) _1 s(7„(l)) 



is a smooth .Ep- valued function on T p M defined on an open neighborhood of 0. Thus we can apply 
npute its Taylor coel 

(P 7 „o_i)- 1 S (7,(l)) n 

D = 

r) k 1 r) k 

{P^xT 1 s{ ltv {l)) 



Lemma A. 1.2 to compute its Taylor coefficients. We obtain 



dv l1 ■ ■ ■ dv %k 

Lem. lAT2l 



Q v h . . . Q v 'ik fc! Qt k 
Qk J Qk 



t=0 



d v h . . . Q v i k k\ dt k 



t=0 



| |A.1.13| 



Qk ^ d k 



dv 11 ■ ■ ■ dv %k k\ dt k 



t=Q 



(Pj^t)' 1 V# •••Vi S (7,(t)) 



# 



gk y d k 



3 V h . . . Qyik k\ 8t k 



d k 



(P 



t=0 



1 Glo^ *)**) 



t=0 
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d k 1 1 

Q v ii . . . Qy^k k\ kl 



v h... v h (D E ) K s\ (e jl ,...,e 



3k i 



= m ( D£ ) fcs U e *i'---' e ^)' 

using 7^(0) = p and 7„(0) = v. □ 
Of course, the Taylor expansion of (P 7l)i o->.i) _1 s(7u(l)) around needs not to converge at all. In 
fact, the Borel Lemma, see e.g. |60[ Remark 5.3.34], shows that all possible numerical values appear 
as Taylor coefficients of smooth functions. Nevertheless, we can use this proposition to obtain the 
formal Taylor series in a very nice way: 

Corollary A. 1.8 The formal Taylor series of the function T p M 3d4 (P 7i;i o->i) 1 s (7u(l)) £ E p is 
given by 

(P^iy 1 *(7«(1)) ~ 3 (e D %) (v), (A.1.15) 

where 3 '■ (BfcLo S k T*M ® E p — > Pol* (T p M) ® E p is the canonical isomorphism, extended to formal 
series in the symmetric and polynomial degree, respectively. 



Proof. This is now just a matter of computation. By Proposition A. 1.7 we have in the sense of a 
formal series in v 

°° 1 B k °° 1 1 i 

Xnw^m W «*a»L/' -£««<■>*) • >. ■ • • • *y ■ ■ ■ «" 

fc=0 fc=0 

oo 1 1 

k=0 



fc=0 

\fc=0 / 

= a (e D %) («). 

□ 

In a more informal way one can say that the Taylor expansion of the parallel transport along 
geodesies around initial velocity is given by the exponential of the symmetrized covariant derivative. 

We can specialize this statement to functions instead of general sections. Here we simply have for 
/ G e°°(M) 

(i^o-n)" 1 /(7«(1)) = /(7«(1)) = /(ex P; ») = (ex P ; f)(v), 

since by Lemma A.1.4| the parallel transport of numbers is trivial. Thus we obtain the Taylor expansion 
of exp* around 0: 

Corollary A. 1.9 (Taylor expansion of exp*) Let V C T p M be an open neighborhood of such 
that expp \ v is a diffeomorphism onto U = exp p (V) C M. Moreover, let f G Q°°(U). Then the formal 
Taylor series of exp* / 6 C°°(y) around zs given by 

exp*/~a(e D /). (A.1.16) 



Wzi/i other words, the Taylor expansion in normal coordinates around p coincides with the Taylor 
expansion using D. 
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A. 2 Jacobi Vector Fields and the Tangent Map of exp p 

In this section we consider not a single curve 7 in M but families of curves which are smoothly 
parametrized by an additional variable. With other words, we consider smooth surfaces 



a : S 



M 



(A.2.1) 



in M where E C IR 2 is open. For convenience, we mainly restrict to E = I x /' where /, /' C IR, are 
open intervals. Hence E is an open rectangle. The two variables will be denoted by (t, s) £ E. The 
canonical vector fields and 011 S give now rise to vector fields 



& = To 



and a' = Ta 



d_ 

ds 



which we can view as vector fields along a, i.e. sections 

a, a' G T°°(a*TM) 



(A.2.2) 



(A.2.3) 



of the pulled back tangent bundle. The first lemma gives a geometric interpretation of the torsion of 
a covariant derivative. Note that for V* there is no intrinsic definition of torsion possible. 



Lemma A.2.1 Let V be a covariant derivative for M and a : E - 

Vf a' - V%& = a* Tov{d,a'). 

at as 

In particular, if V is torsion-free we have 

V* a' - V* a = 0. 



a 
hi 



da 



M a smooth surface. Then 

(A.2.4) 

(A.2.5) 



Proof. This is just a simple consequence of the definition of the pull-back connection V*. If (U, x) is 
a local chart we have 



a{t,s) 

where a 1 = x 1 o a. Then 



do 1 d_ 

~dt [t,s) dx^ 



and a'(t,s) = —(t,s) — 

a{t,s) OS OX 



a(t,s) 



d da 1 d 
t,s dt ds ' dx l 



da 1 , . , , ..da 3 , , d 
CT (M) + ^ (M) ^ (CJ(M)) ^ (M) 



dx k 



<r(t,s) 



and analogously for V* a. From this the claim (A.2.4) follows since Torf,- = r£. - But then 



(A.2.5 ) is clear. 



3 l 



□ 



Lemma A.2.2 Let V s be a covariant derivative for E — > M and a : E — > M a smooth surface in 
M. Then for e E r°°(a#E) we have 

V* V* e-V*V*e = R E \(d, a')e. 



at as 



,11 



(A.2.6) 



Proof. This is just a particular case of the statement that the local curvature two-forms of V s are 
the pull-backs of the local curvature two-forms of V together with [JL J^] =0. □ 
We can now turn to Jacobi vector fields: they will turn out to be the infinitesimal version of a 
family of geodesies. One defines for a yet arbitrary curve a Jacobi vector field as follows: 
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Definition A. 2. 3 (Jacobi vector field) Let j : I C R — > M be a smooth curve in M. Then a 
vector field J £ r°°(7#TM) is called Jacobi vector field along 7 if it satisfies the differential equation 



Vlv|j(t)=ii y(t )(7(t),J(t))7(t) 
at at 



(A.2.7) 



for all t S I. 

Up to now it is not necessary for 7 to be a geodesic, though later on in most applications 7 will be 
a geodesic. We investigate (A.2.7) in a local chart (U, x). As usual we set 7* = x 1 o 7. Then we have 
for 

J(t) = J\t) 8 



dx l 



lit) 



the first covariant derivative 



d J 1 d k ri . • d 
dt dx i 13 7 dx k ' 



(A.2.8) 
(A.2.9) 



Analogously, one computes the second covariant derivative 

12 



v|v|j 

at at 



d l J l d , dJ J , d d 

l v 1 

dt 2 dx i 13 dt 1 dx k dt 



4f ) / 



d 

dx k 



(A.2.10) 



13 dt ' dx k 1 1 ~« l dx m; 

where always the data on M has to be evaluated at *y(t). On the other hand we have for the right 
hand side of (IA.2.71) 



R(j, J) 7 = tfkijfJ'V 



k_d_ 
dx e ' 



(A.2.11) 



It follows that (A.2.7) is locally a system of linear second order differential equations for the coefficient 
functions J 1 on / C R having the identity as leading symbol and time-dependent coefficients for the 
first and zeroth order terms. Thus we can apply the well-known theorems on existence and uniqueness 
of solutions for such ordinary differential equations: 

Proposition A. 2. 4 Let 7 : / C R — > M be a smooth curve and a £ J. Then for every v, w G T^u-^M 
there exists a unique Jacobi vector field J V)W along 7 with 



Jv,w{o) = v and V 8 J VjW (a) = w. 



01 



Moreover, the map 



(A. 2. 12) 
(A.2.13) 



T 7(t) M®T 7(t) M 3 (v,w) ^ J %w £ T°°( 7 #TM) 
is a linear injection. 

Proof. We cover the image of 7 by local charts. Then locally we have existence and uniqueness by 
the local form of (A.2.7). The uniqueness then guarantees that the local solutions patch together 
nicely on the overlaps of the charts. Then the linearity of (A.2.13) is a consequence of the linearity 
of flX27l ). □ 
Now we consider the particular case of a geodesic j(t) = exp p (tv). In this case we can describe 
the Jacobi vector fields with initial values J(a) = explicitly as follows: 

Theorem A. 2. 5 Let v,w £ T p M and let I x I' C R 2 be a small enough open rectangle around (0,0) 
such that 

a :I x T 3 (t,s) ^ a(t, s) = exp p (t(v + sw)) (A. 2. 14) 
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is well-defined. Moreover, let j(t) = a(t, 0) be the geodesic with initial velocity v at p £ M . Then 

J{t) = a'(t, 0) G r°°(7 # TM) (A.2.15) 
is the Jacobi vector field along 7 with initial values 

J(0) = and V* a J(0) = w. (A.2.16) 



Proof. First we notice that for small enough /, I' around the map a is well-defined and hence J is 
a smooth vector field along the geodesic 7. We compute by the chain rule 



d 



o-'(t, s) = — exp p (t(v + sw)) = (T t{v+sw ) exp f 



d 

ds 1 



s'=0 



(V H> t(v + (s + s')w)) 



{T t ( v +sw) expp) (tw) = t (T t(yV+sw) exp p ) (w), 



where we have used the linearity of the tangent map and the canonical identification T t 
T p M as usual. It follows that J(0) = o~'(0,0) = is satisfied indeed. Moreover, we compute 



t(v+sw)T p M 



V%a'(t,s) = V% (t(T t{v+sw) ex.p p )(w)) = (T t{v+sw) exp p ) (w) + tV% ((T t , v+sw) exp p )(w)) , 
dt at at 



by the Leibniz rule for a covariant derivative. It follows that 



V# J(0) = V^ a'(t,0) 



(T t ( v +sw) exp P )(w) 



t=s=0 



+ = r exp„(u;) 



since Toexp = id. This shows that J has the correct initial conditions (A.2.16). Finally we compute 



Vfvf J(i) = ViV|a'(M; 

at at at at 



7# V7# J I 



s=0 



V%V%d{t,s 

at as 



V# V*&(t,s) 



+ R 



s=0 



cr(t,0) 



s=0 

&(t,0),a'(t,0)&(t,0), 



by Lemma A.2.1| and the torsion-freeness of V as well as by Lemma |A.2.2| Now for all s the curve 
1 1 — y a(t, s) = exp p (t(v + sw)) is a geodesic whence V* a(t, s) = identically in s. This finally shows 

that the Jacobi equation, i.e. (|A.2.7), is satisfied. 



□ 



Corollary A. 2.6 Let v, w £ T p M. Then 

J(t) = t(T tv exp p )(w) (A.2.17) 

is the unique Jacobi vector field along j(t) = exp p (tv) with J(0) = and V g J(0) = w. 

at 

By covariant differentiation of the Jacobi differential equation we obtain the covariant derivatives 
of the Jacobi vector field up to all orders, at least recursively. To this end, we first notice that the 
right hand side of ( |A.2.7 ) can be viewed as a natural pairing of j#R e r°°(7 # End TM ® A 2 TM) 
with 7, J £ r°°(7#TM). Thus using the covariant derivative V* on all the involved bundles gives 

V| (V|v|j) = Vf ( 7 # i?(7, J)i) = fv| 7 # ^ (7,^)7+(7 # -R)(7,V|j)7, (A.2.18) 
dt \ dt dt J at v / \ dt J dt 

since V* 7 = for a geodesic. Moreover, 

at 



7(*) 



(A.2.19) 



allows to compute the covariant derivatives of j^R in terms of the covariant derivatives of R on M. 
By iteration, the successive use of the Leibniz rule of V* with respect to natural pairings yields the 
following statement: 
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Lemma A. 2. 7 Let J G Y°°{^TM) be a Jacobi vector field along a geodesic 7. Then 

exp (XV*) Vf V|J= fexp ( XV%) J*R) (7, J)i + {l*R) (\exp ( XV%)) 

\ at J at at \ \ at / / \ \ at J J 



7 (A.2.20) 



m i/ie sense of a formal power series in the formal parameter X. 

Proof. Either this is shown by differentiating both sides with respect to A and observing that the 



resulting differential equations coincide thanks to (A. 2. 18), or by induction in the summation param- 



eter of the exponential series. □ 

Remark A. 2. 8 The lemma can be used to efficiently compute (V* ) k J at t = for k £ No- Indeed, 

st 

it provides a recursion scheme giving 

( V |) J(0) = R(v,J(0)) = 0, (A.2.21) 

V*\ J(0)= (v% 1 *r)(v,J(0))v + r(v,V* l J(0)]v = + R(v,w)v, (A.2.22) 
at J \ at J \ at J 

M. 

since 7(0) = v and </(0) = as well as V g J(0) = w. The next terms are 

at 

V |) J (°)=(^( V |) (t>,0)t; + 2 (v|7 # #) (v,w)v + r(v,(v*^ J(0)j v 

= 2 fvf -i*R) (v,w)v (A.2.23) 



and 



V* ) 5 J(0) = ( ( V* V 7 # fi ) («, 0)u + 3 ( f V| V 7*^1 ( u, V# J(0) ) v 



+ 3 V 



7 | 7#jR ) r' ( v l) J(0) ) v + R ( v l) J(0) ) v 

,w)v)v, (A. 2. 24) 



using successively those computations done in lower orders. Moreover, an easy induction shows that 

(V* ) fc J«,(0) is a homogeneous polynomial in v of order k — 1 and linear in w. Here one uses that 

at 

V* of an arbitrary tensor field 7*T is linear in v. 

at 

We can use this to compute the Taylor expansion of the tangent map of the exponential map exp p . 
For any v £ T p M the tangent map T v exp p is a linear map T v exp p : T p M — > T exp ( V ^M. In order to 
compute its Taylor expansion around v = we first have to identify T exp ( V )M with T p M again by 
using the parallel transport P 7iJj o-s.i : T p M — > T exPjj ( v )M along the geodesic t \-t 7u(£) = exp p (tv). 
This way we obtain a linear map 

(P^o^i) -1 o T v ex Pp : T p M — ► T p M (A.2.25) 
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for every v G T p M small enough. We want to compute now the Taylor coefficients of 

T P M 3 v ^ (P^o^ir 1 o r t ,exp„ G End (T p M) 



(A. 2. 26) 



around v = 0. To do so we evaluate the endomorphism on a fixed vector w G T p M and consider the 
map 

v ' ^ (P^o-n^or^exppCu;). (A.2.27) 



In order to compute the partial derivatives of (A.2.27) in the f-variable it suffices to consider the 
derivatives of the map 

t ^ (P^o^ir 1 oT tv exp p (w) (A.2.28) 
afterwards. Since Tf V exp(w) = \J w {t) is a multiple of 



A. 1.2 



around t = instead and use Lemma 

the unique Jacobi vector field J w G T°°(^fTM) along 7„ with J w (0) = and V\J w (0) = w we can 

ai 

compute its covariant derivatives by means of Lemma |A,2.7| and Remark |A.2,8| recursively. Finally, 

we note that 

(A. 2. 29) 



whence we have to consider the map 



(A.2.30) 



of which we want to compute the Taylor coefficients around t = 0. Collecting things we obtain the 
following result: 



Theorem A. 2. 9 (Taylor coefficients of Texp ) Let p G M andv,w G T p M . Then for all k G N 



we have 



dv 11 ■ ■ ■ dv lk 



,=o (P ^ irl ° T ^ H = (fc + 1) 



Vf---V%j w (t) . (A.2.31) 

st st t=0 



7# 



fc+1 times 

The first terms of the (formal) Taylor expansion around v = are therefore given by 
(P^o-n) -1 o T v exp p (u') =w + -Rp(v,w)v + — (V v R) P (v,w)v H . 



12 



(A.2.32) 



Proof. By Corollary 



A. 2. 6 



we have tTt v exp p (w) = J w (t) whence we can compute the Vg -derivatives 



of the vector field 1 1— > Tt v exp p (w) at t = as follows. By the Leibniz rule we have 



Vf ■ ■ ■ J w (t) = V% ■ ■ ■ V%(tT tv exp Jw)) 
st st t=0 at at 



7# 



7# 



7# 



t=0 



fc times 



whence for k > 1 we get 



fc times 



tT tv exp Jw) +kV* g ■■■V% T tv exp Jw) 



7# 



t=0 



s/ 



t=0 



+ 0, 



fc— 1 times 



V|---V|_(tT to exp p H) 

St St 



7# 



t=o k at at 



7# 



t=0 



(*) 



fc— 1 times 



fc times 
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Now the right hand side is recursively computable by Lemma A. 2. 7 see Remark A. 2. 8 for the first 
terms. We can collect the results and obtain 



dv %1 ■ ■ ■ dv lk 



({P lv ,o-^i) 1 ° T v exp ) (w) 



(AJ^ 1 d k d k 
kl dv n ■ ■ ■ dv %k dt k 

( |A.2.29| 1 d k d k 



kl dv %1 ■ ■ ■ dv %k dt k 



*=o 



i=0 



(P 7to ,o->i) 1 oT to exp p j (w) 



at at 

s/~ 

k times 



t=0 



wl ^ •••v # j m 



t=o 



fc+l times 



which shows (A. 2. 31). As we know from Remark A. 2. 8 the (k + l)-st covariant derivative of J w at 
is a homogeneous polynomial in v of order A;. This is also clear from the proof of Lemma A. 1.2 Now 
we compute the first orders of the Taylor expansion explicitly. Since we already know To exp p = id 

the zeroth order is given as in (A. 2. 32). In fact, this was used to show V g J«,(0) = w. For the first 

order k = 1 we get 



d_ 



(-P 7 „,o->.i) 1 T v exp p (w) 



= /4 V * V#J w (0) = 
=0 dv l 2 at m 



by (A.2.21). The next order gives 

d 2 



dv l dvi 



CP 7 «.o-+i) 1 °T v expJw) 



d 2 i 



i,=o dv % dvi 6 

i d 2 



V# ) J w (0) 



6dv>dvi Rp{v > w)v 



I ( d d d d 

6 %' W fe + %' W fe 



Thus 



Id 2 1 

• (^,o^i) _1 ° T v exp p {w)v l v J = qR(v, w)v, 



2! dv l dvi 

explaining the quadratic term in ( A.2.32[ ). The cubic term is obtained from (A. 2. 23) 

i d 3 

II' ., , \ r; I ■ ,.vn I in\ 

dv l dvidv k 



v=o 4! dv % dv^dv k 

i a 3 



4! dv i dvWv k 



2 fvf 7 # ii^ (u,u;)i 
2(V v R) p (v,w)v, 



from which we get 

i d 3 



3! dv l dvidv k 7 



J°7«.o-^l) oT v exp„(to) 



v l v^v k 



v=0 



J7> (VvR) p (v,w)v, 



as claimed in (A. 2. 32). 



□ 
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Remark A. 2. 10 More symbolically we can write the (formal) Taylor expansion of the tangent map 
of exp p as 



1 d k / \ 
(P 7 „,o->l) o T v exp p (w) Yl M dvil ... dv i k (G^o-n) o T v exp p J (w) 



k=0 



oo 1 

T-— 

k\ Bun 



dv tk 
( 



v n . . . v * k 



v=Q 



k=0 



k\ dv l1 ■ ■ ■ dv lk 



1 



V 



, , W V# ---V* J w {t) 



t=o 



V 



# 



at 



k+1 times 



i=0 



k+1 times 



exp fv|Q J w {t) 



t=o 



since on one hand V%---V%J w {t) is a homogeneous polynomial in v of degree k for k + 1 derivatives 

at at 

and since the zeroth term of the exponential series does not contribute due to J w (0) = 0. Of course 
the formula 



(P lvt o-+i) 1 o T„exp p (-u;) ~„^ exp ^ J w(t) 



t=o 



(A.2.33) 



is only the formal Taylor expansion: in general, the right hand side will not converge in any reasonable 
sense. Note however that the combinatorics to compute the covariant derivatives of J w at t = is 
fairly simple and given by universal polynomials in the curvature and its covariant derivatives at p. 

As a last application of our investigations of Jacobi vector fields we specialize to the case of a 
semi-Riemannian manifold (M, g) and the Levi-Civita connection V. Then one has the following 
result, known as the Gauss Lemma: 



Proposition A. 2. 11 (Gauss Lemma) Let (M,g) be a semi-Riemannian manifold and p G M. 
Then for v, w £ T p M we have 



9exp (u) i^v 

exp p (v),T v exp p (w)) = g p (v,w), 
whenever v is still in the domain of exp p . 



(A.2.34) 



Proof. We consider the surface a(t, s) = exp p (t(v + sw)) which is defined for t £ [0, 1] and s small 
enough. Then we have 

&(t, s) = T exPpWv+sw)) exp p (v + sw) and a'(t, s) = T exPp ( t{v+sw)) exp p (tw) 



by the chain rule as we computed already in the proof of Theorem A.2.5| Thus we have to compute 
9exp 0) (<3"(1 , 0), ^"'(l, 0)). We consider the geodesic t h-» exp p (t(v + sw)) = 7 s (i) with initial velocity 

vector v + sw. First we note by V a 7<j = that 



in 



Of 



9jS) (7-(t),7«(t)) = 25 7s(i ) ( V| 7s (t), 7s (t) ) = 0, 



(*) 
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by the fact that g is covariantly constant. It follows that g^ s ^(j s (t), 7 s (i)) = 9p( v + sw , v + sw). In 
fact, this is the Gauss Lemma for w = v. To proceed we compute 



a 



T(t.s)(<?{t,s),a'(t,s)) =g a{t)S) ( Vf a(t,s),a'(t,s) ) + g a u s) (d-(t,s),V%a'(t,s) 

V Si / V St 

= o + g*(t, s ) (&(t,s),vi&(t,s)] 



1 d 

2^ {9*(t,8) (v{t,s),a(t,s))) , 



using the fact that V is torsion-free, see Lemma A. 2.1 Since all curves t i— > cr(t,s) = 7 s (i) are 
geodesies we know that 

^t, s )(0"(M),0"(M)) = 5a(o,s)(o"(0,s),o-(0,s)) + g p (v + sw,v + sw), 

whence 

1 d 

2Q^ {9cr(t,s) (<j(t,s),ff(M))) = 9 P (v,w) + sg p (w,w). 

Putting things together we have for s = and all t 

g t 
^5ff(t,o)(o"(*,0),o- (t,0)) = g p (w,w) 

independent of t. Hence we conclude 5 (T (t i o)(o"(^) 0), <r'(f, 0)) = tg p (v,w) and setting i = 1 gives the 
desired result ( |A.2.34| . □ 

Remark A. 2. 12 (Gauss Lemma) The geometric interpretation of the Gauss Lemma is two-fold. 
For v = w we see that the length-square of the tangent vector of a geodesic is constant. In the 
Riemannian setting this simply means that the length itself stays constant whence geodesies are 
curves with "constant velocity". In the Hamiltonian picture, this part of the Gauss Lemma can be 
interpreted as energy conservation under the Hamiltonian time evolution, see e.g. (60| Aufgabe 3.10, 
vii.)] for this point of view. The case with arbitrary w means that along a geodesic at least the "angles" 
with respect to the tangent vector of the geodesic are preserved. 



A. 3 Jacobi Determinants of the Exponential Map 

Now we will use the formal Taylor expansion of T v exp p around v = to consider the following 
problem. Given a positive density £ r°°(|A top |T*M) on M, i.e. [i > everywhere, we can compare 
the constant density fj, p on T p M with [i via the exponential map exp p of V. More precisely, we 
consider an open neighborhood of the zero section such that 

7T x exp : F C TM — >UCMxM (A. 3.1) 

is a diffeomorphism onto its image, denoted by U. In fact, U is an open neighborhood of the diagonal 
since (it x exp)(0 p ) = (p,p) for P G T p M. 

Definition A. 3.1 Let n G r°°(|A top |r*M) be a positive density on M. Then the function p : U — > 
1R is defined by 

p(p,q){exp p „fx p ) q = p q (A. 3. 2) 

for (p, q) € U. 
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Lemma A.3.2 Let p G r°°(|A top |T*M) by a positive density. Then p G Q°°{U) and p > 0. 
Proof. We have 

p(p,q) = - ( ^^>0- 

Moreover, the map (p, q) i-> exp pj|t/ Up| is a smooth map on U with values in |A top |T*M. Since at 
every point (p, q) the value is a positive density the quotient is well-defined and smooth. □ 

Remark A. 3. 3 Geometrically speaking, the function p measures how much the density p at q differs 
from the density p at p when the latter is moved to q by means of the exponential map. Thus p 
encodes the change of volume as one moves around in M. Note that p is not symmetric. 

Sometimes we fix a reference point p £ M and consider the function p p : U p — > 1R defined by 

p P {q) = p(p,q) (A. 3. 3) 

for q G Up C M where U p is an open neighborhood on which we have normal coordinates, i.e. 
Up = exppfVp) with V P = V D T p M. Thus we have 

p p exp^p p = p (A. 3. 4) 

on Up. Moreover, it will also be convenient to compare the densities on the tangent space of p and 
not on M. Thus one defines the function p : V — > 1R by 

p(vp)p p = (exp*/i)(u p ). (A.3.5) 

Thus p is the prefactor of the constant density p p on T p M such that we obtain the pull-back of p. 
Clearly, we have 

p( v p) = P(P,eWp(.v p )), (A. 3. 6) 

whence also = po (7r x exp) G C°°(V) is smooth and positive. Again, we write p p G C°°(Vp) for the 
restriction of p to a particular tangent space of a fixed reference point p G M. 

The aim is now to compute the (formal) Taylor expansion of p p around v = which is equivalent 
to the (formal) Taylor expansion of p p in normal coordinates around p. To this end, we first give 
another interpretation of p and p. In fact, we have two aspects of comparing the volumes. On one 
hand, the density p is not "constant" along M since there is simply no intrinsic way to formulate such 
a statement. On the other hand, the exponential map needs not to be volume preserving. We try to 
separate these two effects as follows: Using the unique geodesic t ^ exp p (tw) from p to q = exp p (v) 
we can parallel transport p q back to p using the parallel transport induced by V on the density bundle. 
This gives a constant density (P 7jji o->i) _1 Pcxp p (v) £ |A top |TpM on T P M for every v G V p . Thus this 
will be a constant multiple of p p depending parametrically on v. This u-dependence measures how 
much p is not parallel with respect to V. Secondly, we consider the tangent map 

T v exp p : T p M — > T cxPp(v) M, (A.3.7) 

and want to determine its change of volume features. Since source and target are different vector 
spaces there is no way to define a "determinant" of this linear map, we first have to take care that we 
get a map from a tangent space into the same tangent space. Thus we consider 

(^o^ir 1 o T v ex Pp : T p M — > T p M (A.3.8) 

instead. 
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Combining the effects we use the density (Py„,o^i) /U ex p («) an d evaluate on a basis 61, ... , e^ £ 
TpM after applying (Py^o-n) - o T„exp p to it. In order to get a result which is independent of the 
chosen basis we normalize it by n p (ei, . . . , e n ), i.e. we consider the quantity 



1 

H P (ei, . . . ,e n ) 



(P lv ,0^l) 1 (Mexp p («))) ( P 7 ^0->1 T ^ ex Pp( e l)> • • • > P 7 „!o^l T *> ex Pp( e n)) (A.3.9) 



for v £ V p C T p M. Then we have the following statement: 
Lemma A. 3. 4 For p £ M and v £ V p C T p M we Ziaue 

p(p) 



Mp( e i> • • • >' 
where e%, . . . , e n £ T p M is a basis 



((P 7lJ ,o->l) 1 (aVp„w)) ( P 7 ^0-+i T v expp(ei), . . . , P 7 „| ^i T v exp p (e r 

(A.3.10) 



Proof. Using Lemma A. 1.5 we compute 

P~]o^i(Ve xPp (v))) ( P y v ]o-+l T v expp ei, . . . , P~Jb->i T ^ exp p e r 
(T„exp p (ei), . . . ,T„exp p (e n )) 
= (exp*/x)|^(ei,. . . ,e n ) 



by the definition of the pull-back of a density. But then the right hand side of (A.3.10) is 

expp>|„(ei, • . . ,e n ) 



t^pifil 1 • • • ! ^n) 



by (A. 3. 5) proving the lemma. □ 
Since we have a good understanding of the Taylor expansion of P^~ o-»i ex P p as we h as of the 
parallel transport P 7lJ) o->i itself, we can use these results to obtain the complete Taylor expansion of 
the function p p around v = 0, at least up to the usual recursive computation of the derivatives of the 
Jacobi vector fields. 

Theorem A. 3. 5 Let n £ r°°(|A top |T*M) be a positive density on M and let p £ M. Then the 

(A.3.11) 



p p {v) = 1 + a p (v) + ^(y v a\ p )(v) + ^a(v) 2 - ^Ric p (v,v) + 



function p p from (A.3.10) has the following formal Taylor expansion around v = 

p p (v) d(e D fi)(v) ■ det (p~* ->.i T v exp f 

the first orders of which are explicitly given by 

1 „ 1 

(A.3.12) 

up to terms of order higher than 2. Here a £ T°°(T*M) is the one-form with Vx/i = a(X)fi. 
Proof. We fix a basis e±, . . . ,e n £ T p M, then we first have 

((^,o^irVex Pp (,/)) (Aet, . . .,Ae n ) = \ detA\ f(P 7fli0 ^i)~Vs>cp p (to) ( e i> ■ • • > e n) 

for any linear map A : T p M — > T p M. Since in our case A = PT q->1 ex P p is continuously 
connected to idy M via v — > 0, we see that the determinant is always positive. Thus we can evaluate 
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the determinant of P~^$-+\ ° T v exp p in the usual multilinear way. Since in general Ae\ A • • • A Ae n 
det(j4)ei A • • • A e n , we have to compute 

P 7 ~!o^i ( T *> ex P P ( e i)) A • • • A P~J>_n (T v exp p (e n )) 



,o ( exp ( V|J J ei (t) \ A • • • A (exp (V| ) J e „(t) 



7# 



i=0 



and compare it to e\ A • • • A e n . From here we get the first orders explicitly by ( A.2.32 ). 



ex P (v|)j M (4j 



A---A(exp[v| ] Jejt) 

at 



t=0 



ei + ei)t; H j A • • • A ( e n + -Rp(v, e n )v H 



1 " 

ei A • • • A e n + - ^ ei A • • • A R p (v, e£)v A • • • A e n H 

1 - 

ei A • • • e n + - ei A • • • A e k (R p (v, e e )v)e k A • • • A e n + • • • 



ei A • • • e n + -e (22p(u, e e )v)ei A • • • e n + 
o 



1 - - Ric p (t;, u) H ) ei A • • ■ A e n , 



whence up to second order we get 



det [P Jv ]o-n o T v exppj = 1 - - Ric p (v, v) H . 

The second step consists in Taylor expanding the parallel transport of [i. Here we have by Corol- 
lary |A,1,8 the formal Taylor expansion 



where D : r°°(ST*M(g> |A to P|T*M) — > r°°(S ,+1 T*M ® \A top \T*M) is the symmetrized covariant 



derivative on the density bundle. This shows (A. 3. 11). The first orders of (*) are given by 



d(e D n)(v) = n + (Dfi)(v) + ~(D 2 n)(v,v) + ■ ■ ■ . 

Using VxH = a(X)fj, we get 
D \x = a ® fi, 
D 2 /i = Da8/i + aVD/i 

D 3 /i = D 2 a«/i + (DaVa + aVDa)«/j + aVaVa®/i 
= (D 2 a + 2DaVa + aVaVa)(g) / u, 
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D 4 //=(D 3 a + 2D 2 aVa + 2DaVDa + 3DaVaVa)® / u 

+ (D 2 a + 2DaVa + aVaVa)Va®/i 

= (D 3 a + 3D 2 aVa + 2DaVD« + 5DaVaVa + aVaVaVa)®/i, 

and so on by the Leibniz rule. Thus in particular 

(D p)(v) = a(v)p and (D 2 p)(v,v) = (D a)(v,v)p + 2a(v)a(v)p. 

Note that (Da)(v,v) = 2(V v a)(v) by the definition of D acting on a one-form. Collecting all terms 
gives 

3(e D p)(v) = p + a(v)p + ^(2(V v a)(v) + 2a{v)a{v))p + ■■■ 

= (l + a(v) + \ ((Vva)(v) + a(vf) + ■ ■ ■ ) fi. 
Putting things together we have up to second order in v 

p p {v) = (l + a ( v ) + ^(a v {a))(v) + ^a(v) 2 + --^ ■ (l - * RiCp(«, v) + ■ ■ ■ ^ 

= 1 + ap(y) + ^ ((V„a) | p (v) + a p (t;) 2 ) - ^ Ric p («, «) + ■■■. 

□ 

Remark A. 3. 6 Again, we note that the evaluation of arbitrarily high orders of the Taylor expansion 
of p p is reduced to the fairly easy computation of D fc p for arbitrary k as well as to the slightly more 
involved Taylor expansion of the determinant of the tangent map of exp. However, for the tangent 
map itself we have a fairly easy and completely algebraic procedure via the Jacobi fields. Since also 
D k p can be computed in terms of covariant derivatives of the one-form a by a simple recursion, we 
can consider the problem of finding higher orders in p p to be algebraic and simple. 
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Appendix B 

A Brief Reminder on Stokes Theorem 



In this appendix we collect a few basic facts on Stokes' Theorem and its applications in semi- 
Riemannian geometry. 

We start with the following situation: let U C M be an open subset and assume that its topological 
boundary t : dU M is an embedded submanifold of codimension one. In this situation we say that 
U has a smooth boundary. 



Lemma B.l (Transverse vector field) Let U C M be a non-empty open subset with smooth 
boundary. Then there exists a transverse vector field n G r°°(i*T¥) on dU, i.e. for all p G dU the 
vector n(p) is transverse to T p (dU) C T P M. 

Proof. By assumption we have an atlas of submanifold charts. Since the codimension is one, we can 
label the coordinates (ar, . . . , x n ) in such a chart in a way that x n = corresponds to the boundary 



9f7 and x™ > yields points inside U, see Figure B.l Clearly, we can find an atlas with this feature. 



Now — gfs is pointing outwards of U in such a chart. It is now easy to check that the property of 
pointing outwards is convex, i.e. convex combinations of (locally defined) vector fields which point 
outwards point outwards again. Thus a partition of unity argument gives a smooth vector field n 
on dU which points outwards at every point. In particular n(p) is transverse to T p (dU) at every 
p G dU. □ 
On a connected component of dU a transverse vector field is either pointing outwards or pointing 
inwards. We can use transverse vector field to induce orientations: 



Lemma B.2 Assume M is orientable and oj G r°°(A top T*M) is a nowhere vanishing n-form. If 
n G T°°(l^TM) is a transverse vector field to dU then i„o; G r°°(A top T*<9[/) is a nowhere vanishing 
(n — l)-form on dU. 




Figure B.l: A chart for the boundary dU. 
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Proof. Of course, here we view i n wasa (n — l)-form defined on dU only. If e%,. . . ,e n form a basis 
in TpdU then n(p), &ii ■ ■ ■ , e n £ ^p-^W form a basis by transversality. Thus, w evaluated on this basis 
is non-zero, hence i n uj is nowhere vanishing. □ 

Definition B.3 (Induced orientation) Let U C M be open with smooth boundary If M is 
oriented then the induced orientation of dU is defined by the (n— l)-form i n uj where uj E r°°(A top T*M) 
is a positively oriented n-form and n E r oc (t*TM) is a transverse vector field pointing outwards. 

Remark B.4 It is an easy check that this is indeed well-defined, i.e. the induced orientation of dU 
only depends on the orientation of M but not on the choices of uj and n. 

With respect to these orientations we can integrate top degree forms. The fundamental feature of 
such integrations is then formulated in Stokes' Theorem: 

Theorem B.5 (Stokes) Let M be oriented and let U C M be a non-empty open subset with smooth 
boundary l : dU M, equipped with the induced orientation. Then for all u E rQ°(A n_1 r*M) we 
have 



dw= / l*uj. (B.l) 

V JdU 

For a proof of this well-known theorem one may consult any textbook on differential geometry, see. 



e.g. 44 Thm. 8.11] or EM Thm. 14.9] 



Remark B.6 There are many generalizations of (B.l ) for forms and boundaries of less regularity than 



C°°: this is reasonable to expect since ultimately (B.l) is an equation between integrals whence only 



measure-theoretic properties should be relevant. In particular, the theorem still holds for boundaries 



with corners, see 40 Thm. 14.20]. 



We shall now use this theorem to obtain similar results for the non-oriented situation: this is still 
plausible to be possible as changing the orientation from uj to — uj should produce the same sign on 



both sides of (B.l). We shall now see how this can be made precise. 



Lemma B.7 Let [/CMbe open with smooth boundary and let n E r°°(i*TM) be a transverse 
vector field. 

i. ) For n e r°°(|A to P|T*M), p e dU and e 2 , . . . e n G T p (dU) the definition 

(in/i)| p ( e 2, • • • ,e n ) =/i p (n(p),e 2 ,...,e n ) (B.2) 

defines a smooth density i n /i € T°°(\A to P\T*(dU)). 

ii. ) The map 

r°°(|A top |r*M) 9 n i— > i n/ u e r°°(|A top |r*(ac/)) (b.3) 

is continuous and C°° (M)-linear in the sense that for / E Q°°(M) we have 

i n (/M) = i*/inM- (B.4) 
Hi.) For a positive density \i also i n /i is positive. 

Proof. We choose a submanifold chart (V,x) of M such that x n = corresponds to dU in this chart. 
Then any transverse vector field n has a nontrivial ^^-component along x n = 0, i.e. writing 
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with n % G T°°(dU D V) we have tt"^ 1 , . . . , x n x ) / 0. If 62, ■ ■ ■ e n are a frame at p G the it is 



easy to check that i n ^ transforms correctly under the change of frames. Thus (B.2) defines a density 
indeed. Moreover, if fx\ v = [iy\ dx 1 A • • • A x n \ where \iy G C°°(V) is the local form of fi in this chart 
then i n fj,\ aunV = t*(/iy)| dx 1 A • • • Adx™ -1 !^" - ! whence the local function representing i n is t*/iy|n n |. 
Since n n is everywhere different from zero, this is smooth again, showing that i n /i is indeed smooth. 
Moreover, if \i is positive we see that i n fi is positive as well. The continuity is again a consequence 
of the above local expression as we can use these submanifolds charts to characterize the Frechet 



topologies of r°°(|A to P|r*M) and r°°(|A to P|T*(d*7)), respectively. Finally, jR4| ) is clear from the 
definition. □ 
Thus having specified a transverse vector field n of dU we can speak of the induced density i n fj, 
coming from a density /i on M. From the above definition it is clear that 

i/tiM = l/l inA* (B.5) 

for any nowhere vanishing function / G Q°°(dU). 

We now specialize to the following situation: assume that M is in addition a semi-Riemannian 
manifold with metric g. Moreover, we assume that dU allows for a transverse vector field n which is 
nowhere lightlike, where we shall use the notions of timelike, spacelike and lightlike vectors as in the 
Lorentzian situation. Then on each connected component g(n, n) is either positive or negative whence 
n is either timelike or spacelike everywhere on this connected component. We can now achieve two 
things: first we can arrange n in such a way that n(p) is not only transverse to T p (dU) but orthogonal. 
Moreover, we can normalize n(p) at every p G dU. Finally, we choose n(p) to point outwards: his 
determines n(p) uniquely. Indeed, since T p {dU) C T p M has codimension one the annihilator space 
T p (dU) ann C T*M of one-forms annihilating T p (dU) is one-dimensional. Then n(p) G (T p (dU) ann )# 
is orthogonal to all of T p dU and uniquely determined as n(p)^ G T p (dU) ann by definition. Then 
normalizing and orienting it gives a unique vector. 

Definition B.8 (Normal vector field) Let (M,g) be semi-Riemannian and let U C M be open 
with smooth boundary. Assume that the annihilator spaces T p (dU) ann C T*M oi dU are never 
lightlike (with respect to g" 1 )- Then the unique normalized transverse vector field n G r°°(t*TM) 
which is orthogonal to dU and pointing outward is called the normal vector field of dU. 

This allows us to obtain a uniquely determined metric and density on dU as follows: 

Definition B.9 Let M be semi-Riemannian and let U C M be open with connected smooth bound- 
ary such that T p (dU) ann C T*M is never lightlike. Then the induced metric on dU is t*g G 
T°°(S 2 T*dU). 

Lemma B.10 Under the above assumptions, i*g is a semi-Riemannian metric on dU. Moreover, 

fJ-L'g = inVg, (B.6) 

where n G r°°(i*TM) is the normal vector field of dU. 

Proof. Let p G dU. Then we have to show that i*g\ is indeed non-degenerate (the Riemannian case 
is trivial). We find in T p M a semi-Riemannian frame e\,...,e n such that e\ = n(p). Then t2, ■ ■ ■ e n 
are a basis of T p dU with 

L *9\ p (ei,ej) = g p ((%,ej) = ±5^ 

for i, j = 2, . . . , n. Thus i*g is non-degenerate. Its signature can be obtained from knowing whether n 
is time- or spacelike and from the signature of g. In particular, e2, • • ■ e n is a semi-Riemannian frame for 
i*g. From this we see that by definition n L * g \ (e.2, • • • , e n ) = 1. On the other hand (i n /i g )(e2, . . . , e n ) = 
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B. A BRIEF REMINDER ON STOKES THEOREM 



(j,g\ p (n(p), &ii • ■ ■ ) e n) = 1 as n(p), e2, • • • , e n is a semi-Riemannian frame for g. Thus the two densities 
coincide as they coincide on one frame. □ 
We can now use the normal vector field n to formulate Gauss' Theorem as a consequence of Stokes' 
Theorem: 

Theorem B.ll (Gauss) Let (M,g) be a semi-Riemannian manifold and [/CM open with smooth 
connected boundary i : dU M- M. Assume that T(dU) a,nn is never lightlike. Then for all vector fields 
X e rg°(TM) we have 

/ div(X) Mg = e / g(i#X,n)^ g , (B.7) 

where e = (n, n) G {1, —1}. 

Proof. First we consider the oriented case. Thus the left hand side is 

/ div(X) / u g = I div(X)n fl , 
Ju Ju 

with the positively oriented volume form fi g yielding jig under the canonical map from forms to 



densities, see 60 Prop. 2.2.42]. Note that div(AT) can alternatively be computed via div(X)f2 



Jz?x £l g = d(ix Vtg). Thus we can apply Stokes' Theorem and get 

f dw(x)n g = [ d(i x n g )= f i*(i x n g ). (*) 

Ju Ju JdU 

Now along dU we can decompose X into its n-component and parallel components. We have 

X[p) = eg p (X(p),n(p))n(p) + X^p) 

where Xii (p) is orthogonal to n(p) and hence in T p dU. Note that we need the constant e here since 
g„ (tl(p), n(p)) = 6 ma y be —1 instead of 1. However, e is constant on dU. Now we note that 

L * (p) = °' 

since evaluating ^ ^) J2 g | on n — 1 tangent vectors in T p dU means evaluating Qg\ p on n tan- 
gent vectors in T p dU. Thus they are necessarily linear dependent. This shows that i* ix(p)^g\ p = 
eg p (X(j?),n(p)) i n r p ) Q, g \ . Finally, it is easy to see that i n ( p ) Q g \ is the (by definition positively ori- 
ented) semi-Riemannian volume form of L*g. This is clear be the same argument as for \i h *g in 
Lemma [B.10 This finally shows 



I &xv(X)n 9 = I div(X)Q g = e[ g(i*X,n)ni* g = e [ g(i*X,n)^ g , (**) 
Ju JdU JdU JdU 



and hence (B.7). If we change the orientation from Q g to — £~l g then the induced orientation 
changes to — since the normal vector field n remains unchanged: "pointing outwards" does not 
depend on any choice of orientation. Thus we see that the left and right side of (**) both change their 



sign. From this we conclude that (B.7) also holds in the non-oriented case: indeed, by a partition 
of unity argument we can chop down X into small pieces having support in a chart. There we can 
choose an orientation and use (**). Summing up again is allowed as the validity of (**) does not 
depend on the local choices. □ 
A particular case of interest is the following. Assume (M,g) is a Lorentzian manifold and the 
boundary dU is spacelike. Then the normal vector field n is timelike and we have 



div(A> 9 = / g(L#X,n)^ g (B. 
U JdU 



for all X G rg°(TM). 
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differential operator, [23] [24 
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Covariant divergence, 29 30 61 
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Cutoff parameters, 136 
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locally integrable, 35 
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push-forward, 43 
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causal, 75 



compact, [82 
open 



73 



Differential operator, 18 



adjoint, 25, 28 224 



algebraic characterization, 20 
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Frechet space, \2M 
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finite order 
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35 



push-forward, 42 
total order 
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Distributional section, see Generalized section 



Divergence, 3161 



Dynamical Poisson bracket, 239 



Edge point, 77 



Einstein equation, 68 
Einstein tensor, [68 



Embedding, 13 



Euler vector field, 93 95 112 



Euler's integral formula, 90 



Euler-Lagrange equation, 62 



Euler-Lagrange equations, 228 



Exponential map, 59 



Taylor expansion, 248 
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Fiber metric 
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First Bianchi identity, 58 
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Lorentz 
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Freak wave, 178 



Frechet algebra, 17 



Frechet module, 17 



Frechet space, 10 



Fundamental solution, 86 161 



approximate, 139 148 



formal, 135 



global, 210 



local, 156 



uniqueness, 
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Future compact, 75 



Future directed, 72 



Future stretched, 148 158 



90 



110 255 
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Gamma function 
Gauss Lemma. 
Gauss' Theorem 
General relativity, [68[ 
Generalized density, see Distribution 
Generalized function, [35) 
Generalized section, 
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compact support, 40 
differentiation, [44] 
external tensor product, 52 



internal tensor product, [54] 
module structure, 
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order, 37 



push-forward, 43 



regular point, [39 
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singular support, 39 



support, 38 



vector-valued, 
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periodic, 81 
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Geodesic chart 
Geodesic completeness 
Geodesically complete, [84 
Geodesically convex 
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Geodesically star-shaped, [60] 
Geometric mechanics, [62l 
Geometric series, 
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Geroch's Theorem, 84 



Global symbol calculus, 21 



Globally hyperbolic, [82) [83 
Gradient 
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Green function 
advanced, |86 



d'Alembertian, 
global, 
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local existence, 159 
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Green operator 
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advanced, 213 
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existence, 
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reality, 226 



retarded, 213 



symmetric, |226 
uniqueness 



215 



Haag-Kastler axioms, 241 
Hadamard coefficient 
first 
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Hadamard coefficients, [1231 1148 
existence, 1128 



smoothness, [127 
uniqueness 



123 



Hamilton equation, 62 



Hamiltonian, 62 



Hamiltonian flow, 62 



Hamiltonian vector field, 232 



Heaviside distribution, |106 
Hessian 
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Inextensible, 79 



Inhomogeneity, 85 



distributional 
smooth, 1170 
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Inital values, 85 



Inital velocity, [86] 
Initial conditions, 
distributional 



189 192 
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regularity, 183 



Initial position, |228 



Initial velocity, 228 



Integral operator, 163 



Intrinsic Hilbert space, 28 



Jacobi identity, 233 



Jacobi vector field, |108[ |250 
Jacobiator 
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Kinetic energy, 62 



Klein-Gordon equation, 69 130 182 



Green function, 134 



Hadamard coefficients, 131 



Lagrangian, 62 



Lagrangian density, [227] 



Lagrangian function, 228 



Laplacian, 62 



Leading symbol, [64] 



Lebesgue measure, 64, 92 



Legendre transform, |228| 
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Light speed, |162 



70 
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Lightlike vector 
Linearization 
Locality, [239] 
Locally convex topology 
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complete, [13] 
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for sections 
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inductive limit, 13 



LF topology, [13 
metrizable 



13 



sequentially complete, [13] 
weak*, [371 



Lorentz density, 64 92 107 



Lorentz distance square, |119| 
Lorentz manifold, see Spacetime 
Lorentz radius, 
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Lorentz transformation 
orthochronous 

[70 



70, 91, 95 



proper, 



Metric 

Lorentzian, 
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Riemannian, 60 



semi-Riemannian 
Minkowski metric, [64 
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Minkowski spacetime, 64 89, 103 



space-orientation, [70 
time-orientation 
Minkowski strip, [84] 
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Musical isomorphism, 61 , 224 
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Normal chart, [59 



Normal coordinates, 
Normal vector 



59 



85 



Normal vector field, 851 263 



Normally hyperbolic operator, 64 123 
Leibniz rule, |67] 



Observable, 240 



Local net, 241 



support, 239 



Open mapping theorem, 208 



Operator norm, 151 



Orientable, 261 
Orientation 



induced, 262 



Pairing 



half-densities, 28 



positive definite, 28 



Parallel transport, 57 123, 243 



density, 246 



perturbation, 125 



Taylor coefficients, 247 
Parametrix 
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Parity, 71 



Past compact, 75 



Past directed, 72 



Past stretched, 148 158 
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